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Preface 


This volume is an expanded version of Chapters II, IV, V and VII of 
my 1963 book “Linear partial differential operators”. In addition there 
is an entirely new chapter on convolution equations, one on scattering 
theory, and one on methods from the theory of analytic functions of 
several complex variables. The latter is somewhat limited in scope 
though since it seems superfluous to duplicate the monographs by Eh- 
renpreis and by Palamodov on this subject. 

The reader is assumed to be familiar with distribution theory as 
presented in Volume 1. Most topics discussed here have in fact been 
encountered in Volume I in special cases, which should provide the 
necessary motivation and background for a more systematic and pre- 
cise exposition. The main technical tool in this volume is the Fourier- 
Laplace transformation. More powerful methods for the study of 
operators with variable coefficients will be developed in Volume I. 
However, the constant coefficient theory has given the guidelines for 
all that work. Although the field is no longer very active - perhaps 
because of its advanced state of development - and although it is pos- 
sible to pass directly from Volume I to Volume III, the material pre- 
sented here should not be neglected by the serious student who wants 
to gain a balanced perspective of the theory of linear partial differen- 
tial equations. 

I would like to thank all who have helped me in various ways dur- 
ing the preparation of this volume. As in the case of the first Volume 
I am particularly indebted to Niels Jorgen Kokholm of the University 
of Copenhagen who has read all the proofs and in doing so suggested 
many improvements of the text. 


Lund in February 1983 Lars Hormander 
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Introduction 


Differential operators with constant coefficients acting on distri- 
butions of compact support are diagonalized by the Fourier-Laplace 
transformation. Already in Chapter VII we showed how this obser- 
vation leads to general results on existence of fundamental solutions 
and approximation of solutions. In Chapter X we first examine the 
regularity properties of the fundamental] solutions more closely, in- 
cluding the location of the wave front set. Existence and approxima- 
tion of solutions is then studied systematically. Hypoelliptic operators 
are characterized in Chapter XI; the typical examples of elliptic oper- 
ators or the heat operator were discussed in Volume I. We also prove 
a general result on propagation of regularity of solutions which is 
similar to Holmgren’s uniqueness theorem. In VolumelI we gave ex- 
plicit formulas for the solution of the Cauchy problem for the wave 
equation. The hyperbolic operators which have similar properties are 
investigated in Chapter XII which also includes a study of the charac- 
teristic Cauchy problem modelled on say the heat or Schrodinger 
equation. The precision of the results in these chapters pays off in 
Chapter XIII where it allows us to treat a fairly large class of oper- 
ators with variable coefficients locally as perturbations of constant 
coefficient operators. The new features which appear even for such 
operators are emphasized by a discussion of non-uniqueness for the 
Cauchy problem. Chapter XIV is devoted to perturbation theory 
in IR” (short range scattering theory). 


The study of general overdetermined systems of differential oper- 
ators with constant coefficients requires more prerequisites from the 
theory of analytic functions of several complex variables than we wish 
to assume here. As mentioned in the preface several monographs have 
already been devoted to this topic. In Chapter XV we shall therefore 
only develop some of the basic analytic techniques in a way which 
simplifies the existing treatments. Their use is illustrated in the case of 
a single differential equation. As in the preceding chapters it would 
cause no additional difficulties to consider determined systems. 


2 Introduction 


Chapter XVI is devoted to convolution equations. The translation 
invariance which they share with differential operators with constant 
coefficients makes their study so closely related that this enlargement 
of our main theme seems natural if not unavoidable. 


Chapter X. Existence and Approximation 
of Solutions of Differential Equations 


Summary 


In the preceding chapters we have constructed a number of explicit 
fundamental solutions. In Chapter VII we also gave a construction 
which is applicable to any differential operator with constant coef- 
ficients. We return to it in Section 10.2 to discuss the regularity 
properties of the fundamental solutions obtained in greater detail. 
First we determine when a fundamental solution is in one of the 
spaces introduced in Section 10.1. These generalize the H,,. spaces of 
Section 7.9 and are defined essentially as inverse Fourier transforms of 
I? spaces with respect to appropriate densities. In Section 10.2 we also 
examine how the fundamental solution E(P) of P(D) given by the 
construction depends on P, and we estimate WF(E(P)) for a fixed P. 
A differential equation P(D)u=f with feé’ can immediately be 
solved if one has a fundamental solution of P(D) available. In Section 
10.3 we determine the properties of the solution rather precisely by 
means of the results on fundamental solutions proved in Section 10.2. 
This leads to a comparison of the relative strengths of differential 
operators (polynomials); P is said to be stronger than Q if Q(D)u 1s at 
least as regular as P(D)u when ueé’. This notion, in a more precise 
form, is studied at some length in Section 10.4. In Section 10.5 we give 
a brief discussion of approximation theorems of Runge’s type for 
solutions of the homogeneous differential equation P(D)u=0. This 
prepares for the study in Section 10.6 of the differential equation 
P(D)u=f when f is a distribution of finite order. The same problem 
is discussed in Section 10.7 when f is an arbitrary distribution. Fi- 
nally, Section 10.8 is devoted to the search for a geometrical form of 
the conditions for solvability encountered in Sections 10.6 and 10.7. 


10.1. The Spaces B, , 


In an existence theory for partial differential equations it Is important 
to give precise statements concerning the regularity of the solutions 
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obtained. Now a condition on the regularity of a distribution or 
function u (with compact support) can also be regarded as a condition 
on the behavior of the Fourier transform a at infinity. To classify this 
behavior one may for example ask for which weight functions k it is 
true that kd@eL?. The set of all such temperate distributions u is 
denoted by B,, here. Only the cases p=2, p=cc and p=1 are really 
interesting. Concerning k we shall make a hypothesis which ensures 
that B, , is a module over CP: 


Definition 10.1.1. A positive function k defined in IR” will be called a 
temperate weight function if there exist positive constants C and N 
such that 


(10.1.1) k(E+n)S(1+ClE)*k(n); & nelR". 
The set of all such functions k will be denoted by 


Remark. In harmonic analysis a weight function usually means a 
function K such that 
K(E+)SK(¢) K(). 


To avoid confusion we shall call such functions submultiplicative here. 
From (10.1.1) it follows that 
(1O.1.1Y (G+ClE) *SkEtnyk) SU+Cie)"; ene". 


In fact, the left-hand inequality is obtained if 7 is replaced by €+y7 
and € is replaced by —€ in (10.1.1). If we let €-0 in (10.1.1) it follows 
that k is continuous, and when 7=0 we obtain the useful estimates 


(10.1.2) k(O)1+ CEN *SKOYSKO)L+ Cle)”. 
If keX we shall write 
(10.1.3) M,{é)=sup k(E +n)/k(n). 


This means that M, is the smallest function such that 
(10.1.4) k(¢ +n) M,(¢) k(n). 

It is clear that M, is submultiplicative, 

(10.1.5) M,(€+nSM,(2 M,{y), 


and since M,(€)<(1+ C\é))* this implies that M,¢.% From (10.1.5) we 
can deduce that 


(10.1.6) 1=M,(0)SM,(2),  ZelR”. 
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In fact, for every positive integer v we have 
1=M,(0)SM,(é)"M,(—vSM,EV(1+ Cvlé), 


and if we take v™ roots in this inequality and let v— 00, the estimate 
(10.1.6) follows. 


Example 10.1.2. The spaces H,,. in Section 7.9 correspond to 
k(Q)=(1 +117)". 
That k,e and that M,.(y)<(1+|y))*! follows from the estimates 
L4(e+y]? S14 (ol? +212ligl til? S(1 +1617) + I). 


Example 10.1.3. The basic example of a function in % which is the 
reason why we introduce it here, is the function P defined by 


(10.1.7) PEP = FY IPOS/? 
jalZ0 


where P is a polynomial so that the sum is finite. Here P“=¢7P It 
follows immediately from Taylor's formula that 


(10.1.8) PE+nS(1+ Cle)" P(n), 


where m is the degree of P and C a constant depending only on m 
and the dimension n. From this example other functions in % are 
obtained in the theory as a result of the operations described in the 
next theorem. 


Theorem 10.1.4. If k, and k, belong to .%, it follows that k, +k, k,k,, 
sup(k,,k,) and inf(k,,k,) are also in #. If keX we have ex for 
every real s, and if p is a positive measure we have either uxk=00 or 
else pxkEX, 


Proof. It follows from (10.1.1) that 1/ke% if ke x. The statements are 
thus all trivial except perhaps the last. To prove that one, we note 
that (10.1.1) gives 


(u*k\(E+ mS + Cle)" (ux k)(n). 
If wxk is finite for some 7 it follows that u*k is finite everywhere and 
belongs to 4% 


Occasionally it is useful to know that functions in % can be 
replaced by equivalent functions which vary very slowly indeed: 


Theorem 10.1.5. If ke we can for every 6>0 find a function ke 
and a constant C, such that 
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(10.1.9) 1Sk(O/MOSC,, EER’, 
(10.1.10) M,,(2)S(1+Clé)*, ¢elR’, 
where C and N are independent of 6, and 
(10.1.11) M,,->1 uniformly on compact subsets of IR" when 6-0. 
Proof. We shall set 
kg(¢)=sup e~°lM"k(E — 7). 
1 
(Note the analogy with the definition of a convolution.) Then we have 
in view of (10.1.1) 
k(2) Sks(Z) Sup e7 "(1 + Chl)" K(E) = Cgk(E) 
n 
where the last equality is a definition of C;. This proves (10.1.9). To 
prove (10.1.10) we note that 
k(E+o)=sup eI" k(E + 6’ —n) 
<sup 27 (1 + Cl R(E—n) 
=(14+ CERO): ¢, CER". 


To prove (10.1.11) we first rewrite the definition of k; by introducing 
€—¥ as a variable instead of 7. This gives 


k(@)=sup e~F5-k(n). 
n 


Hence 
k(E+&)=sup e724 * 5 — k(n) 
n 


Sel sup eM“ k(n) = e?F 'k(), 
" 


which proves that 
1=M,,(¢)Se*"! 
The proof is complete. 


Remark, It might have been more natural to require in Definition 
10.1.1 only that k is continuous and that 


k(E+n) SC +|éI)" k(n). 


We have not done so since this would not guarantee the continuity of 
M,,. Now the proof of Theorem 10.1.5 shows that for such functions 
we still obtain (10.1.9) and k;¢.% Our choice of definition has there- 
fore not led to any significant loss of generality. 

We can now give the formal definition of the spaces we need: 
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Definition 10.1.6. If keX and 1<p<@, we denote by B, , the set of 
all distributions ue.’ such that d@ is a function and 


(10.1.12) 2 —" V1K(E) a S)Pag)¥? < 00. 
When p= cc we shall interpret ||u||, , as ess. sup|k(¢) u(¢)]. 

The factor (27)~" is included for convenience in the results and is 
motivated by the fact that the measure (2z)~"dé occurs in Parseval’s 
formula. For example, we have thanks to this normalization 


lulls p= el age )ullza)*. 


Theorem 10.1.7. B, , is a Banach space with the norm (10.1.12). We have 
SBS f', 
also in the topological sense.' C% is dense in Bax ff p<o. 


Proof. Let L, , be the Banach space of all measurable functions v such 
that the norm (22)~"? ||kul| p<. Then we have 


SOL, oF, 


also in the topological sense, and / is dense in L, , if p<oo. In fact, 
that YcL,, follows from the second inequality in (10.1.2), and if 
p<ce it allows from Theorem 1.3.2 that even Cf is dense in L, ,, for 
C§ is dense there. To prove that Li.~cSY' we note that Hdlder’s 
inequality gives 


Jidvlde S jk], | S/kll 


where 1/p+1/p'=1. This proves our assertion since ||¢/k||,, is a con- 
tinuous semi-norm in ¥ in view of the first inequality in (10.1.2). If we 
now use the fact that the Fourier transformation is an automorphism 
of ¥ and of ¥’, it follows that Bax is complete, that YcB,,cS 
(topologically) and’that ¥ is dense in B,, if p<. Since Cp is coe 
in ¥ by Lemma 7.1.8, this completes the proot 


Theorem 10.1.8. If k,, k,¢X and 

(10.1.13) kAC)SCKO, FER’, 

it follows that B,,,<B,,,. Conversely, if there exists an open set 
X +0 such that By, 0€(X)cB then (10.1.13) is valid. 


p.k2? 


Proof. The first part of the theorem is trivial. To prove the second we 
let F be a compact subset of X with’ non-empty interior, and set 


' This means that the topology in ¥ is stronger than that induced there by B,., and 
that the topology in B,, is stronger than the one induced by *. 
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B=B,,,6'(F). Since the topology in each of the spaces B,,, is 
stronger than that in Y’ (Theorem 10.1.7), it is clear that B is a closed 
subspace of B,,, and that the inclusion mapping of B into B,,, is 
closed. Hence it follows from the closed graph theorem that 


(10.1.14) lull pee SC, [lull 


where C, is a constant. With a fixed function ueC?(F) such that 
u=0, we shall apply (10.1.14) to u,(x)=u(x)e*” where 7eR”. Since 
u,(¢) = 4(é —y), the estimates 


pike S p.kys uceB, 


ik (6) WE — | Sky ()iM,,(E—m) aE — mn), 
Ik 2(¢) aE —n)| 2k. ()|A(S —9)/M,,,(4 — 9) 
give 
(10.1.15) HUall pres SA1(0) Wil any 3 


[gl psag ko lll, ava, 


if we combine these inequalities with (10.1.14) we obtain (10.1.13) with 
the constant C=C, ell pag, / Helly, 1/M,,- Lhe proof is complete. 


Corollary 10.1.9. If k,,k,€%, it follows that 
Boks Boks =B 


Pokitk2 
and that 


Sul + |u| ueB, 0B, 4, 


pki tk po kz? 


max || p45 lu p.ks 


j=i 


Proof. Since k;sSk, +k, we have 


Baty +k2 = Bp, x; and Iltll x, = |x\,,, ki tke 


for j=1,2. On the other hand, if veB,,,.9B,,,, it follows from 
Minkowski’s inequality that ueB,,,,,, and that the second part of 
the inequality is valid. This proves the corollary. 


We next examine when the inclusion mapping in Theorem 10.1.8 
is compact. 


Theorem 10.1.10. If K is a compact set in IR", the inclusion mapping of 
Big, OE (K) into B, ,, is compact if 

(10.1.16) k(Q/k(O0,  E+o0. 

Conversely, if the mapping is compact for one set K with interior 
points, it follows that (10.1.16) is valid. 
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Proof. a) Assuming that (10.1.16) is valid, we take a sequence 
u,éB,,,0€(K) such that llu,i,,,1. We have to prove that there 
exists a subsequence converging in B,,,. Let @ be a function in 
C¢ GR”) which equals 1 in a neighborhood of K. Since u,= @u,, we have 


(10.1.17) u,(é)=(2n)~" | (E—n) a(n) dn. 
Multiplying (10.1.17) by k,(é) and using the inequality 
k,(C)SM,,(€-m) ki (0) 
and Hdlder’s inequality, we obtain 
kk Qa S2n)-" 1M, Oly, AI, 
S(27)-"” |M,, ll, 


Similarly, application of the same argument after differentiation of 
(10.1.17) gives 


[k, (2) D*a, (| S2n)-"” |M,,D* Ol y- 


This proves that the sequence #, is uniformly bounded and equicon- 
tinuous on every compact set. Thus we can find a subsequence con- 
verging uniformly on all compact sets; changing notations, if neces- 
sary, we May assume that the sequence a, itself is uniformly con- 
vergent on compact sets, Given any ¢>0 we now choose a ball S so 
large that k,(¢)/k,(¢)<e when ¢¢S. Using Minkowski’s inequality we 
obtain 


| u,—Uu, Il ».& SE I u,—Uu, ll pes +((22)~" | [k,(@,—a,)|? dé)”, 


with the usual interpretation when p=oo. The second term on the 
right-hand side tends to 0 when uw and v— oo, and the first is always 
S22. Hence the sequence u, is a Cauchy sequence in B which 
proves the compactness. 

b) Assuming the compactness of the inclusion mapping for some 
compact set K with interior points, we shall prove (10.1.16). To do so 
it is sufficient to prove that if a sequence €,- 00 then k,(€,)/k,(€,) > 0. 
Let CP(K)su#0, and set 

uy (x) = u(x) FS /K (E,). 
From (10.1.15) we then obtain 
(10.1.18) Heyl pkey SMM ll ay» 
Ne pea 2 lll y,sitggko(EM/ a (,)- 


From the first of these inequalities it follows that the sequence w, is 
bounded in B, ,,, hence precompact in B,,,. Now u,>0in #' for if 


Pp. k2? 
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oe we have 
| bu,dx =($u)(-Z,/k,E,J>0 as yoo 


because (oueF Since the topology in #’ is weaker than that in B,, ke 
it follows that the only limit point of the sequence u, in B,,, is 0, 
hence |u,||,,, 70 because the sequence is precompact. But then the 
statement follows from the second inequality in (10.1.18). The proof is 
complete. 


We shall now study how differential operators with constant coef- 
ficients act in the spaces B, ,. Recall that if P(¢) is a polynomial in n 
variables €,,...,¢,, with complex coefficients, then a differential opera- 
tor P(D) is defined by replacing ¢, by D;= —i¢/éx,, and a function P 
is defined by (10.1.7). 


Theorem 10.111. If ueB, , it follows that P(D)ueB, ,,5- 


Proof. The statement is obvious since the Fourier transform of P(D)u 
is P(€)u(é), with absolute value < P(é){a(é)}. 


The next theorem contains Theorem 10.1.11 and is equally simple. 


Theorem 10.112. If u,€B,,,6' and u,¢B 
u,*u,eB and we have the estimate 


co.kz» if follows that 
Pky k2? 


(10.1.19) |u,*uy||,. kiko = 41 ll», ky [42 [I coke: 


Proof. The Fourier transform of u,*u, is #,%, by Theorem 7.1.15, and 
k,|a|S} ual 


loo. k2° 


To pass from results involving the spaces B,, to statements of a 
classical form, the following result is needed. 


Theorem 10.1.13. If keX and j is a non-negative integer such that 
(10.1.20) (1 +feyp/k(OeLl?, 1/p+1/p’=1, 
we have BL, Ci. Conversely, if Bi NE (AIS Ci for some open set 


X +, it follows that (10.1.20) is valid. 


Proof of the sufficiency of (10.1.20). If ueB, , it follows from (10.1.20) 
and Hélder’s inequality that ¢*#(¢)= (E/k(Q\(k(2)a a(é)) is integrable if 
|a| <j. Hence the inverse Sate transform 


u(x)=(2n)7" f eb* a(S) de 


10.1. The Spaces B, , li 


and the integrals obtained by at most j differentiations with respect to 
x are absolutely convergent, which proves that ueC’. The proof of the 
necessity of (10.1.20) will be given after Theorem 10.1.15. 


We shall now determine the dual space of B, , when p< oo. Since 
fF is dense in B, , if p<oo (Theorem 10.1.7), a continuous linear form 
on B,, is uniquely determined in that case by its restriction to /. 


Theorem 10.1.14. If L is a continuous linear form on B 
have for some veB, ,,; 1/p'+1/p=1, 
Lw=tw, ue. 


The norm of this linear form is |\v],,,- Hence B, ,, is the dual 
space of B,, and the canonical bilinear form in B,,.xBy 4, 1S the 
continuous extension of the bilinear form 0(u); veB, ,,, uer. 


pak» P< 00, We 


Proof. The Fourier transformation reduces the theorem to the fact 
that a continuous linear form on ¥ with respect to the norm ||kU Ip 
p<, is a scalar product with a function V such that V/keL?, and 
that the norm of the linear form is || V/kl,,. 


Remark. Similarly, it is clear that every anti-linear form on B,, is an 
extension of a form u — v{a), ue.Y, and that the norm is |v, 1,- 


We now come to a most important property of B, ,: 


Theorem 10.1.15. If ueB, , and ge, it follows that gueB, , and that 
(10.1.21) NOull cS Oly xg, ell pe 


Proof. We know from Theorems 7.1.10 and 7.1.15 that the Fourier 
transform of v=q@u is the convolution 

6(€)=(2n)-" | b(E —n)a(n)dn, 
provided that d6€C%. Multiplying by k(é) and noting the inequality 
kK(Q)SM,(E—7) k(n), we obtain 

|ké] $(2n)-"|M, bl*| kal. 

Hence Minkowski’s inequality in integral form gives 

kdl, Qn)" |M,4ll, kal, 


which is equivalent to (10.1.21). Since C% is dense in ¥, the result 
immediately extends to an arbitrary de. 
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End of proof of Theorem 10.1.13. We must prove that (10.1.20) is valid 
if BL, Ne (xc Ci. Assuming as we may that 06EX, we choose a 
function @¢€CP(X) such that g=1 in a neighborhood of 0. If veB,.,, 
it follows from Theorem 10.1.15 that @veB, ,Aé'(X), hence g@veC! in 
virtue of the hypothesis. From the closed graph theorem it now 
follows as in the proof of Theorem 10.1.8 that 


> sup|D*(@viSCivl,,, veB 


lalsi 


p.k- 
In particular, we have if |x| <j 
(2)-" § E*8(E)dg|=|D*v(0)|SC(2z)-"" ||kol,,  dEF, 
so the converse of Hélder’s inequality gives 
Ie/kK(),SC2n)"?, lal Si, 
and this implies (10.1.20). 


From Theorem 10.1.15 we also obtain a method for approximating 
by elements with compact support: 


Theorem 10.1.16. Let weC% and assume that w(O0)=1. Set Y*(x) 
=W(ex). If ueB, , and p<, it then follows that Wu u in B, , when 
e— 0. 


Proof. From Theorem 10.1.15 we have 


lyn pSCllull,. if ueB,,, O<e<1, 
where 
C= sup (2n)-"fe"|W(E/e)|M,(2)dé 
1 


O<e< 


= Sue (22)~" JG (S)M,(ed)dé 


is finite in virtue of (10.1.1). This proves the statement since it is true 
if ueCy, which is a dense subset of B, ,. 


Similarly we can approximate by the usual regularization: 


Theorem 10.117. Let ¢€C% and assume that [¢dx=1. Set ¢,(x) 
=e" O(x/s). If ueB,, and p<oc, the regularizations ux, then con- 
verge touin B,, whene—0. 

Proof. The Fourier transform of u*¢, is a(2)G(e2). Since d(ef) > 6(0) 
=1 boundedly and uniformly on every compact set when ¢— 0, this 
proves the statement. 
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Theorem 10.1.15 makes it possible to define for every open set 
X CIR” a subspace of Y'(X) whose elements behave locally just like 
the elements of B, , but have unrestricted growth at the boundary and 
at infinity. In doing so, we use the following terminology. 


Definition 10.1.18. A linear subspace ¥ of B’(X) is called semi-local if 
oue¥ when ue¥ and o€CH(X). It is called local if, in addition, ¥ 
contains every distribution u such that due¥ for every GECF(X). 


Examples of local spaces are 9’(X), C*(X), Lf,.(X) whereas G(X), 
&'(X), [?(X) are semi-local but not local. It follows from Theorem 
10.1.15 that the set of restrictions to X of distributions in B, , is semi- 
local. 

It is obvious that L4,,(X) is the smallest local space containing 


I?(X). More generally, we have 


Theorem 10.1.19. If F is semi-local, the smallest local space containing 
F is the space 

F' ={u; ueG (X), pueF for every PEC?(X)}. 
Proof. Since ¥ is semi-local, we have F< F¥'. It is also clear that 
¥' is semi-local. To prove that ¥’° is local, we take a distribution u 
such that @ue¥' for every ¢ECS(X). Choose weC%(X) so that 
w=1 in the support of d. Then it follows that du=W(@ujeF in view 


of the definition of #'°°. Hence ue¥', so that ¥'* is a local space. 
It is obvious that it is the smallest local space containing ¥ 


For future reference we note the following useful property of local 
spaces: 


Theorem 10.1.20. Let ¥ be a local subspace of G(X). If ueG'(X) and 
to every point x,¢X there exists a function PECH(X) such that pueF 
and $(X,)+0, it follows that ueF. 


Proof. Let G€C#(X). In view of the Borel-Lebesgue lemma we can 

then find a finite number of functions @,,...,0,€CG such that dueF 
k 

when j=1,...,k and @=) |¢|?>0 in the support of ¢. Then it 
1 

follows that Y=¢/®, defined as 0 outside supp @, is in CP(X), and 


since ¥ is semi-local we obtain gu= 5 Wd; ojueF. Since ¥ is local 
this implies that ueF. 
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We shall also use the notation ¥° for the set of distributions in 
with compact support in X. If ¥ is semi-local, it is obvious that 


(10.1.22) FaP ene XxX), Fa ey 
Most of the results proved for the spaces B,, above carry over 
immediately to the local spaces Bes (X) corresponding to the set of 


restrictions to X of distributions in B, , (or, equivalently, correspond- 
ing to BL ,.Aé(X)). 


Theorem 10.1.21. In order that Bis, (X)<BWs.(X) it is necessary and 


4 
sufficient that (10.1.13) be valid. s 
Proof. The sufficiency is obvious in view of Theorem 10.1.8. To prove 
the necessity we note that (10.1.22) and the assumption imply that 
Bag OE (KX) = BE, (AINE (XI CBE (KIN E(X)CB, 


Doky 
Hence the necessity also follows from Theorem 10.1.8. 


Theorem 10.1.22. If weBls.(X) we have P(D)ueBrs, p(X). 


pk 


Proof. To any PECH(X) we can choose weC?7(X) so that yY=1 in a 
neighborhood of the support of ¢. Since wueB, ,, it then follows from 
Theorems 10.1.11 and 10.1.15 that 


bP(D)u=oP(D)(WueB, xp, 


which proves the theorem. 


pk? 


Theorem 10.1.23. If ue Bes (X) and $eC*(X) then gue BY (X). 
Proof. This is trivially true for every local space. 


Theorem 10.1.24. Let u,¢B,,,(R")O€ (R’) and u,¢Be°,,(R"). Then it 
follows that u,*u,€Brs, ,,(R’). 

Proof. If ¢¢ CZ (IR") we have to prove that $(u,*u,)eB,,,,,- Let K be 
the set of all x such that {x}+suppu, intersects supp @. Since K is a 
compact set we can choose weC3(R") such that y=1 in a neigh- 
borhood of K. Then the support of 


u,*u,—u,*(Wu,)=u, +((1—W)u,) 


does not meet supp @ in view of (4.2.2). Hence $({u, *u,) = b(u, *(Wu)) 
and the statement follows immediately from Theorems 10.1.15 and 
10.1.12. 
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From Theorem 10.1.13 we also obtain immediately 


Theorem 10.1.25. In order that BYS(X)<C(X) where j is a non- 
negative integer, it is necessary and sufficient that (10.1.20) be valid. 


Theorem 10.1.7 leads to the following 


Theorem 10.1.26. BY§(X) is a Fréchet space with the topology defined 
by the semi-norms u — |\oul|, ,, DECG(X), and we have 


C°(X) BYE (X)< G(X) 


for some j also in the topological sense. 


Proof. To prove the metrizability we take an increasing sequence of 
compact sets K,<X such that every compact subset of X is contained 
in some K,. If we choose ¢,eC?(X) such that ¢,=1 in K,, the 
topology in Bis (X) is then defined by the countably many semi- 
norms u— ||¢,ul|,, alone. In fact, for an arbitrary d¢C(X) we can 
take v so large that supp@cK,. Then we have gu=dd,u so it 
follows from Theorem 10.1.15 that 


lull, SOs wy MOull pe 


Hence the topology is metrizable. To prove the completeness we only 
have to prove the convergence of every sequence u, such that gu, is a 
Cauchy sequence in B, , for every 6€CP(X). By Theorem 10.1.7 gu, 
has a limit in B,,, hence in Z’. This proves that u=limu, exists in 
G(X) and that ||\du,;— ull, , > 0 for every peCP(X) when j > 00. The 
proof is complete, for the last statement follows immediately from 
the proof of Theorem 10.1.7. 


If k,eX# and lsp,S0, w=1,2,... we shall also study the space 
‘a Bre x,(%) with the topology which is the least upper bound of the 
1 


P. 


topologies in the spaces Bye x,(X), that is, defined by the semi-norms 
uri|dul, ng, PECH(X), w=1,2,.... 


It is clear that this is also a Fréchet space; it is metrizable because the 
topology is defined by the semi-norms |¢,u||,,,, with the same @, as 
in the proof of Theorem 10.1.26. Note that it follows from Theorem 
10.1.25 that 
(10.1.23) C™(X)=()\ Bee (X) if k, (2) =(L +1 E)*. 

1 


Puky 
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It is obvious that the intersection of more than countably many 
spaces BYs,(X) is also a locally convex space although not necessarily 
a Fréchet space. 

Having introduced a topology in B'’4(X) we can now also extend 


pk 
Theorem 10.1.10. 


Theorem 10.1.27. In order that every bounded set in Bs. (X) shall be 
precompact in BPs (X ) it is necessary and sufficient that (10.1.16) hold. 
Proof. The necessity of (10.1.16) follows immediately from Theorem 
10.1.10 since 


<1} 


fu; ueB, ,,A€(K), {| w || phe 

is a bounded set in Brs.. (X) if K is any compact subset of X. (Note 
that the topologies of B,,, and Bis. (X) coincide on this set.) To 
prove the sufficiency we take a bounded sequence u, in BPS, (X). This 
means that the sequence ||,u;||,,, is bounded when joo for every 
fixed v, if @, are the functions in the proof of Theorem 10.1.26. Hence 
it follows from Theorem 10.1.10 by application of Cantor’s diagonal 
process that there is a subsequence u, such that Py u;, is convergent in 
B,y, for every v. But this means that u, converges in Brs..(X), which 
proves the theorem. 


10.2. Fundamental Solutions 


If P is a differential operator with constant coefficients then EeY'(R") 
is called a fundamental solution of P if 


(10.2.1) PE=6, 


where 6 is the Dirac measure at 0. (See Section 3.3 and also Section 
4.4 for the importance of fundamental solutions.) In a number of cases 
we have given explicit fundamental solutions. In Example 3.1.2 we 
saw that the Heaviside function H(x) is a fundamental solution of 
d/dx on IR. More generally (3.2.17) and (3.2.2)’ show that z‘7' is a 
fundamental solution of (d/dx)* on R. Thus x%?~*(x,)... 7771 (x,) is a 
fundamental solution of @* (see the proof of Theorem 4.4.7). The 
fundamental solution 1/zz of the Cauchy-Riemann operator 0/07 was 
obtained in (3.1.12), and in Section 3.3 we constructed fundamental 
solutions for the Laplacean and the heat operator as well as some 
related operators such as the Schrodinger operator. Fundamental so- 
lutions of real homogeneous second order operators were given in 
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Section 6.2. The general form of fundamental solutions of homo- 
geneous elliptic operators was determined in Theorem 7.1.20, and in 
Theorem 7.3.10 we gave a general construction of fundamental so- 
lutions. Finally we gave in Theorems 7.1.22 and 8.3.7 a parametrix for 
elliptic operators and operators of real principal type (see Definition 
7.1.21). We shall now examine the construction in Theorem 7.3.10 
more carefully. 


Theorem 10.2.1. If P(D) is a partial differential operator with constant 
coefficients which is not equal to 0, then (7.3.22) defines a fundamental 
solution EeB'*» of P(D) 


Proof. We can write (7.3.22) in the form 
(10.2.2) E(o)=| <a, eo’ bd, beCe, 
where g, has the Fourier transform 


&(C)= O(P., 0)/P(S+ 0). 
By (7.3.21) with O=P.=P(¢+ .) we have 


PODS C sup |O|= 


that 1s, llg-l,.pC,. For given e>0 we can choose the set Z in 
Lemma 7.3.12 so that \fi<e/2 when CeZ, and then we have g,=0 
when |(j>2/2. The dual of B,, when k=1/P is B,,.5 (Theorem 
10.1.14). When |{|<¢/2 it is clear that f, .(x)=e'*?/cosh |ex| is in a 
bounded subset of Y. Since M,(€)S(1+C|E)™ by (10.1.8) it follows 
that 


I fecl 1m, Ca: [el<e/2. 


From (10.2.2) we now obtain in view of Theorem 10.1.15 


XE/cosh |e.|, @>1 S|) <g,, Of, >dH(O)| 
SJ lige. lh. cla, MP lla, ~aA(C) 


SC3 1914. 
Hence Theorem 10.1.14 gives 
(10.2.3) |E/cosh|e.}|1,, pS C3 


where C, only depends on n,¢ and the degree m of P. The theorem is 
proved. 


In terms of the spaces BPS, of Section 10.1 it is not possible to 
make a better statement than Theorem 10.2.1. Indeed, suppose that 
there is a fundamental solution E of P(D) with EeBi5(R"). In view of 
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Theorem 10.1.22 we have then 
5=P(D)EcB™, 5. 
But this means that k/PeL?, so kde? whenever PieL®, that is, 


loc loc 
Boe cB”. 


Definition 10.2.2. A fundamental solution E of P(D) is called regular if 
EecB* 5. 


With this terminology Theorem 10.2.1 means that there always 
exists a regular fundamental solution. By (10.2.3) it can be chosen with 
small exponential growth and a bound which is uniform when 
PePol°(m,n), the space of polynomials of degree <m in n variables 
with O removed. We shall now denote by E(P) the fundamental 
solution defined by (7.3.22) and examine its dependence on P. Let 
Qe€Pol(m,n) and replace P by P+tQ in (7.3.22), where t is a small real 
number. Then 


d 
Fp (Pt Qe DAP(E ++ tO(S+ Meo 


=©'(P:, 65 O)/P(E+—- OP, HOE + C/PE+O?. 


Here @'(P,f;Q) is the differential of @ with respect to P in the 
direction Q. Since the derivatives of © with respect to P are homo- 
geneous in P of degree —1, we have 


|O'(P, ¢: O)| S CO(0)/P(0). 


Since O(€)/P(é) ist at most of polynomial growth, it follows when ¢€C2 
that <E(P), > is an infinitely differentiable function of Pe Pol°(m, n), 
that is, Pol°(m,n)aP — E(P)eQ’(R") is a C® map. The differential is 
obtained by formal differentiation of (7.3.22), thus 


(10.2.4) <E'(P; Q), 6» =(22)~"f dé | d(-E-O(G(P,, 6; O/P(E+9 
— P(P,, () QE + O/P(E +6)? 4x0. 
The parenthesis here is bounded by a constant times O(&)/P(é)?. For 
the differential EY(P;Q,,...,Q,) we get a similar expression with the 
parenthesis replaced by a sum starting with 
BOP. C3 Oy es +s Qj P(E +4) 

and ending with 

(—1)j! D(P,, DQ (E +0)... O,(E + H/P(E+CY*?. 


It has a bound of the form C,@,(é)...0,(&/P(é)*", so the proof of 
Theorem 10.2.1 gives immediately 
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Theorem 10.2.3. The fundamental solution E(P) defined by (7.3.22) is a 
C@” function from Pol°(m, n) to 9'(IR"). If supz|C|<e, then one can for 
every j find a constant C, such that the differential EP(P; Q,,...,Q,) of 
order j in the directions Q,,...,Q, satisfies 


(10.2.5) |EO(P;Q,,....0)/coshlell,.7SC, if F=P/*1/6,...6, 


o,F= Yj 


The space B,, here is again optimal in the sense that it is 
contained in every space B, , which could be used in (10.2.5). In fact, 
assume that E(P) is any fundamental solution of P which is (locally) a 
C function of P. Then we have 


(10.2.6) P(DY¥*E9(P: Q,,...,Q,)=(—1)j! O,(D)...O,(D)6. 


The proof is by induction starting for j=0O where (10.2.6) is the 
definition of a fundamental solution. Assume j21 and that (10.2.6) 
has been proved for smaller values of j. Then 


(10.2.7) P(DVEY-(P; Q,,.-.,Q;-4) 
=(—1"7?G—1)!0,(D)... Q;_ (DJ 6. 
Differentiation in the direction Q, gives 


JP(D)~" OMD)EP~(P; Oy, ..-, Oj.) + P(DYEO(P; Qj, ---,O)=0. 


raja pal 


If we multiply by P(D) and use (10.2.7), then (10.2.6) follows. 
If EY(P; O,,...,0,eBrs, for some ke.# and pe[1, 0] then (10.2.6) 
and Theorem 10.1.22 give that 


O,(D)... Q,(D)6eB%, p+. 


We may assume that all Q, are different from 0 and choose a regular 
fundamental solution F, for each of them. Then 


Q;. ,(D)...Q(D)d=F;*O(D)...O0(D)6,  i=1,...,), 
so by repeated use of Theorem 10.1.24 we obtain 
be BM 
with F as in Theorem 10.2.3. Hence k/FeL? which as above shows 


that : 
Oo OC 
By > BS re 


We shal! now study the location of the singularities of E(P). As a 
preparation we begin with a simple result on the support. Set 


(10.2.8) A(P)={neR"; P(¢+tn)= P(S)}, 
which is obviously a linear space, and set 
(10.2.9) A'(P)= {xeR’; <x, n> =0 if nEA(P)}. 
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Note that if A’(P)={xeR"; x,.,=...=x,=0}, then P(€) is indepen- 
dent of €,.,,...,€, so we have a differential operators in the variables 
Xy,--+,X, Only. 


Theorem 10.2.4. For the fundamental solution E(P) defined by (7.3.22) 
we have supp E(P)< A'(P). 


Proof. By a linear change of variables (and the corresponding change 
of @) we can reduce the proof to the situation where A’(P) is defined 
by 4,5... =x, =0. Then O(P,0)/P(€+0) is independent of ¢” 
=(¢,.1,--.,€,)) By Fourier’s inversion formula we can then write 
(7.3.22) in the form 


E(P), 6>=(22)-* dé J ho(— 2 — CY P(E +6) (PR... dal) 


where $,(x’)=¢(x’,0). This proves the theorem and moreover that 
E(P) is the tensor product of a distribution in the plane x”=0 with 
d(x’). 


There is no fundamental solution of P with support in a smaller 
linear space: 


Theorem 10.2.5. If P(D) has a fundamental solution E with suappEcV 
then V>A’(P) if V is a linear space. 


Proof. It suffices to prove that if x,=0 in V then P(D) is a polynomial 
in D'=(D,,...,D,_,). We can write 


P(D)=)a,(D’) Di 
0 
and by Theorem 2.3.5 there is a similar decomposition 
E=) E,@Di6 
0 


in a neighborhood of 0. Here 6 denotes the 6 function in x, and E;, is 
a distribution in x’. The equation P(D)E=6 gives a system of equa- 
tions 
Y a(D)E,=0 if i=1,...,m+r;  ao(D') Eo=6(x’. 
itksit 

If m>0 we obtain a,(D')E,=0 by taking i=m+r. Multiplication of 
the equation with i=m+r—1 by a,(D’) then eliminates E, and gives 
a,,(D')*E,_, =0. Continuing in this way we obtain finally 


a,(DY*'E,=0, thus a,(D'*' d(x} =0. 


This implies a,,=0 which proves the theorem. 
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Let us write (7.3.22) formally as 
E(P)(x) =(22)~” J dé fel +” OP, O/P(E+ 0) da(f. 


The integral with respect to € over a compact set gives a C® function 
so it is clear that only the behavior of P at oo influences the singulari- 
ties of E(P). Moreover, the integral over a large neighborhood of a 
point far away should be rather closely related to the fundamental 
solution of a limit of P, or rather of the normalized polynomial 
P/P(n), as n-> co. We shall therefore discuss such limits now. 


Definition 10.2.6. The set of limits of the normalized polynomial 


E> P(E+1)/P(n) 
in Pol°(m, n) as 7 co in JR" is denoted by L(P). If OER" 0 then the 
set of limits with 7/|7| > @/|@| is denoted by L,(P). 


It is clear that L(P) and L,(P) are closed subsets of the unit sphere 
in Pol°(m, n). The elements in L(P) and L,(P) as well as their non-zero 
multiples will be called localizations at oo (in the direction 6). They 
can be reached along polynomial curves: 


Proposition 10.2.7. If QEL,(P) then one can find a polynomial 
k 
6 

with 6,eRR", 6,=6 and k>0, such that 


(10.2.10) PE+n(t))/P(nQ) > O(6) as tw. 


Proof. The Tarski-Seidenberg theorem or rather Corollary A.2.6 shows 
that 
o(t) = inf {(10 — byl? + Y |Q(0)— aP(n)I?); 
a>0, a? P(ny=1, |? =|0)727, br= 1} 
is an algebraic function of t for large t, and liminfc(t)=0 since 


t- 2 
QeL,(P). Hence c(t)-0 as toc. The infimum is clearly attained, and 
by Theorem A.2.8 it is for large t attained with 7 equal to an 
algebraic function of £, 


k 
n= > 6,0" 


where 6,=6 since @—n(t)/t>0 as t> oc. The sum from —oo to —1 
tends to 0 as r> +00. If we set 


k 
No(t) = ¥ ae 
° 
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it is therefore clear that P(E +7 (t))/P(qo(t)) ~ Q(S) as t- 00. Replacing 
t by t we have proved the proposition. 


Theorem 10.2.8. If OEL,(P) then 0€A(Q) and degQ<deg P if 0¢A(P). 
Proof. By (10.2.10) we have 
P(E +n(t))/at? > O(¢) 
for some a>0 and o 20. Ifs is real then 
n(t+st'—*/ky=n(t)+s0+ O(1/t) 


so replacing t by t+st’~*/k gives Q(€ +s6)=Q(£) and proves the first 
statement. It is clear that degQ<degP if P(n{t})- a, so the last 
statement follows from 


Proposition 10.2.9. P(g) 0 if EIR” and the distance from € to A(P) 
tends to cw. 


Proof. Let M be a set in IR” where P is bounded. Write P=p+r 
where p is homogeneous of order m and not identically 0 while r is of 
order <m. Then p®-P® is a constant if |a|=m—1, so p® is then 
bounded in M. The linear space 


N={yeR"; p(y) =0 when |o|=m—1} 
is contained in A(p). In fact, since p is homogeneous we have 


(m—|al) p(n)=> 1,6p(n)/en; 


so induction for decreasing |x| shows that p™(y)=0 if 7eN and |a|<m. 
Hence Taylor expansion at 4 gives p(€+7)=p(é) if nEN, so NCA(p). 
Now M is bounded modulo N so # is bounded in M, hence *F is 
bounded in M. If the proposition is already proved for polynomials of 
order <m, as we may assume, it follows that M is bounded modulo 
A(r). Since A(P)> A(r)O A(p) it follows that M is bounded modulo 
A(P), which proves the proposition. 


Proposition 10.2.7 shows how well the elements of L(P) can be 
approximated by polynomials of the form P(.+7)/P(y). We shall now 
examine how well P(.+n)/P(y) can be approximated by elements of 
L(P) for large |y). 


Proposition 10.2.10. There exist positive constants C and b such that for 
sufficiently large |n| 


(10.2.11) See [P(n)/P(q) -O (0)|? +18 —n/lnll?; QEL-(P)} 


SC? |n|-7. 
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Proof. It follows from Theorem A.2.2 that 
|} {8} x Lo(P)<(IR"~ 0) x Pol?(m, n) 
e 


is a semi-algebraic set. In fact, this set is defined as 


{(8, Q); Ve>05n, ely|>1, |O@—n/nl| <e, 
Z|P®(n)/P(n) - (0)? <2} 


(It is easy to eliminate denominators and square roots by just in- 
troducing new variable names for them.) By Corollary A.2.6 the 
supremum when |y|=¢ of the infimum in (10.2.11) is therefore an 
algebraic function of t for large tr. It tends to 0 as tr 00, for otherwise 
we could find a sequence 4,-+ 00 for which (10.2.11) does not converge 
to 0. This would give a contradiction if we take for Q a limit of 
P(.+y Pn ;) which belongs to L,(P) when @ is a corresponding limit of 
n,/\q;|. Thus we have proved Proposition 10.2.10, for an algebraic 
function f(t) with f(t) >0 as t> co is always O(t~**) for some b>0. 


We are now prepared for the proof of bounds for the wave front 
set and singular support of the fundamental solution E(P). Let F be 
the closure of 


(10.2.12)  {(x, eR" x (R"~ 0); xe A'(Q) for some OeL,(P)}, 


and let Fy be the projection of F in IR", which is closed since we can 
always take @ to be a unit vector. Note that Theorem 10.2.8 gives 


(10.2.13) <x, O>=0 if (x, DEF. 

Theorem 10.2.11. If E(P) is the fundamental solution defined by (7.3.22) 
then 

(10.2.14) WF(E(P))cF,  singsuppE(P)c. 


Before the proof we state and prove a weakened converse result: 


Theorem 10.2.12. Let E be any regular fundamental solution of P. If 
QeL,(P) it follows that Q has a regular fundamental solution eg such 
that 


(10.2.15)  suppegx {8} CWF(E), supp egcsing supp E. 


Proof of Theorem 10.2.12. The second part of (10.2.15) follows from 
the first by projection in IR”. From the equation P(D) E=6 it follows 
that 


P(D+n)(Ee7) =e-™ P(D) E=6. 
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Hence 

(10.2.16) P(D +n)(P(n\EP(n) “1 = 4. 
Choose a sequence 7, © such that 

(10.2.17) P(D+n\/P(n)>Q(D), — n;/Inl> 9/141. 


We shall show that EP(y,)e~'<"” has a convergent subsequence. 
If g@eCF we have by hypothesis E,=dEeB,, 5, that is, 
IE (OI POS Cy. 


This means that for the Fourier transform Pm JE(E+n)) of 
E,P(ye7'<" we have the estimate 


Pn JIE g(E+n))| Ss CyP(n)/PE+n)s C,(+ C\él)”. 


(See (10.1.8).) By Theorem 10.1.10 a subsequence converges in B,, , if 
k(é)=(14+|&)-"—*. Passing to a subsequence we may therefore assume 
that E,P(y,)e7<-"” converges in B,,, for every ¢ in a partition of 
unity in IR". Then the limit 


G=lim EP(y,) e7*™ 
exists in Y'(IR”), and (10.2.16) implies that Q(D) G=6. If G,=6G then 
1G (Ol =lim |E,(E +n) Pals Clim P(n)/PE+n) = C/O 


ye) GEBes' a. To prove the theorem it remains to show that if (x, 6) is 
not in WF(E) then G=0 in a neighborhood of x. To do so we choose 
@ equal to 1 in a neighborhood of x so that E, is rapidly decreasing 
in a conic neighborhood of @. Then it follows that 

E (+n) P(g) 70 


uniformly on every compact set as j-> co. Hence 6G=0 so G=Oina 
neighborhood of x and (10.2.15) is valid for eg =G. 


Proof of Theorem 10.2.11. We shall use a partition of unity to split up 
the integral in (7.3.22). It is convenient to let it depend on a con- 
tinuous parameter. Thus we choose a function yeCP(R") with support 
in the unit ball so that | ¥(¢)dé=1 and set 


xdE, m= (1+ 1EI?7)- 2"? x(n — SG +1817)" *7) 
where e€(0, 1) will be chosen quite small later on. Then 
(10.2.18) {x(&n)dn=1 


and |€~—|<(1+|é|")*? in suppy,. For large n it follows that ¢ is large 
and that | —7|<jé|/2, hence 3|&|/2 > |y| > |é|/2. This gives 
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(10.2.19) iS—nl<C,U +n)’ — if (¢, mesupp x,. 
Finally it is clear that for an arbitrary multi-index « 
(10.2.20) [Dex(E, MIS Cz, g(1 + i207, 


With « to be chosen later we set 
(10.2.21) E(x, m)=(2n)-" | x(E.n) dé fl F*? O(P,, O/P(E+ 2) dA) 
and note that (10.2.18) gives 

(E, 6> =| <E(.,0), b> dn. 


We shall prove Theorem 10.2.11 by making appropriate estimates of 
E(x, 1). 

The definition of F as the closure of the set (10.2.12) means that if 
(Xo, @)éF then there is an open neighborhood w, of x, and an open 
conic neighborhood I, of 8, such that 


OOA(O)=6 if OEL,(P) for some ely. 


We must show that if ¢€CF(w,) it follows that (GE)(t) +0 rapidly 
when t—> co in a closed cone cI. Let I, and If, be open cones with 


rchélelh 


where © means inclusion for the closure (in R”~0). For every N we 
have 


(10.2.22) |DE(=, nS Cy + Ie) + I 
if cel and néI,. In fact, 


GE(t, 1) =(20)-*f rE, dé § OE -E-D OP, O/PEE +. AAD). 


When @(F., )+0 we can estimate \o(c—E—O}l by Cy(1+|e—E))~-* for 
any N If (2, m)esupp z, then (10.2.19) implies that ¢¢I, when n¢I, and 
In|[> Co. For ter and €€F, we have |z|+|é|SC,|r—€| since this is 
true when [t|+/¢|=1. Hence [t]+|y|SC,|c-—¢| when tel) n€élj, 
lql> Cy and (¢, y)esupp z,. This proves (10.2.22). If we show that 


| (x) E(x, 9) dn 


is a C® function it will follow that (SE)(c) 0 rapidly when t> 00 in 
Lr 

By Proposition 10.2.10 we can for large nel, find Q"eL,(P) for 
some GeI, so that 


(10.223)  P(E+m)/P(n)=O%(E)+R1E), ROS Cini. 
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For any € with |€|<K|y|* and te A(Q”) we have in view of (10.1.8) 
|D3<t, D.>’ P(E +n)| = P(n)|D*<t, DIR")! 
SCPE +n) gine PP eIep, 
if j>0 so that <t,D,> annihilates Q”. If ¢ is so small that 2mzeSb we 
obtain for large nel, and reA(Q”), now for j 20, 
(10.2.24) |D2<t,D>/P(E+nSCP(E+n)inl- “th, (él Kini. 


This will give bounds for the derivatives of ®(P.,,,,0/P(€+n+¢) if we 
prove the following 


Lemma 10.2.13. Let f be a C® function which is homogeneous of 
degree up in YX {0} where Y is a finite dimensional vector space over 
R. If s>y(s) is a C* function from R to Y then 


(10.2.25) jd F(y(S)/ds*| SCyIIy(S)I" sup (ly P(SI/LODY. 


Proof. We may assume that s=0, and multiplication of y and s by 
constant factors reduces the proof to the case where |y(0)|=1 and 
sup |y%(0)|=1. But then the inequality (10.2.25) is an immediate 


O<jsk 
consequence of the rules for differentiation of composite functions. 
Note that C, only depends on k and the derivatives of f of order Sk 


on the unit sphere. 


End of proof of Theorem 10.2.11. We shall apply Lemma 10.2.13 to Y 
=Pol(m,n) with the norm ||Q|/=Q(0) and f(P)=@(F 0/P(), p= —1, 
y(s)=F,.2,,- The estimate (10.2.24) means that 
'v(O)| =( IDK, D>’ P(E +n)}?)* S Cll yO) Cie\Anl*y. 
Hence 
Xt, DI G(R, O/P(E+nt+ DIS CPE +n)— l- eh; 
IiSKinlh, nef, teA(Q’). 
Replacing € by €~y and taking (10.2.20) into account gives 
Kt, Dz>?x.(6, 0) OR, O/P(E + OLS Cyl Pe. 
If we multiply (10.2.21) by <t, x>/, write 
Ct, xe 5+ = Ct, Dial seD 
and integrate by parts, it follows now that for large vel, and teA(Q”) 
(10.2.26) Kt, x E(x, mS C,(Itl/inly. 
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(Note that the measure of the set {€; 7,(é,m)+0} is $Cln|'") The 
distance d(x, A’(Q)) from x to A’(Q) is 


sup |<t, x>I/Id| 
1€A(Q) 


so the previous estimate means that for large ye, 
(10.2.27) E(x, MISC (d(x, A(O)n)-?, 70, 1,.... 


When xesupp ¢ there is a positive lower bound for d(x, A’(Q")). Since 
differentiation of E(x,7) with respect to x, only introduces a factor ¢; 
+¢, in (10.2.21) it is clear that the same proof gives for all « 


(10.2.28) |DE(x, nISC,|nl*-#,  j=0,1,...,xesupp$, mel. 


If we choose j so large that je—|x|>n, then the right-hand side is 
integrable so it follows that 


J G(x) E(x, ) dn 
Ly 
is a C® function. This completes the proof. 


In Section 8.3 we have seen the importance of information on 
WF(E) for a fundamental solution E. We shall return to this topic in 
Chapter XI. The main virtue of the construction of fundamental 
solutions studied in this section is its universal character. However, it 
does not always give a fundamental solution E with minimal WF(E). 
For example, in Theorem 8.3.7 WF(E,) was roughly half of the set F 
in Theorem 10.2.11. This gap is related to the fact that the localized 
operators Q may have fundamental solutions with support much 
smaller than A’(Q), for example a half line if A’(Q) is a line. 

Every differential operator with constant coefficients has funda- 
mental solutions in &’. Several proofs are known of this fact (see the 
notes at the end of the chapter). However, there does not always exist 
a fundamental solution which is both regular and temperate: 


Theorem 10.2.14. Assume that P(D) has a fundamental solution 
EeS' OB 5(IR"). Then there is a constant C such that 


(10.2.29) J dnfOm)<Cc 


Inj<d 


for every QEL(P) which is positive in IR”. 


Proof. By Proposition 10.2.7 we can choose a polynomial t>7(r)eR" 
such that for large t 


(10.2.30)  1Q(2)— P(E +n(0)/P(n(SCe- +i", eR”. 
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Moreover, as shown in Example A.2.7 it follows from Corollary A.2.6 
that 


(10.2.31) OS) >2c(1 + |e)" 

for some c>0 and yw. Hence 

(10.2.32) [P(E + n(t))/P(n(a))| > (1 + EN 
when 


ct> C(L+|E)"*4. 


Now consider the fundamental solution 


E,=P(n(t)\(exp —i<., n(t)>) E 
of P(D+n(x))/P(y(t)). The Fourier transform E, satisfies the equation 
P(.+n{t))/P(n(0) E,=1, so 
(10.2.33) E(2)=P(n(o)/P(Eé +n) 
when 


(1 +1é)" 7" <et/C. 


It follows that E,1/Q in 9 when t— 00; we shall prove that there is 
convergence in ¥’. To do so we choose yeCP with support in the 
unit ball and y(€)=1 when |é|<1/2. For ¢6¢€Y we make the decom- 
position 


b=54+63; b)()=xE/T) (8). 
If (1+ T)"*"<ct/C then (10.2.30)-(10.2.33) give 
KE,-—O7?, dD SCeo-7a-* FL HIE)" * 4 1@(OldE>0, tw, 
KO-,d>>1Se7* fF +le)Fie(@ldé—0, TO: 
| 


2E\>T 

We have 
CE, 02> =P) <E, 63(. — nO), 

and 

sup|é*D263(é — n(t))| =sup ( + (2)? D7 63(S) 

S(1 + |(ap)!?! sup(1 + [E)!?'1D*63 (8). 
We can choose T=at? with a,b>0 so small that A+ T7)"** <ct/C. 
Then it follows that P(n(t))63(.—n(2))-0 in Y when too, hence 
E,1/Oin#. 
The hypothesis that EeB'*°; means that 


sup P(A|E* (2) S2a)"|GE|, s=Cy<0, beCP(R’). 
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When €=n(t) we obtain or 
IE,*OO) SC, 
and letting t- 00 it follows that 
(10.2.34) lf (D/O del SC. 


We can choose ¢ so that 6=0 and ¢>0 in the unit ball, for example 
by taking ¢=W* where w is close to the 6 function and W(x) 
= W{—x). (10.2.29) is then a consequence of (10.2.34). The proof is 
complete. 


Example 10.2.15. For the polynomial P(é)= 723+ é2+i¢, the local- 
ization in the direction (0, 1, 2,0) is (€2+27)(4+e*)7*. Since 1/é7 is not 
locally integrable it is clear that there is no uniform estimate of the 
form (10.2.29). Hence the unique temperate fundamental solution 


E(x)=(22)~* fexp((x,€,+x2€.+%363) 
~x4(€763+63))dé,dé,dé, if x,>0, 
E(x)=0 if x, 50 


is not regular. 


10.3. The Equation P(D)u=f when feé” 


We shall now combine the general observations in Section 4.4 on the 
use of fundamental solutions with the construction of regular funda- 
mental solutions given in Section 10.2. This leads to the following two 
theorems. 


Theorem 10.3.1. Let E be the regular fundamental solution given by 
(7.3.22). Then the solution of the equation 


(10.3.1) P(D)u=feé’ 
which in virtue of (4.4.3) is given by 
(10.3.2) u=Exf 


belongs to BY%s(IR") for every keX and pe[l,«] such that 
feB, IR"), and we have 


(10.3.3) WF(u)c {(x+y, &); (x, QEWF(f) and (y, He F}. 
Here F is the closure of the set (10.2.12). 
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Proof. This is an immediate consequence of Theorem 10.1.24, Theo- 
rem 10.2.11 and (8.2.16). 


Remark. Theorem 10.1.22 shows that if the equation P(D)u=/ has a 
solution ue BP%s it follows that feB}s,. Hence the solution of (10.3.1) 
given by (10.3.2) has the best possible local properties as described by 
the spaces Bis. However, (10.3.3) is not always optimal. 


The following theorem adds considerable precision to Theorem 
7.3.2. 


Theorem 10.3.2. If ueé’, keX and 1Sps0, we have ueB, 5 if and 
only if P(D)ucB, ,. 


Proof. That ueB, , implies P(D)ueB, , follows from Theorem 10.1.11, 
and the converse follows from (4.4.2) combined with Theorem 10.1.24 
if we choose a regular fundamental solution E. 


Corollary 10.3.3. Let ueé’, keX and 1SpSoo. If P(D)ueB, , it then 
follows that P(D)\(pu)eB, , for every ECF. , 


Proof. This follows immediately from Theorem 10.3.2 and Theorem 
10.1.15. 


It is often useful to rephrase the above results in terms of the 
concept introduced in the following definition. 


Definition 10.3.4. If P(D) and Q(D) are differential operators such that 
(10.3.4) GO/P()<C, EER’, 
we shall say that QO is weaker than P and write Q<P or that P is 


=~ 


stronger than Q and write P>Q. If P<Q~<P the operators are called 
equally strong. 


Theorems 10.3.1 and 10.3.2 now assume the following form: 


Theorem 10.3.5. If feB,,, where keX and 1Sp<, and if QO<P we 
have Q(D) ue BYs, for the solution of the equation (10.3.1) given in 
Theorem 10.3.1. Conversely, if for some keX and some p with 
1SpSo the equation (10.3.1) has a solution u such that O(D) ue Bs, 
for every feBs,,, it follows that O<P. 

Proof. To prove the first part we only have to note that ueBrs 
implies that O(D)ueB'*\ 5,5, (Theorem 10.1.22) and then apply Theo- 


P.KPIQ 
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rem 10.1.21. To prove the second part, we observe that QO(D) ueBr, 
implies that Q(D) f= P(D) QO(D) ueBrsp (Theorem 10.1.22). Since feé’ 
it follows from Theorem 10.3.2 that feB, ,6,. Hence 

Bee Bp, noi? 
which implies that 0<P in view of Theorem 10.1.8. 


Theorem 10.3.6. Let keX and 1SpSoo. Then O<P if and only if 
ueé’ and P(D)ueB, , imply that Q(D)ueB, ,. 


Proof. Since Theorem 10.3.2 shows that P(D)ueB,, is equivalent to 
ueB,,p and that Q(D)jucB,, is equivalent to weB,,5, when ued’, 
this is an immediate consequence of Theorem 10.1.8. 


We may summarize Theorems 10.3.5 and 10.3.6 roughly as follows: 
Q(D)u is as regular as P(D)u if and only if O<P. Such conclusions are 
obviously important in the study of perturbations of differential oper- 
ators with constant coefficients (see Chapter XIII). To illustrate the 
results we shall write out in detail the special case p=2, k=1, that is, 
B,,=L. 


Theorem 10.3.7. If X is a bounded open set in IR", there exists a 
bounded linear operator E in L?(X) such that 


(10.3.5) P(DJEf=f, fel?(X), 
(10.3.6) EP(D)u=u if ue&’(X), P(D)ueL’(X), 
(10.3.7) Q(D)E is a bounded operator in I? for every Q<P. 


Proof. If feL?(X) we denote by f, the function which equals f in X 
and vanishes in IR"\X. We then define Ef as the restriction of u, 
=E,*fy to X where E, is a regular fundamental solution. Then 
(10.3.5) and (10.3.6) follow immediately from (4.4.2) and (4.4.3). Fur- 
ther, it follows from Theorem 10.3.5 that Q(D)E maps I?(X) into 
itself. To conclude that Q(D)E is bounded we could therefore apply 
the closed graph theorem. However, we prefer to prove this fact by 
repeating the proof of Theorem 10.1.24. Thus let w be a function in 
Co IR") which is equal to 1 in a neighborhood of the closure of X —-X 
={x-—y; x,yeX}, and set Fj =wE,. Then we have F,¢B, » and 
Fo* fy = Eo* fy =U in X in view of Theorem 4.2.4. Hence 


NODES | 12S | QD)Fo*follla.1 S 1 falas lO) Fol. 1 
Sf tral Fol op sup |Q(6)|/P(S), 


which proves the theorem. 


Another interesting application is the following: 
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Theorem 10.3.8. If O<P and P(&)20, €eRR", we have for every bound- 
ed open set X <IR" with a constant Cy 


(10.3.8) { (Q(D)u)zdx|S C,{(P(D)u)adx, ueC®(X). 


Proof. This follows from Theorem 10.3.6 with p=1, k=1, applied to 
the convolution u*i where fi(x)=u(—x) is the function with Fourier 
transform u. The details of the proof are left for the reader. 


10.4. Comparison of Differential Operators 


We shall here study the formal rules for using the pre-order relation Q 
<P introduced in Definition 10.3.4, and also discuss some examples. 
In the proofs we shall only use Definition 10.3.4 although some of our 
statements have simple proofs by means of Theorems 10.3.5 and 
10.3.6. 


Theorem 10.4.1. If 0,<P and Q,<P it follows that a,Q,+a,0,<P 
for arbitrary complex constants a, and a,. If Q,<P, and Q,<P, we 
have Q,0,<P,P,. On the other hand, if 0,0,<P,P, and Q,>P,, it 
follows that Q,<P),. 


Proof. The first rule, for addition, is trivial. The others require a 
lemma. 


Lemma 10.4.2. There exists a constant C such that for every poly- 
nomial Q of degree <m in IR” 


(10.4.1) O(€,t)/CSsup |O(E+niSCOED; FER’, t>0. 
Inj<t 


Here we have used the notation 


(10.4.2) O(é, t) =(¥ JO (S212 !2h8, 


Proof. If we replace Q by the polynomial 
n> Qo +tn) 


the proof is reduced to the case where €=0 and t=1. The statement is 


then obvious since sup |O(y)| and O(0,1)=O0(0) are norms in the 
Inf< 1 
finite dimensional vector space Pol(n, m), hence equivalent. 
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End of proof of Theorem 10.4.1. It suffices to prove that 
(10.4.3) CPG PHOS C’ PHO 


for polynomials P and Q in IR" of degree <m. The second inequality 
follows at once if the derivatives of PQ are computed by Leibniz’ rule. 
To prove the first we use Lemma 10.4.2 to choose for given €€R” an 
element 7ER’ with |y|<1 and 


lO(Eé+mlZSOO/C. 
By (10.1.8) we have 0(6)/C = O(E+n)/C,, hence Taylor’s formula gives 


lO(c+y+ ON 2zlO(C+m)l— 2, IQ(E +) O*\/a! 
>OE+m(/C, C10), 181<1. 
When |6|<1/2C, C, we obtain 
IOS ++ OH 2OE+n/2C, 
and since P=PQ/Q we conclude that 
IP(E+n+OS2C,(PQV(E+n+OV/O(Etn), |0)<1/2C, Cp. 
Using (10.4.1) and (10.1.8) we now obtain 


P(E) SCPE +m SC,(POME +n/G(E+m) S C5(PONE/OS) 
which proves (10.4.3). 
Theorem 10.4.1 makes it natural to extend the pre-order relation 
to rational functions although we shall not actually make use of this. 


In fact, it follows from Theorem 10.4.1 that if R, and R, are rational 
functions, we have 


(10.4.4) PR,<PR, 


either for every polynomial P=0 such that PR, and PR, are poly- 
nomials or else for no such P. If (10.4.4) is fulfilled when PR, and 
PR, are polynomials, we define R,<R, and the following rules follow 
at once: 


(10.4.5) R,<R, <= RZ'<R7}; 
R,<S, and R,<S,=>R,S,<R,S). 


We shall now give two alternative characterization of the relation 
O~<P. 
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Theorem 10.4.3. Each of the following conditions is necessary and 
sufficient in order that O<P: 
a) There is a constant C' such that 


(10.4.6) JOgisc PS, eR” 
b) There is a constant C” such that 
(10.4.7) OG, )SC' P(E); EER", 121. 


Proof. It is trivial that b) implies that Q<P, which implies a). Hence 
we only have to prove that a) implies b). To do so we use Lemma 
10.4.2, 


O(E, NSC sup |O(E +n)|SC'C sup P(E +n) 
SCC sup (PE+mISCOPE +1) 
< COL tt PRUE, t). 
This proves the theorem. 
We now introduce another order relation which is closely con- 


nected with the relation O<P. The connection will be clarified in a 
moment. 


Definition 10.4.4. We shall say that P dominates Q and write P>Q or 
O<P if 


(10.4.8) sup O(€,0)/P(E, 1) 20, toc, 
g 
where & and t are real variables. 


Note that P™<P for every «+0. It is obvious that O<P if OP. 
The following are analogues of Theorems 10.4.1 and 10.4.3. 


Theorem 10.4.5. If O0,<«P and Q,<P it follows that a,Q,+4,0,<P 
for arbitrary complex constants a, and a. If 0,<«P, and Q,<P, we 
have Q,0,<P,P,. On the other hand, if Q,0,<P,P, and Q,>P,, it 
follows that Q,<P;. Similarly, Q,0,<P, P, and Q,>P, implies that Q, 
<P. 


Proof. if we apply (10.4.3) to P(té) and Q(té) we obtain 
(10.4.3) CPE NOE DS(POVME, NSC’ P(E NOE 0. 


No other change is required in the proof of Theorem 10.4.1. 
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Theorem 10.4.6. In order that O<P it is sufficient that 
(10.4.9) inf (sup |O(S)|/P(é, 0) =0. 
t g 


Proof. With the notation C(r)=sup |Q()|/P(é,t) we obtain as in the 
proof of Theorem 10.4.3 ifs and t are >0 
OE, 1) SC sup |Q(E+n) SC C(s) ey P(E+n,5) 


Inf<t Inj<t 


S<C°C(s) sup [P(E+n)i SC? C(s)P(E,r+5) 


Inj<t+s 


SCF C(s)\(1+s/t)" P(E, 0). 
Hence it follows that 


lim up O(é, d/ P(E.) SC? C(s) 


t+ © 


and since inf C(s)=0 this proves (10.4.8). The proof is complete. 


Let Py be a fixed polynomial in IR" of degree m>0 and let 
(10.4.10) W={P;P<P,}, Wo={P; P<P,}. 


The degrees of the polynomials in W and W, are Sm and Sm—1 
respectively, so these are finite dimensional complex vector spaces. If 
PeW then P™eW, for every «+0, hence the polynomial ¢ > P(é+6) 
— P(é) is in Wo. : 

Let E be the open subset of W which consists of all polynomials 
which are equally strong as P,. If PeE then R=P+QcE if OeW, for 


P(E, ERE D+ OE, NSR(E 1+ P(E 1/2 


if t is large enough, so Py<P<R. We shall prove that E is character- 
ized by the non-vanishing of a family of linear forms on W; it is then 
clear that these must vanish on W. 

If €e]R"” we define 


L(Q)=OQ(6)/P,(S), QeW. 


The set #={L,; CeIR"} is a bounded subset of the dual space W’ of 
W. Since 


VIL AF)? = 1 


the closure Y is a compact subset of W’ which does not contain 0. 
Let 


Ly ={LeL; L(Wy)=0}. 
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Note that if L, > L and Pp (Ej, t)/Po(E)) is bounded for some sequence 
t, 0c, then LéZ, because 


IL(Q)S C lim |Q(E,)I/Po(E;. t)). 
Theorem 10.4.7. The set E of polynomials which are equally strong as 
P, is the subset of W={Q; Q<P,} defined by 
E={QeW; L(Q)+0 for every LeL >} 
where £, is a compact subset of W'~ {OQ} such that 
={0; O<P,}={QeW; L(Q)=0 for every Le Lo}. 


Proof. a) Assume that QeW is not equally strong as P,. Then we can 
choose a sequence ¢€ Fase) such that 


We can then choose t,> 00 so that 

O(E;, 1 Po(E; SU +t)" O(E)/Py(E) > 0 
By Lemma 10.4.2 we can find y, with |y,|St, so that if @,=¢,+n; 

Po(E;, t) S ClPo(8)I. 
Hence 
\O(8)| S$ COE, t,) SC? |P(O)1O(E,, t))/Po(E;, 2), 

so Ly (Q) > 0, pe: By (10.1. o pice to Po(t; . we have 
This proves that every limit point L of Lo, is in Lo, 

WN E<{QeW; L(Q)=0 for some Le Y,}. 


b) Assume that QeW and that L(Q)=0 for some Le#,. Choose 
€,6IR” so that L., > L. Then O(€,)/Po(é) > 0, and since OP, for 
a+0 we have ome, )/P, (E) 70 for every a. Hence 


O(E)/Po(é;) > 0 
so O€E. 

c) Assume that QE W~ W,. We must then show that L(Q)+0 for 
some LeY,. By hypothesis we can choose €,¢]R" and t;->00 so that 
for some c>0 2 

cS|O(C)I/P(¢;, t)). 
Since O(E)|< C P(é)) it follows that 


(10.4.11) P(é,,t)/P(E) SC/e. 
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Hence |L,,(Q)|2¢ and every limit L of L:, is in &, by (10.4.11). Since 
L(Q)=+=0 this proves the theorem. 


Corollary 10.4.8. In order that P<P+aQ<P for every complex num- 
ber a it is necessary and sufficient that O<P. 


Proof. This follows from Theorem 10.4.7 with P,=P. In fact, L(P) 
+aL(Q)+0 for every aeC and LeY, if and only if L(Q)=0, Le), 
which means that QeW,. 


We end this section with a discussion of two simple examples of 
the comparison relation. Recall the Definition 7.1.19 of an elliptic op- 
erator. 


Theorem 10.4.9. A differential operator P(D) of order m is stronger than 
every operator of order <m if and only if it is elliptic. 


Proof. a) Ellipticity is necessary. In fact, if there is a real €+0 such 
that P,(€)=0, it follows that P(t¢)=O(r"~') when too. If we take Q 
homogeneous of degree m with O(€)+0, we have O(té)=t"Q() so 
that Q is not weaker than P. 

b) Ellipticity is sufficient. For the infimum C of |P,| on the real 
unit sphere is positive if P is elliptic, and the homogeneity gives 


Cie SIF (¢)I. 
Writing P= P+(P,—P) we obtain 
Cle SIPS + C(I" +1) 

where C, is another constant. When [¢|>2C,/C it follows that 

Cle S2|P(C)+2C,, 
which implies that with another constant C 
(10.4.12) 1+lE"SCP(é). 
This proves the theorem. 

If P is elliptic of order m then Q is equally strong as P if and only 
if Q is of order m and Q also is elliptic, that is, 
0,(€)+0 when [é|=1, eR” 


Thus the forms 0 — Q,,(&) are the linear forms in Theorem 10.4.7. 
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Theorem 10.4.10. A differential operator P(D) with principal part P,(D) 
dominates all differential operators of order <m if and only if 


(10.4.13) ) j6P(O/6,)2+0, O+EER™ 


Proof. a) The necessity of (10.4.13). Assume that 
GP,(S)/6;=0,  j=l,....n, 


for some real €+0. In view of Euler’s identity for homogeneous 
polynomials this implies that P,(¢)=0. If P=P,+P,_,+... it then 
follows that 


B(sé, 2 =Y [PSP =s2"—Y|P_ (Z|? +O(82"-3) 


a 


when s—co for fixed zt. If Q is homogeneous of degree m—1 and O(€) 
=1, then 


P(sé,2)’/|O(sé)? + |P,_.(2)1?, S00. 


The right-hand side does not tend to oo when t->0o, which means 
that P does not dominate Q. 

b) The sufficiency of (10.4.13). Arguing as in the proof of Theorem 
10.4.9 we obtain from (10.4.13) that 


be Gee Sy IPM 


a+0O 
Hence 


POHEPE- NSC hy [Poe = CPC, 1" 


which proves that P dominates every Q of order <m. The proof is 
complete. 


We now extend Definition 8.3.5 as follows: 


Definition 10.4.11. P is said to be of principal type if the principal part 
P., satisfies (10.4.13). 


If P is of principal type then Q is weaker than P if and only if Q ts 
of degree <m and |Q, (S/S C\P,(6| for some C. The set Y, in 
Theorem 10.4.7 is the closure of the set of forms defined by 
QO > O,,(¢)/P,,(€) for some ER” with P(¢)+0. 
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10.5 Approximation of Solutions 
of Homogeneous Differential Equations 


We shall begin by extending Theorem 7.3.6 to the spaces considered in 
this chapter. Let k,e 4% and 1<p,<oo where : belongs to an index set 
I, countable or not, and let for an open set X <R” 


F(X)=F) Be (X) 


with the topology defined in Section 10.1. Note that we assume 
throughout this section that p, <0. 


Theorem 10.5.1. Let X be convex. Then the closed linear hull in ¥(X) 
of the exponential solutions of the equation 


(10.5.1) P(D)u=0 


(see Definition 7.3.5) consists of all solutions of (10.5.1) in F(X). 


Proof. Let L be a continuous linear form: on ¥(X) which is ortho- 
gonal to all exponential solutions. Since the topology in C™(X) is 
stronger than that in #(X) (Theorem 10.1.26), the restriction of L to 
C*(IR") is a distribution veé’(X). The proof of Theorem 7.3.6 gives 
Liu)=vu)=0 if ueCP(X) and P(D)u=0 in a neighborhood of K 
=chsuppv. More generally, L(u)=0 for every ueF(X)NE(X) such 
that P(D)u=0 in a neighborhood of K. In fact the regularizations u, 
=uxg@, in Theorem 10.1.17 are then in CJ(X) and satisfy the equa- 
tion P(D)u,=0 in a neighborhood of K when ¢ is small, so L(u,)=0. 
Now Theorem 10.1.17 shows that u,-u in ¥(X) when ¢—- 0, so L(u) 
=lim L(u,}=0 because L is continuous on ¥(X). By the definition of 
the topology in #(X) there exists a compact set K’< X such that L(v) 
=0 for every ve ¥(X) with suppunK'=9@. If we choose yeC}(X) so 
that y=1 in a neighborhood of KUK’, we obtain L(1—yu)=0 for 
every ue F(X), and L(yu)=0 if u also satisfies (10.5.1). Hence L{u) 
=L((1—-—y)u)+ L(yu)=0 if ue¥(X) satisfies (10.5.1). The proof is com- 
pleted by the Hahn-Banach theorem. 


Remark, Malgrange [1] has proved that in Theorem 7.3.6 and there- 
fore also in Theorem 10.5.1 it is sufficient to use polynomial solutions 
if and only if every non-constant factor of P({) vanishes at the origin. 
It also follows easily from the proof of Lemma 7.3.7 that it suffices to 
use solutions of the form e'-* if and only if P has no multiple 
factors. 
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We shall now prove an analogue of Theorem 4.4.5 for general 
differential operators with constant coefficients. It will be important in 
Section 10.6. The pattern of the proof is unchanged but the absence of 
analytic continuation for the solutions of (10.5.1) forces one to make a 
more implicit statement. 


Theorem 10.5.2. Let X, and X. be open sets, X,<X,, and assume that 


every we (X 5) with supp P(—D) uc X, is in &'(X,). Let 
ANj={u; ueF (X,), P(D)u=0}, j=1, 2, 


and let NW be the set of all restrictions of elements in NW; to X,. Then 
it follows that Nz is dense in NW, in the topology induced by that in 
F (X,). 


Proof. Let L be a continuous linear form on ¥(X,) which is orthog- 
onal to 3. It follows from Theorem 10.1.26 that the restriction of L 
to C“(X,) is a distribution veé’(X,). We shall prove that there exists 
a distribution y such that 


(10.5.2) ueé(X,), P(—D)p=y. 


To do so we first note that since v is orthogonal to all exponential 
solutions of (10.5.1) it follows from Lemma 7.3.7 and Theorem 7.3.2 
that there exists a distribution weé&’(IR") such that P(—D)u=v. (See 
the proof of Theorem 7.3.6.) If we prove that 


(10.5.3) suppucX, 


it will follow from the hypothesis in the theorem that (10.5.2) 1s valid. 
To prove (10.5.3) we take a fundamental solution E of P(—D) and 
note that u=Exv. If yeCP([ X,) we have 


u(y) =u 0) = Ex ved (0)=v(E*w). 


Now P(D)(E*y)=wv=0 in X, since E is a fundamental solution of 
P(D). The restriction of the C™ function Exy to X , is thus in WZ so 
that by assumption v(E*w)=0, which proves (10.5.3). 

It follows from (10.5.2) that 


L{u) = v(u) =(P(— D) p)(u) = u(P(D)u)=0 


if ueC™(X,) and P(D)u=0 in a neighborhood of suppy. As in the 
proof of Theorem 10.5.1 it follows that L(u)=0 for every ue¥(X,) 
such that P(D)u=0 in X,. The proof is now complete in view of the 
Hahn-Banach theorem. 
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Corollary 10.5.3. Let X be an open set in IR" such that every we &' IR”) 
with supp P(—D) uc X is in &'(X). Then the exponential solutions of 
(10.5.1) are dense in the set of all solutions of (10.5.1) in ¥ (X). 


Proof. By Theorem 10.5.2 we can approximate by solutions in RR” and 
by Theorem 10.5.1 these can be approximated by exponential so- 
lutions. 


10.6. The Equation P(D)u=f When f is in a 
Local Space < GY, 


In this section we shall study the equation P(D)u=f when f belongs 
to some space Bes. (Xx) but is not otherwise globally restricted. We 
shall prove that there exists a solution for an arbitrary f if and only if 
X is P-convex in the sense of the following definition. 


Definition 10.6.1. An open set X CR” is called P-convex for supports 
if to every compact set K <X there exists another compact set K'CX 
such that GEC} (X) and supp P(—D)@ cK implies supp@cK’. 


Before showing the importance of this condition we give some 
simple properties of P-convexity for supports. 


Theorem 10.6.2. Every open convex set is P-convex for supports, and if 
X is convex one can take K' equal to the convex hull of K in Definition 
10.6.1. 


Proof. This is a consequence of Theorem 7.3.2. 


Theorem 10.6.3. X is P-convex for supports if and only if the distances 
from [ X to supp p and to supp P(—D) 4 are equal for every we€’(X). 


Proof. a) Sufficiency. If K is a compact subset of X, the distance 6 
from K to { X is positive. The set F of points at distance =6 to [X is 
closed. If pweé(X) and suppP(—D)ucK we have suppyucK’ 
=F Ach(K) by hypothesis and Theorem 7.3.2. b) Necessity. Since 
supp u>supp P(—D)zy it is sufficient to prove that the distance from 
supp P(—D)p to [x does not exceed the distance 6 from suppy to 
[ X. First let weC%(X). Then the function u,(x)=y(x—a) belongs to 
CE(X) if jal<6 but there is no compact subset of X containing 
supp u, for all such a. Hence there cannot exist any compact subset of 
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X containing the support of P(—D)y, for every a with ja|<6. Since 
(P(—D)u,)(x) =(P(—D)w)(x—a), we conclude that the distance from 
supp P(—D)u to [ X cannot exceed 6. This proves the theorem when 
pweC?(X). To prove the theorem for an arbitrary weé’(X) we only 
need to apply what has already been proved to the regularized func- 
tions y, in Theorem 4.1.4 and let supp @ — {0}. 


If X,, 1¢/, is a family of open sets, we denote the set of interior 
points in the intersection by {\°X, and the set of points which have a 
neighborhood contained in all but a finite number of X, by lim °X,. 


Theorem 10.6.4. If X, is P-convex for supports for every 1€I, then 
awe and lim°X, are also P-convex for supports. 


Proof. Let X=()°X ,and let we€’(X). If 6 is the distance from supp P(— D) u 
to [ X the distance from supp P(—D) p to [ X, ist at least 6 for every 1. 
Hence it follows from Theorem 10.6.3 that the distance from supp u 
to [ X, ist at least 6 for every 1. The distance from supp yu to f X is there- 
fore at least 6 which proves that X is P-convex for supports. A similar 
argument shows that lim°X, is P-convex for supports. 


Corollary 10.6.5. To every open set X there is a smallest open set 
containing X which is P-convex for supports. 


This result and Theorem 10.6.2 make it natural to use the term 
convexity. Further justification will be given in Section 10.8 where we 
discuss the geometric meaning of P-convexity for supports. 

We next prove that it is necessary to require P-convexity for 
supports in order to obtain an existence theorem for the equation 


(10.6.1) P(D)u= f 
when f has unresiricted growth at the boundary of X including 


infinity. 


Theorem 10.6.6. Suppose that the equation (10.6.1) has a solution 
ueQ (X) for every feC°(X). Then it follows that X is P-convex for 
supports. 


Proof. We shall consider the bilinear form 


(10.6.2) (¢, f) > J ofdx 


when feC(X), which is a Fréchet space with its usual topology (see 
Theorem 2.3.1), and @ is in a metrizable space @ defined as follows. 
The elements of @ are all functions d= C¥(X) such that suppP(—D)¢ 
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«aK, where K is a fixed compact subset of X. The topology in 
@ is defined by the semi-norms sup|D*P(~—D)@] for all multi-indices 
«. It is trivial that (10.6.2) is continuous in f for a fixed ¢, since @ has 
compact support. On the other hand, for every feC™(X) we can by 
assumption find ue’(X) satisfying (10.6.1). Then we have 


| ofdx=u(P(—D)¢), ee, 


which proves that (10.6.2) is also continuous with respect to @ when f 
is fixed. But a bilinear form in the product of a Fréchet space and a 
metrizable space is continuous if it is separately continuous. Hence 
there exists a compact set K'< X and constants C, N,, N, such that 


(10.6.3) If ofdxiSC F sup|D*P(-D)d|_Y supiD*fi; 


laf SN, IBjSN2 K 
be®, feC*(X). 


In particular (10.6.3) shows that supp @<K’ if de®, which proves the 
theorem. 


Conversely, we shall prove 


Theorem 10.6.7. Let X be P-convex for supports and feBh°, (X), j 
=1,2,... where ke X° and ‘aia Then the equation (10.6. 1) has a 
solution uEB> bx, (X), gS, 2 


In view of (10.1.23) we have the following corollary. 


Corollary 10.6.8. If X is P-convex for supports, the equation (10.6.1) 
has a solution ueC™(X) for every feC™(X). 


Proof of Theorem 10.6.7. Let X,, v=1,2,... be the open set of all xeX 
such that |x|<v and the distance from x to (x is larger than 1/v. It is 
clear that X,_,@X,EX. From Theorem 10.6.3 and Theorem 7.3.2 it 
follows that every weé’(X), such that supp P(—D) yc X,, is in fact in 

&'(X,). Let ¢,eC3(X,) be equal to 1 in a neighborhood of X,_,. The 
semi-norms |/¢,u\,,, v=1,2,... then suffice to define the topology in 
Brs(X). (See the proof of Theorem 10.1.26.) The essential part of the 
proof i is now the following lemma. 


Lemma 10.6.9. Assume in addition to the assumptions of Theorem 10.6.7 


that f=0 in X,. For every e>0O one can then find uel) B,.. Pr, such 
that P(D)u=f in X,,, and 


(10.6.4) IO Ullp,.pe,<es HEY, FS. 
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Proof. Replacing f by ¢,,.f does not change either the hypothesis or 
the conclusion of the lemma, so we may assume _ that 


fel) B,.. ky; aé(X). Using Theorem 10.3.1 we can then find a solution 


ve() Be * px GR") of the equation P(D)v= f. In particular, this means that 


P(D v=0 in X,. Now the assumptions of Theorem 10.5.2 are fulfilled 
with X, and X, replaced by X, and X,,, respectively. Hence it is 


possible to choose we( | Bs, (X,,) such that P(D)w=0 in X,_, and 
1 

(10.6.5) IP,(0-Wlly, Bk, <es USY, FS. 

It is then clear that u=@,, ,{v—w) has all the required properties. 

End of proof of Theorem 10.6.7. Using the lemma we can successively 


construct u,é() BY 5, (X), v=1,2,... such that P(D)u,=f in X, and 
1 


(10.6.6) Ib ple: —Wippbe, <2) BSY FS. 


In fact, u, can be chosen as in the beginning of the proof of Lemma 
10.6.9. When u, is chosen we must find u,,,=u,+u so that P(D)u=f 
—P(D)u, in X,,, and wu satisfies (10.6.4) with e=2~-". Now it follows 
from the preceding step in the construction that f—P(D)u,=0 in X,, 


and f—P(D)u, ef) Be ,,(X) in virtue of Theorem 10.1.22. Hence Lem- 


ma 10.6.9 shows. precisely that the conditions on u can be satisfied. 
But (10.6.6) implies that lim u,=wu exists in Broa, (X ) for every j, and 


u obviously satisfies the equation P(D)u=f in the whole of X. This 
proves the theorem. 


Remark. The proof of Theorem 10.6.7 is often called the Mittag-Leffler 
procedure because it follows the same patterns as the classical proof 
of the Mittag-Leffler theorem giving a meromorphic function with 
prescribed singularities. Note that in the inductive argument it was 
very important to have precise information on the regularity of the 
solution of (10.6.1) when feé’. One might otherwise easily loose more 
and more derivatives. 

It follows at once from (7.3.2) that G?(X)<BYS(X) if we have 
kK(é)(1+|é|VeLl?. Hence the union of all spaces Bes (X) is equal to 
G(X), which gives 


Corollary 10.6.10. If X is P-convex for supports, the equation (10.6.1) 
has a solution ue@,(X) for every fEeG,(X). 
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However, the methods used here are not applicable if fe9’(X) 
unless P is hypoelliptic (see Section 11.1). In that case the proof of 
Theorem 10.6.7 shows that there is a solution ue@Y’(X) of (10.6.1) for 
every feY'(X), for the solutions of the homogeneous equation P(D)u 
=0 are automatically in C™. In the next section we shall see that 
stronger conditions on X are in general required to guarantee the 
existence of a solution of (10.6.1) for every feG'(X). 


10.7. The Equation P(D)u=f When feD(X) 


It follows from Theorem 10.6.6 and Corollary 10.6.8 that 
P(D) Y(X)> C™(X) if and only if X is P-convex for supports. Hence 
P(D) G(X)=2(X) if and only if X is P-convex for supports and in 
addition the map induced by P(D) in Y'(X)/C™(X) 1s surjective. We 
shall prove that this is equivalent to a condition analogous to P- 
convexity for supports. 


Definition 10.7.1. An open set X CIR” is called P-convex for singular 
supports if to every compact set Kc X there exists another compact 
set K’c X such that peé’(X) and singsuppP(—D)ucK implies 
sing suppuck’. 


The properties of P-convexity for supports proved in Section 10.6 
carry over to P-convexity for singular supports: 


Theorem 10.7.2. Every open convex set X is P-convex for singular 
supports. 


Proof. This is a consequence of Theorem 7.3.9. 


Theorem 10.7.3. X is P-convex for singular supports if and only if for ev- 
ery ue& (X), the distances from[ X tosing supp wand tosing supp P(—D) up 
are equal. 


Proof. In Definition 10.7.1 the condition weé’(X) may be replaced by 
peé'(R") and singsuppucX. In fact, given such a uw we can choose 
weCe(X) equal to 1 in a neighborhood of singsupp y and apply the 
condition in Definition 10.7.1 to wy instead of yw. In this extended 
form the condition allows us to repeat the argument involving trans- 
lations used in the proof of Theorem 10.6.3. The repetition of the 
details is left for the reader. 
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Theorem 10.7.4. If X, is P-convex for singular supports, 1el, then 
- (\°X, and lim°X, are also P-convex for singular supports. 


Proof. In the proof of Theorem 10.6.4 we just have to replace the 
reference to Theorem 10.6.3 by a reference to Theorem 10.7.3. 


Corollary 10.7.5. To every open set X there is a smallest open set 
containing X which is P-convex for singular supports. 


Theorem 10.7.6. If P(D) induces a surjective map in G(X)/C*(X) then 
X is P-convex for singular supports. 


In the proof we shall use the spaces Hi = B94... k,=(1+|€|7)"7, to 
measure the regularity of distributions. (See also Section 7.9.) We need 
the following simple lemma. 


Lemma 10.7.7. Ler veY’(Y) and assume that there exists a real number 


S such that D*veH X(Y) for every «. Then it follows that veC™(Y). 


Proof. If deCF(Y) and w=, it follows from Leibniz’ formula that 
D*weH |, for every «. Hence weH_,,,, for every integer k20 so weC® 
by Theorem 10.1.13. The lemma is proved. 


Proof of Theorem 10.7.6. Let K be a compact subset of X, and assume 
that there is no compact subset K’ of X with the property in De- 
finition 10.7.1. Choose an increasing sequence of compact subsets K, 
of X such that every compact subset of X is contained in some K,. 
Then there exist sequences 4,€6"(X) and x,eX, j=1,2,... such that 


(10.7.1) singsuppP(—D)y;c K;  x,esingsupp u;; 
x,€suppy,, k<j; x,¢K;. 


In fact, if u,,...,u;_, and x,,...,x;_, are already chosen we can by 
assumption find yu, so that singsuppP(—D)u,<K and sing supp y; 
contains some point x; outside the compact set A,Usuppy, Vv... 
VUSUPP H;_4- 

Since (10.7.1) shows that there are only a finite number of points 
x; in any compact subset of X, we can find open symmetric neigh- 
borhoods Y, of 0 such that Y, decreases with k, K+ Y, is a compact 
subset of X and 


(10.7.2) x,¢supp4,+%, j>k; suppy,ticX. 
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Let u,€H,,). Since x, esing supp y, it follows from Lemma 10.7.7 
that we can choose a multi-index «, so that 
(10.7.3) D* WEA. jon spaet Od): 
This means in particular that 
(10.7.4) |oty.| > log _ 
Now set se 
(10.7.5) f=>d (-D)*6,, 
1 


where 5x, is the Dirac measure at x,. The series converges in Y(X) 
since only a finite number of points x, belong to any compact subset. 
We shall now prove that assuming the existence of ue@Y’(X) and 
geC*(X) such that 


(10.7.6) P(D)u=f+eg 


leads to a contradiction. This will prove the theorem. 


The equation (10.7.6) means that 


(10.7.7) u(P(—D) W=fw)+egw), weCo(r). 


If PeCF(y,) we have p,*@ECH(X) in view of (10.7.2). Hence we may 
apply (10.7.7) to w=y,*¢ which gives 


(10.7.8) u(P(—~ D) p,* od) = y (D® u,* OX) + e(u,*O), bECH(Y,). 
j=l 


Since supp(u,*«¢) csupp yu, + ¥,, it follows from (10.7.2) that all terms 
in (10.7.8) with j>k must vanish. Thus we can rewrite (10.7.8) in the 
form 


(10.7.9) (D*p,* b)(x,)=u(P(—D) u,*d)—2(u,* 9) 
k-1 
— ¥ D* p+ d(x), GeCH(Y)- 
jel 
To estimate the right-hand side we first note that 
(10.7.10) [D* U.P] S| Mgllsy | D* Oil —s.) 
SHzisol@lla—so» PEC) 


Here « is an arbitrary multi-index. Replacing g by a C? function 
which is equal to g in supp u,+ ¥, we obtain for any s 


(10.7.1) ig(u.* PS Cy. 5 IOllcs)- 
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To estimate u(P(—D) u,*@) we first choose y¢C7(X) equal to 1 in 
a neighborhood of K. Since K+Y,<X we may choose x so that 
supp ¥+ Y,=K is a compact subset of X. We have 


¥, = ~P(—D) we v= (1-7) P(— D) 4, € Co), 


if m is the order of P Every derivative of v,*@ can be estimated by 
Pili) for any s. Since supp(v/*) is contained in the compact subset 
supp y,,+ ¥, of X, this proves that for suitable constants C,, , 


(10.7.12) Uv *PECz Olio, CeCe). 


To estimate u(v,*¢), finally, we note that supp(v,*¢)¢K when 
oeCF(X, and that in analogy with (10.7.10) we have 


[D*v,* OLS Millis —m|Pllqajem—sy> PECOH)- 
If ¢ is the order of u in K, we obtain therefore 
(10.7.13) u(v,* OP SCWPlcimsy» PECTM)- 
Summing up (10.7.9)-(10.7.13) we have proved 
(10.714) |(D* u,)* Ox) SCMPllgac_ sso. PECOM), 
if k is so large that m+oS|o,_,|. From (10.7.14) it follows that 
(10.7.15) D* 1,€H' n Met fey). 


(Sk —|@e-1 


(sx —m)? 


When proving this we may simplify the notations by assuming that x, 
=0, and then we obtain if WeC?(¥,) 


(UD* 4)(G)| =(D* 4) VANE CIV bltag- s1-s0 
SCyWOliqen-si-syr PEF. 
Here we have used (10.7.14) and Theorem 10.1.15. From the estimate 
just proved and Theorem 10.1.14 it follows that WD*y,¢F i. jo, 4) 


which implies (10.7.15). Since (10.7.15) and (10.7.3) contradict each 
other, the proof of the theorem is complete. 


We shall now prove the converse of Theorem 10.7.6. 


Theorem 10.7.8. If X is an open set in IR" which is P-convex for 
singular supports, then P(D) induces a surjective map in Z'(X)/C™(X). 


Proof. It is sufficient to show that for every fe@'(X) there is a 
continuous semi-norm q in C3(X), of the form (2.1.3), and a sequence 
w,eCF(X) such that no compact set intersects supp yw, for infinitely 
many r and 


(10.716) [f(SCG@P(—D)r) + V1, >), vec P(X). 
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In fact, we can then apply the Hahn-Banach theorem to extend the 
linear form 


(P(—D)v, (2, b>, <%, Wa» --) > F(v) 


to a linear form on C9(X)@I’. This gives a linear form u on C3 and 
complex numbers a, such that 


f(v)=u(P(—D)v)+914,<7,,>, — veC3(X), 
juw)+) a,w,|s C(q(w)+¥ Iw); wecP(xX), {w,jel’. 
Thus ue Q(X), |a,| SC and 
f-P(D)u=) a,,eC™(X). 


For technical reasons we must prove a stronger estimate than 
(10.7.16), 


(10.7.16) | f(v)|+sup|o| S$ C(g(P(—D) v) +> Kv, W,>), ve CH(X). 


Choose an increasing sequence K, of compact sets in X with union X 
and K,=@, and for every j a corresponding K; satisfying the con- 
dition in Definition 10.7.1 so that Ky=@ and K; is in the interior of 
Kj. Also define K_,=K'_, =0. 

Lemma 10.7.9. ae j20 let V, be the set of all veC,(Kj_,) with 
P(—D)veC([K,_,), equipped with the topology defined by the semi- 
norms sup|v| and sup,|D*P(—D)v| where K is compact and KOK,_, 
=. Then V, is a Fréchet space and we have a continuous restriction 
map V,;— CH Ky) 


Proof. If v, is a Cauchy sequence in V, then v, has a ae limit 
veCo( K;,,) and P(—D)v, has a limit w in C™ (( Kj) ). Hence 
P(—D)v=w in [ K,_, so veV, and v,>0 in V;. Thus V, is complete. 
By hypothesis restriction to RK, maps V, into cx(f Kj_,). Since 
the restriction map is obviously closed it follows from the closed 


graph theorem that it is continuous. 


End of proof of Theorem 10.7.8. Assume that (10.7.16) has already 
been proved when veC}(Kj), which is a vacuous assumption if j=0. 
Let ¢e,>0. Then we claim that (10.7.16) remains valid for all 
veCo(Kj.,) if C is replaced by C(1+e,), q is replaced by another 
semi-norm q’ in Cf(X) such that q'(W)=q(W), WeCZ(K,_,), and the 
functions W, are supplemented by a finite number of functions in 
Co (X~ K;_,). Iteration of this conclusion with a sequence e, such that 
T]@+e)<2 will of course yield (10.7.16) for all veCe(X). To prove 
the claim we choose a dense sequence %,,%2,-.. in CO(X~Kj_,). 
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If the claim were false we could (as in the proof of Theorem 2.1.4 
for example) find a sequence vpye C3 (K;, ,) such that 


(10.7.17) |f (vy)|+sup|vy]=C(1+¢,), 
g(P(—D) ey) + T Koy, BOLE NY Keys t1<d 
1 


and P(—D)vy-0 in C*([-K,_,). Since vy is bounded in V, it follows 
from Lemma 10.7.9 that t, is bounded, hence precompact, in 
C@(fK‘_,). Every limit must be 0 since it is orthogonal to all x,. 
Thus v,->90 in C@(E K‘_,). Choose yeC7(K;) equal to | in a neigh- 
borhood of Ki_,. Then (l—y)vy >0 in Co(X). Hence it follows from 
(10.7.17) that for large N 


If (ey) +sup|zey| > CU +e,/2), 
g(P(—D)(xty)) +> zen, U1 <1 + 6,/2. 


But yvyeCo(Kj) so this contradicts the hypothesis that (10.7.16)' is 
valid when veCf(K'). The contradiction completes the proof of the 
theorem. 


Remark, The proof of Theorem 10.7.8 remains valid if P is a differen- 
tial operator with C® coefficients (on a manifold) and P(—D) is 
replaced by the formal adjoint. However, this is not the case for 
Theorem 10.7.6 since the proof uses translation invariance in an 
essential way. A counter-example is given by the surjective ordinary 
differential operator P=sinzxd/dx on R. In fact, ‘Pv=0 for all mea- 
sures v supported by the integers so the analogue of P-convexity for 
(singular) supports is not valid. 


Finally we state a corollary of Theorems 10.6.6, 10.7.6, 10.7.8 and 
Corollary 10.6.8: 


Corollary 10.7.10. The equation P(D)u=f has a solution ueY'(X) for 
every feG (X) if and only if X is P-convex for supports as well as for 
singular supports. 


10.8. The Geometrical Meaning 
of the Convexity Conditions 


No complete geometric characterization of P-convexity for (singular) 
supports is known but we shall give some partial results. The first is a 
simple consequence of Theorem 8.6.7. In the statement we shall say 
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that a function f in X satisfies the minimum principle in a closed set 
F if for every compact set K CF 7X we have 

minf (x)= min f(x) 

xeK xeGrK 
where ¢,K is the boundary of K as a subset of F We write d(x) for 
the Euclidean distance from xeX to [ X. 


Theorem 10.8.1. If X is an open set in IR" which is P-convex for 
supports, then d,(x) satisfies the minimum principle in any characteristic 
hyperplane. 


Proof. Assume that the minimum principle is not fulfilled in the 
characteristic hyperplane x. Then there is a compact set KcxrnX 
such that 


(10.8.1) 2d =min d,(x)<mind,(x). 
K EnK 


Choose y,¢K and x,¢éX with [xy —yo|=2d, and set ty =(¥p —Xp)/2. If 
xeK’=K—{t,} then dy(x+st))2d(1+s) by the triangle inequality if 
isj)<1. Let H be the half space with boundary t—ity=7' which con- 
tains K, and choose using Theorem 8.6.7 ueC™ with P(—D)u=0 and 
suppu=H. Set v= yu where yeCF is 1 near K’ and 0 outside another 
small neighborhood of K’. Then supp P(— D)v< Ho supp dz. Since the 
distance from ¢,.K’ to 6X exceeds d by (10.8.1) there is a neigh- 
borhood V of ¢,.K' with distance >d to GX. We can choose x so that 
HoasuppdycV U(K’+(0, 1)t,). Then supp P(—D)v has distance >d 
from { X but xg+t) is in suppv and d,y(x.+t.)=d. Hence Theorem 
10.6.3 shows that X is not P-convex for supports. 


Corollary 10.8.2. Every open set X <IR" is P-convex for supports if and 
only if P is elliptic. 


Proof. If P is not elliptic (see Definition 7.1.19) there exist real charac- 
teristic planes and the condition in Theorem 10.8.1 is not vacuous. 
For example, if X is P-convex for supports and é@XeC?* then @X 
cannot be strictly concave at any characteristic point. - On the other 
hand, if P is elliptic and weé(X), d(suppP(—D)u, [ X)2d, then 
d(supp u, px )2d. In fact, if B is an open ball with radius d and center 
X)€OX, then u is analytic in B by Theorem 8.6.1 and u=0 near x, so 
u=0Q in B. In view of Theorem 10.6.3 it follows now that X is P- 
convex for supports. 


The necessary condition obtained in Theorem 10.8.1 is also suf- 
ficient when n=2. When proving this fact we may assume that X is 
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connected, for it is obvious that an open set X is P-convex for 
supports if and only if every connected component of X has this 
property. 


Theorem 10.8.3. If P is non-elliptic then the following conditions on an 
open connected set X CIR? are equivalent: 
(i) X is P-convex for supports. 
(ii) Every characteristic line intersects X in an interval. 
(iii) Every XoefX is the vertex of a closed proper convex angle 
Ac[X such that no characteristic line intersects A only at xg. 


Proof. (i) = (ii) Assume that (i) is valid. It suffices to show that if 
(+1,0)eX and the x axis is characteristic, then J=[—1,1] x {0} cX. 
To do so we join (—1,0) and (1,0) by a polygon » in X without self- 
intersections. We may assume that y only intersects the x axis at 
(+1, 0) for otherwise we can decompose y into several polygons meet- 
ing the x-axis only at the end points and discuss them separately. 
Then J and y bound together a closed set F. Let 


Y={y; (x, yeF for some x}, 
Y= {veY, (x, yleF = (x, y)eX}. 


Y is a closed interval and Y, is not empty since the end point of Y 
which is not 0 belongs to ¥Y. If yeY, then (x,y)eF implies 
d((x, y), § X)2d(y, [ X) by Theorem 10.8.1 applied to F(R x {y}). It 
follows that Y, is closed in Y¥ and Y, is obviously open in Y since X is 
open. Thus Y)= Y, which implies 0€Y, and Ic X. 

(ii) => (iii) If x,» €X and L is a characteristic line through x, then 
one half ray L, of L bounded by x, must be in [ X by (ii). If there is 
a characteristic line M through x) with L,~M={x,} then one of its 
half rays M, is in [ X. Since X is connected it can be chosen so that 
the convex hull A of L, and M, is contained in [| X. Next we examine 
if there is a characteristic line meeting A only at x, and continue 
extending A until we have a set with the stated properties. 

(iii) > (i) Let K be a compact subset of X with distance d>0 to 
px. If x ef, X and A has the property in (iii) then (A+{y}) \K=0 if 
ly|<d. Let A’ be an open proper conic neighborhood of A~ {0} such 
that (4’+{y)aK=6. If ue€(X) and suppP(—D)ucK it follows 
from Corollary 8.6.11 applied to A’+{y} that u=0 in A’+{y}. Hence 
d(supp u, {| X)2d which proves (i). 


Example. If P(D)=D,D, then the union X of the half disc {x; x, >0, 
x7 +x3<9} and the discs {x; (x,+2)?+x3<1} is not P-convex for 
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Fig. 1 


supports but the intersection of X and any half plane x, >a2—1 or 
X,<a@Si1 is P-convex for supports. This shows that P-convexity for 
supports is not a local property. 


Corollary 10.8.4. If an open connected set X in IR" is P-convex for 
supports when P(é)=<t, ¢>, any teIR"~ 0, then X is convex. 


Proof. The statement follows from Theorem 10.8.3 ifn=2. Ifn>2 we 
can conclude from this two dimensional result that every component 
of the intersection of X and a two dimensional plane must be convex, 
for every C® function there can be extended to a C™ function in X. 
Hence we obtain recursively that if a polygon with vertices xo, 
Xj,--+,Xy lies in X, then the line segment between x, and x, is 
contained in X for every j SN. Since X is connected, this proves that 
X is convex. 


Remark. An easy modification of the implications (ii) = (iii) = (i) in the 
proof of Theorem 10.8.3 shows that X is P-convex for supports if 
X mn is convex for every characteristic plane x. The details are left for 
the reader. (A should be replaced by the product with a subspace of 
codimension 2.) 


Theorem 10.8.5. Let P(D) be a differential operator in IR" which acts 
along a linear subspace V and is elliptic as an operator in V. Then an 
open set X in IR" is P-convex for supports if and only if dy(x) satisfies 
the minimum principle in every affine space parallel to V. 
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Proof. The necessity is a simple modification of the proof of Theorem 
10.8.1 since we can find u with P(—D)u=0 and suppu=V. To prove 
the sufficiency, assume that we C3(X) and set d=d(supp P(—D)u, [ X). 
Let y,€supp u and set 
K=({¥o} + V) supp u. 

If yeK and d(y, § X)<d then P(—D)u=0 in a neighborhood of y so 
suppu contains a neighborhood of y in {y)}+V since uw is analytic in 
the V directions. Thus d(y, [ X)2d if y is in the boundary of K in {yo} 
+ V, and by the minimum principle this implies that d(y, | X) 2d in K. 
Hence d(supp u, f X)2d which proves the theorem. 


Assume now that P is of second order, with principal part 
(10.8.2) PAQ)= +34... 42. 


Write 
— x2 x2 2 
A(x) =X} -X9—-... -X, 


n 


for the Lorentz form and as usual |x|* for the Euclidean metric form. 
Sometimes we write x’=(x.,...,x,). Let X be an open set in R”. 


Theorem 10.8.6. X is not P-convex for supports if and only if it is 
possible to find points x=y in X with A(x—y)=0 and an open neigh- 
borhood W of the line segment I =[x, y] so that 


(10.8.3) Woi{z,A(z—-x)20}cXul, InéX+¢. 


Proof of Sufficiency. Assume that one can find x, y, W so that (10.8.3) 
is fulfilled. Denote by F the difference between the advanced and the 
retarded fundamental solutions of P(—D) (Theorem 6.2.3). (First order 
terms in P can be eliminated and terms of order 0 can be handled by 
Theorem 12.5.3.) Then P(—D)F=0, we have AZO in suppF and A(z) 
=Q implies zesupp F. Assume that x=0 and choose yeC?(W) equal 
to 1 near I. Then 
v=yF 
is in &’(JR") and 


IcsuppyucIUX, suppP(—D)vcsuppdynsuppFcX. 


If A(t)>0 and ¢ is in the same Lorentz cone as y, then supp v(. —te) 
=X for small e>0 and suppP(—D)v{.—te) belongs to a fixed 
compact subset of X. Since supp v(.-—te) can approach any point in 
InéX it follows that X is not P-convex for supports. 

Before proving the necessity we note two consequences of 
Holmgren’s uniqueness theorem. 


Lemma 108.7. If P(—D)u=0 in Ip={x:|x,|+]x|<RY2} and u=0 
when |x|<R, then u=0 in Ip. 
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Proof. A characteristic plane which does not intersect the ball |x|<R 
is of the form 


ax,+<a',x =R, jaj=la'l, lal?+la'/?S1. 


Thus la|=|a S1/7/2 which proves that the plane contains no point 
with |x,|+|x'|<R v2 The lemma follows now from Theorem 8.6.8. 


Lemma 10.8.8. If P(—D)u=0 in a convex set Y and we have two 
continuous curves [0, 1]5s-—> x(s), [0, 1]3s— y(s) in YNsuppu such that 
A(x(s)— y(s))>0 fer OXs<1, then u vanishes near the line segment 
[x(s), ¥(s)] for all se{0, 1] or for no such s. 


Proof. Let S be the set of all se[0,1] such that u vanishes in a 
neighborhood of [x(s), y(s)]. From Theorem 8.6.8 it follows when seS 
that u vanishes in the intersection of Y and the Lorentz half cones 
with vertices at x{s) and y(s) containing y(s) and x(s). This remains 
true if seS. Since u=0 in a neighborhood of x(s) and y(s) it follows 
that S$ is open and closed, which proves the lemma. 


Proof of the necessity in Theorem 10.8.6. If X is not P-convex for 
supports we can choose uéé'(X) so that with distances in the Eu- 
clidean metric 


d, =d(supp u, [ X)<d(supp P(—D)u, [ X)=d,. 
Choose x,eé€X and y,esuppu so that |tp|=d, if tp) =¥,—X. Then 
v,=u(.+(1~8) to) 
belongs to &'(X) if 0<e<1, and 
d(supp P(—D)v,,{ X)2d,-d, if OSeS1. 
Choose a positive number R with 


R<min((d,—d,(1 +2), d)). 


Then 
(10.8.4) d(supp P(—D) vo, [ X)>R+RY2, 
(10.8.5) Xp€SUppty, Uos=O when |x—x)+t)/<d,. 


Since |t9]/=d,>R we have vy>=0O when |x—Xx9+Rfp/ltol|<R. Now 


P(—D)v)=0 when |x—x)+Rto/|tgll <RV2, so it follows from Lemma 
10.8.7 that v9 =0 in 


(10.8.6) I'(%o)=IytXq—Rlolltol- 
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Thus x) ¢I'(x) so A(t,)=0. The generator 
{Xo} +[—R, R] A'(to)/1A(to)h 


is in supp v9 by Corollary 8.6.14 or Theorems 8.5.9, 8.6.5. (On one side 
of X, this is also an easy consequence of Lemma 10.8.8.) The interval 
is therefore contained in X. 

Let J be the maximal compact interval on {x }+.RA'(to) with 
xX Ed <GX Nsupp vy. Then J+ {to} csuppu so 


d(x,suppujSd,, xed, 


and the opposite inequality follows from the definition of d, so 
equality must hold. All that has been said about x, is therefore 
equally true for every xeJ. Thus vy =0 in the open set P= |} (x), and 


xed 


J=J+(—R,R)A'(to)/|A'(to)| supp 19 X. 


Thus there are points in 7. X arbitrarily close to each end point of J. 
Denote by A the open Lorentz half cone defined by A(x)>0 and 
with f) on its boundary. Set 


W={x; d(x, J)<R}. 


(See Fig. 2; W is within dotted lines and I(.) are the small double 
cones.) The essential step in the proof is now to show that 


(10.8.7) Wax} tA)eX if xe. 


In the proof we assume that xeJ, yeW and y—xeA, and define z=x 
—e(y—x) for small e>0. Then zeI and z is close to J. Consider the 
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ma 
PS S—+y—Sty, © S7Z—Sty 

with O<s<s, and s,<R/d, chosen so that y—s,t,¢f. We have auto- 

matically z—st)¢I for OSsSs, if ¢ is small enough. Since xesupp vy 

it follows that y—st,¢suppv, for some sé[0,s,], for Lemma 10.8.8 

would otherwise give v,=0 near x. But then we have 


y+otpesuppt,,,;cX if 0<d<1—R/d,, 


which proves (10.8.7). 
The cone {x}+A in (10.8.7) increases when x approaches one end 
point J’ of J so (10.8.7) can be strengthened to 


(10.8.8) Wa(ixt}tAeXS if xe. 


If x is chosen in the component of f/~J with J’ on its boundary and 
y is in the other component of J\J then the condition (10.8.3) is 
fulfilled provided that x and y are taken in X and W is shrunk so that 
({x} — A) 7A WX. The proof is complete. 


Theorem 10.8.5 shows that a geometric description of P-convexity 
for supports may require a rather subtle examination of the curvature 
properties of GX. This explains why so few cases are completely 
understood. We leave this question now and pass to P-convexity for 
singular supports. Complete results are then known when P is of real 
principal type (Definition 8.3.5). If P,(€)=0 a line with direction P’{é) 
is then called a bicharacteristic line. 


Theorem 10.8.9. If P is of real principal type then an open set X CR" 
is P-convex for singular supports if and only if the boundary distance 
d(x) satisfies the minimum principle in any bicharacteristic line. 


Proof. The necessity follows as in the proof of Theorem 10.8.1. Thus 
let 1c X be an interval on a bicharacteristic line L, and let d(é, I, {x ) 
>d. By Theorem 8.3.8 we can choose ueC”(IR") so that singsuppu 
=L and P(—D)ueC*(R"). Now we set v=yu where ~ECR(X) is 
equal to 1 near J. Then Icsingsuppv and singsupp P(— D)ucLo 
supp dy. If supp x is chosen close to J it follows that 


d<d(sing supp P(—D) », [ X). 


By Theorem 10.7.3 we conclude if X is P-convex for singular supports 
that 
d<d(sing supp v, § X)Sa(I, [ X) 
which proves the minimum principle. 
The proof of sufficiency is close to that of Theorem 10.8.5. Let 
uéé (X) and y,esing supp us sing supp P(— D)u. Choose 7,¢IR"~ 0 so 
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Vat (os 20) Wu). 


Then P(y.)=0 by Theorem 83.1. Let L=y)+RP(y,) be the corre- 
sponding bicharacteristic line, and set 


K={yeL; (y, n)eWF(u)}. 
This is a compact set, and ¢, K csingsupp P(—D)u by Theorem 8.3.3’. 
Hence 
d(K, | X)=d(é_K, [ X)2d(sing supp P(—D) u, f X) 
by the minimum principle, and this completes the proof since y,¢K. 


Corollary 10.8.10. If P is of real principal type and X an open set in 
IR’, then P(D)Z'(X)=@G (xX) if and only if the boundary distance dy{x) 
satisfies the minimum principle in any bicharacteristic line. 


Proof. The necessity follows from Theorem 10.7.6 and Theorem 10.8.9. 
The sufficiency will follow from Corollary 10.7.10 and Theorem 10.8.9 
if we prove that X is P-convex for supports. To do so we take 
uc&(X) and assume that the minimum of d,(x) when xésuppw is 
attained at yo. If x»eéX and ly, —Xo|=dy(y,) then (yo, 7)EWF, (id if 
49 =Vo—Xp (Theorem 8.5.6). If yo¢singsupp, P(—D)u then P,(y,)=0 
(Theorem 8.6.1). The proof is now completed as that of Theorem 
10.8.9 except that we consider analytic singularities now, noting that 
they are contained in the support. 


Corollary 10.8.11. If an open connected set X in IR" is P-convex for 
singular supports when P(é)=<t,¢>, any teIR?~ 0, then X is convex. 


Proof. We can use the proof of Corollary 10.8.4 with the reference to 
Theorem 10.8.3 replaced by one to Theorem 10.8.9. 


We shall return to P-convexity for singular supports in Chapter 
XI when we have additional results on singularities available. (See 
Corollaries 11.3.2 and 11.3.3.) 


Notes 


As mentioned in the notes for Chapter VII the existence of fundamen- 
tal solutions was first proved in full generality by Ehrenpreis [1] and 
Malgrange [1] who used the Hahn-Banach theorem. The existence of 
regular fundamental solutions was proved similarly by Hérmander 
{2] who also proved that regular temperate fundamental solutions do 
not exist in general. (Example 10.2.15 is taken from Engqvist [1].) The 
constructive method used here was outlined in H6rmander [29]. It is 
very convenient for the study of fundamental solutions for operators 
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depending on parameters and gives simple proofs of such results of 
Treves [6] based on a more primitive construction in the predecessor 
of this book. (See also Treves [1].) That fundamental solutions with 
the regularity properties in Theorem10.2.11 exist was proved in 
Hoérmander [24]; that the construction of Hérmander [29] yields 
these properties is proved here for the first time. Gabrielov [1] has 
shown that the set F, in Theorem 102.11 has positive codimension. It 
has not been possible to include his proof here nor the proof of the 
existence of temperate fundamental solutions first established by Loja- 
siewicz [1] and Hormander [5]. A simplified proof based on 
Hironaka’s resolution of singularities has been given by Atiyah [1] 
and by Bernstein-Gelfand [1]. A much more elementary construction 
is due to ILN. Bernstein [1] (see also Bjork [1]). 

The comparison of differential operators was introduced in 
Hoérmander [1]; some results here are due to Fugiede [1]. Theorem 
10.4.7 1s probably new. It is still an open question if a fundamental 
solution E(P) can be found which depends analytically on P when P 
is equally strong as P,. Treves [7] has proved that constant strength 
is necessary. It is sufficient locally and the linear convexity of the set 
of such P proved in Theorem 10.4.7 should be helpful in proving a 
global result. (The term domination has been used differently by Tre- 
ves [3].) 

The proof of the approximation theorem in Section 10.5 follows 
Malgrange [1] and so does the existence theory in Section 10.6 apart 
from the simplifications resulting from the existence of regular fun- 
damental solutions. The existence of solutions of P(D)u=/f for arbi- 
trary feD'(X) was first proved by Ehrenpreis [2] when X is convex. 
His proof was simplified by Malgrange [3]. The condition in Section 
10.7 is due to Hérmander [14]. The advantage of splitting existence 
theory in Y’ into existence theory in Y’/C® and in C™ was observed 
in Hérmander [29] which is followed closely here. 

Malgrange [4] proved that if X is P-convex for supports and 
éXeC?, P of real principal type, then the normal curvature of @X is 
20 at every characteristic boundary point in the corresponding 
bicharacteristic direction. The proof is based on existence of null 
solutions of the Cauchy problem constructed by means of Theorem 
9.4.2. It was included in the predecessor of this book but has been 
replaced here by a complete characterisation of P-convexity for sup- 
ports when P is the wave equation, essentially due to Persson [1]. 
General results are still missing on this problem. However, P-con- 
vexity for singular supports is well understood for large classes of 
operators. The results given in Section 10.8 are contained in those of 
Hormander [29]. 


Chapter XI. Interior Regularity 
of Solutions of Differential Equations 


Summary 


Already in Section 4.4 we proved the smoothness of the distribution 
solutions of some differential equations for which we had constructed 
explicit fundamental solutions. In Section 11.1 we complete this dis- 
cussion by characterizing the operators (with constant coefficients of 
course) such that all distribution solutions are in C®. They are called 
hypoelliptic. Their characterization is a simple corollary of the study 
in Section 10.2 of singularities of fundamental solutions. Another more 
elementary approach depending on the results in Section 10.3 is also 
given in Section 11.1, which concludes with some examples. 

In Section 11.2 we study partially hypoelliptic equations, that is, 
equations for which the solutions are infinitely differentiable if infinite 
differentiability with respect to one group of variables is imposed. The 
discussion is quite parallel to that im Section 11.1 and could be 
bypassed by the reader without loss of the continuity. 

The study of propagation of singularities initiated in Section 8.3 
for operators of real principal type is resumed in Section 11.3. In 
particular we characterize the linear spaces which can carry the singu- 
larities of a solution of the differential equation P(D)u=0. The results 
are stated only in terms of singsuppu. It is easy to modify them to 
results on WF(u) instead. However, this has no particular advantage 
in general since P may have many localizations in the same direction 
at infinity. To obtain a perfect spectral resolution of the singularities 
one would have to introduce a notion of wave front set which is 
adapted to the operator at hand. 

In Section 11.4 we estimate the growth of the derivatives of so- 
lutions of a hypoelliptic differential equation with the order of differen- 
tiation. Thus we obtain analogues of the fact that solutions of elliptic 
equations are real analytic as well as a converse of this and similar 
results. 


11.1. Hypoelliptic Operators 61 
11.1. Hypoeiliptic Operators 


In this section we shall study differential operators P(D) such that the 
solutions u of the equation 


(11.1.1) P(Dju=f 
are always smooth where f is smooth. They can easily be character- 
ized by means of Theorem 10.2.11 and Theorem 10.2.12. 
Theorem 11.1.1. The following conditions on P(D) are equivalent: 

(i) For every open set X <IR" and ueY'(X) we have 

WF(u)=WF(P(D)u). 
(ii) For every open set X CIR” and ueY'(X) we have 
sing supp u=sing supp P(D)u. 

(iii) If X is an open set in IR" and ueY(X), P(Dju=0, then 
ueC™(X). 

(iv) P®(E/P(EV>0 as Emo in R", if «+0. 

(v) P(D) has a fundamental solution E with sing supp E = {0}. 


Proof. (i) => (ii) = (iii) is trivial. Let E be a regular fundamental so- 
lution of P(D) (Definition 10.2.2). If (iii) is fulfilled then EEC™(IR"™ 0) 
so it follows from Theorems 10.2.12 and 10.2.5 that the localizations 
of P at oo are constant. Since 


P(E+n/P(nh=> S&P (n/P(n)a! 


this shows that P(n)/P(y)-0 when 4-70 if a+0, hence 
|P(n)|/P() > 1 which proves (iv). Conversely, (iv) implies that the 
localizations at oo of P are constant so Theorem 10.2.11 gives a 
fundamental solution with sing supp E={0}, which proves (v). From 
(v) and (8.2.16) we obtain if ued’ 


WF(u)= WF(E*(P(D) u))¢ WF(P(D) u) 


and the opposite inclusion is valid by (8.1.11). If u is just in G(X) we 
can choose @€C3(X) equal to 1 in any given open subset YEX and 
apply this result to gu. This shows that WF(u)=WF(P(D)u) in Y, 
which completes the proof. (See also the proof of Theorem 4.4.1.) 


Definition 11.1.2. The differential operator P(D) (and the polynomial 
P(€)) are called hypoelliptic if the (equivalent) conditions in Theorem 
11.1.1 are fulfilled. 
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The algebraic description (iv) of hypoelliptic polynomials can be 
given several equivalent forms which are sometimes useful. 


Theorem 11.1.3. Each of the following conditions is a necessary and 
sufficient condition for P(€) to be hypoelliptic: 

Ia) If d(é) is the distance from €eER" to {f; CEC", P(Q)=0} then 
d(é)> 00 when €- o. 

Ib) There exist positive constants c and C such that 


ic’ S$ Cd(¢) 

if €EIR” and || is sufficiently large. 

Ila) P®(&)/P(é) > 0 when +00 in R" if x+0. 

IIb) There exist positive constants c and C such that 

[PE PENS CIE!" 

if EIR" and |<| is sufficiently large. 
Proof. Ila) is the condition (iv) in Theorem 11.1.1. It is obvious that 
IIb) implies Ila) and that Ib) implies Ja). That for example Ia) implies 
Ib) follows from the Tarski-Seidenberg theorem in the appendix. In 


fact, if 

M(R)= inf d(é) 

\gl=R 

we have 

M(R)? =inf|é—¢|? 
where the infimum is taken over all real € with [¢|?=R? and all 
complex ¢ with P(Q)=0. Thus it follows from Corollary A.2.6 that 

M(R)=AR%0.+0(1)), R-o. 
Here a>0O and A>0 if Ia) is fulfilled, so Ib) follows then. 
That Ia) and Ia), Ib) and IIb) are equivalent follows immediately 


from the next lemma, which will thus complete the proof of Theorem 
11.1.3. 


Lemma 11.1.4. There exists a constant C such that for all polynomials P 
in IR" of degree <m we have 


(11.1.2) Cu~*sd(é) ¥ IPEE/POMSC; eR", P(e) +0, 
a+0 


where d(é) denotes the distance from & to the surface {CEC"; P(C) =O}. 


Proof. To prove the left-hand inequality we denote the sum by 4. 
Then we have |P(2)| < A!*'|P(2)|, thus 


IP(E+C)—P(ISIP(E) Y IAC */a! 


1Slalsm 
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by Taylor's formula. Choose a positive constant c such that 


ye eae 
O<|ajSm 
When Alf|<c it then follows that P(€¢+0)+0. Hence Ad(£)2c which 
proves that the left-hand inequality (11.1.2) is valid if C2 1/c. 
To prove the other part we shall first show that 


(11.1.3) IP(E+ 91 S271P(C)| if [fi Sd(¢). 


For the proof we consider g(t)=P({€+zt0) as a polynomial in t. The 
zeros t; satisfy the inequality {r,||¢|2d(€)2|C|, hence |r,| 21. This gives 


IP(E+0)/P()| =1¢(1)/g(0)|=1[]@,- Dt] $2” 


which proves (11.1.3). Application of Cauchy’s inequality to the func- 
tion P(€+ which is analytic in the ball |¢|<d(¢) now gives 


|P (Qj Slal!2"|P(gyld(e)— 


(We could also use (10.4.1) here.) This proves the lemma. 


Using Theorem 11.1.3 one can eliminate the reference in the proof 
of Theorem 11.1.1 to the somewhat technical Theorems 10.2.11 and 
10.2.12. Indeed, the proof of Theorem 7.1.22 shows that if Ilb) in 
Theorem 11.1.3 is fulfilled then P(D) has a parametrix E with 
sing supp E= {0} and this implies (i) in Theorem 11.1.1. On the other 
hand, la) in Theorem 11.1.3 follows very easily from a weaker form of 
(iii) in Theorem 11.1.1: 


Theorem 11.1.5. Assume that for some open set X +@ in IR" and some 
keX, pel, 0] the solutions ueBYs(X) of the equation P(D)u=0 are 
all in C°(X). Then it follows that 


(41.14) Imf>0 if f-0 on the surface P(0)=0, 


so P(D) is hypoelliptic. 


Proof. The solution space in the theorem, 


(11.1.5) N= {uz ueB'%(X), P(D)u=0} 


p.k 


is a closed subspace of Bis (X), hence a Fréchet space. By hypoth- 
esis we have an inclusion 4” <C%(X). The inverse is continuous by 
Theorem 10.1.26 so the inclusion itself 1s continuous by Banach’s 
theorem. A sequence which is bounded in VY must therefore be bounded 
in C°(X). 
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Assume that (11.1.4) is not valid. We can then find a sequence 
¢,eC" such that P(C,)=0 and |f,| +00 while |Im¢,| remains bounded. 
With real ¢, and y, we write €,=¢,+in, and set 


Uy (x) =e? /k(G,). 
It is clear that u,eW, and if pe CH (X) we have 


(11.1.6) out, .=((22)-" IG — )R(Q/R(E Pa cy? 
S((20)-" Ji GE -in)M,O)Pdd)*”? 


(Cf. the first part of (10.1.18).) This is bounded in virtue of (7.3.3) since 
y, remains bounded when v—-> co. 
That u, is bounded in C*(X) means that for KE X and any x we 
have 
sup |D*u,(x)| S Cx. 2. 
K 


Since n, 1s bounded this means that for any integer p>0 
IC,P/K(C JSC, 


which contradicts (10.1.2) if u>N. The proof is complete, for (11.1.4) is 
just another way of phrasing la) in Theorem 11.1.3. 


When P(D) is hypoelliptic then the set defined by (11.1.5) is 
contained in C*(X) and consists of all solutions of P(D)u=0 in Y’(X). 
By Theorem 4.4.2 the topologies of 9'(X) and C™(X) coincide on 
In particular, ” is a Montel space, that is, one can extract a con- 
vergent subsequence from every bounded sequence. (This follows from 
Ascoli’s theorem.) When P(D) is the Cauchy-Riemann operator this is 
the classical Stieltjes-Vitali theorem. It is characteristic of hypoelliptic 
operators: 


Theorem 11.1.6. Assume that there is an open non-empty set X <IR" and 
some keX, pel, co], such that the space (11.1.5) is a Montel space 
with the topology induced by Bes (X). Then (11.1.4) is valid so P(D) is 
hypoelliptic. 


Proof. Assuming that (11.1.4) is false we define a bounded sequence 
u,éWV just as in the proof of Theorem 11.1.5. It converges to 0 in 
YX), for if be CF (X) we have 


§ O()u,x)dx=6(-CV/K(E,) +0, v0, 


in view of (7.3.3) and (10.1.2). Since 4 is by hypothesis a Montel 
space and 0 is the only limit point of the bounded sequence u,, it 
follows that u,>0 in Bis(X) also. But using the inequality 
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K(E JS R(Z)M,(E, -&) we obtain instead of (11.1.6) the estimate 
ously eZ (2x)- J OE —i9,)/M,(- HP dg)”. 


Since |du,||,,,20 when v—>oco we obtain that (E ~ing)=0 identi- 
cally if 79 is a limit point of the sequence y4,. Hence @=0 which is a 
contradiction since ¢@ was supposed to be an arbitrary function in 
Ce (X). This proves the theorem. 


Next we shall use the results of Section 10.3, which depend only 
on Theorem 10.2.1, to prove a general theorem on interior regularity. 
Afterwards we shall specialize it to the hypoelliptic case. 


Theorem 11.1.7. Let weBis, (X) and P(D)u= feBys.(X) where k,eX. 
Then it follows that ueBPS(X) if keX and 


(11.1.7) KOSCk POP), FIR” 
(11.1.8) K(QSCk(E)+POK(H), FER’, 
for some constants C and N. Here we have used the notation 
(11.1.9) P= FPO, 
at 


Note that the function P’ defined by (11.1.9) is in %. 


Proof. We first prove the theorem when N=1. Assuming that k 
satisfies (11.1.7) and (11.1.8) with N=1 we have to show that dueB, , 
if PECH(X). In virtue of Theorem 10.3.2 this will follow if we can 
prove that P(D)(g@u)eB, ,,p. Now Leibniz formula gives 


P(D)(gu)=GP(D)u+ Y D*GP(D)u/a!. 
a+0 

Since ueBrs, (X ) it follows from Theorems 10.1.22 and 10.1.21 that the 
terms in the sum are all in B, ,,, which is a subspace of B, ,)5 if 
(11.1.7) holds with N=1. Furthermore, the same argument gives that 
p P(D)ueB, ,,,6- Since P(D) ueBs,, we have also @P(D)ueB, ,,, hence 
@P(D)ueB, «,)6+%,) (Corollary 10.1.9), so it follows from (11.1.8) that 
@P(D)ucB, ,. This proves the theorem when N=1. Iterating this 
result N times, where N is a positive integer, we obtain that 
ueBl<  (X) where 


keg ($) = inf (k, (E(PO/P'(O)", k, (E+ PO) K (2). 


This completes the proof. 


Remark, It follows from Theorem 10.3.2 that (11.1.8) is necessary and 
sufficient for the conclusion of the theorem to be valid even when 
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ueé’(X). Using exponential solutions of the equation P(D)u=0 as in 
the proof of Theorem 11.1.5 one can also show that if the conclusion 
is valid when f=0O, the quotient k(¢)/k,(€) must be bounded by a 
function of P(é)/P’(é). When k and k, are both polynomials it follows 
by means of Corollary A.2.6 that (11.1.7) must be valid for some N. 
We shall not use this fact here and leave the proof to the reader. 

The following theorem makes condition (ii) in Theorem 11.1.1 
more precise. 


Theorem 11.1.8. Let P(D) be hypoelliptic and ue@ (xX). If 
P(D)weB'%,(X) it follows that ueB®%,(X). 


pk 


Proof. If Y is an open set GX, we have ueBrs (Y) for some k,EX 
because u is of finite order in Y. It follows from IIb) in Theorem 
11.1.3 that 


(1+1é)° S$ CP(é)/P'(é) 


for some positive constants c and C. Hence there are constants C and 
N such that 


PO KQ)SECK,(EMP(H/P'(O)", 
so it follows immediately from Theorem 11.1.7 that ueBrs,( Y). Since 
Y is an arbitrary open set © X, this proves the theorem. 


We shall now study the algebraic conditions for hypoellipticity 
further and give some examples. 


Theorem 11.1.9. If P,(D) and P,(D) are equally strong and P,(D) is 
hypoelliptic, it follows that P,(D) is also hypoelliptic. If d,(¢) is the 
distance from € to the zeros of P,, we even have with a constant C 


(11.1.10) Co" SG, O+I/G(9+)SC, ¢eR"”. 


Proof. In view of (11.1.2) we have 
d, ("Ps CIP, OL. 


When |é| is so large that d,(¢)2=1, we may apply (10.4.7) to Q=P, and 
P=P, with t=d,(¢). This gives with some constant C 


D IPP? (4, (OP'S CIPO. 


=z 


Since P, is weaker than P, the estimate 


¥ IPOr a, OP "'sc¥ |PeOOr 
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follows with some other constant C. When |é] is so large that 
d,()?>2C also, we obtain 


SIPEG (OP S2 CIP, (OH). 


Application of (11.1.2) to P, now gives d,(@)/d,(€)>c for large |¢| and 
some positive constant c. Hence P, satisfies conditions I) in Theorem 
11.1.3 and is thus hypoelliptic. Since the roles of P, and P, in the 
above estimates may now be interchanged, we obtain the inequality 
(11.1.10). 


Remark. If P is hypoelliptic, it is clear that the relation O<P is 
equivalent to boundedness of Q(€)/P(é) at infinity in IR". The same 
reasoning as in the proof above also shows that the relation O<P is 
equivalent to QO(€)/P(€)-~0 when €->00 in R"”, if and only if P is 
hypoelliptic. (The necessity follows from the fact that P“<«P for every 
P ifa=0) 


Theorem 11.1.10. Elliptic operators are hypoelliptic. The principal part 
of a hypoelliptic operator cannot have a simple real zero +0. 


Proof. That elliptic operators are hypoelliptic follows immediately 
from (10.4.12). - If P(D) is of order m and ¢eIR’~ 0 is a simple zero of 
the principal part F, then P,(¢)=0 but ¢P,(¢)/c¢,; +0 for some j. Since 
P(té) is then at most of order m—1 int and the coefficient of t™~' in 
P(r) is precisely CP,(2)/6é,, it follows that PY (t2)/P(té) does not 
converge to 0 when t +. which proves that P(D) is not hypoelliptic. 


More general classes of hypoelliptic operators can be defined as 
follows. Let m,,...,m,, be positive integers and set 


n 


(11.41.11) la:m|l=S a,/m,. 
1 
If |a:m| <1 for all terms in P(D), 
(11.1.12) P(D)= YY a,D*% 
we set jazmi st 
(11.1.13) P°(D)= SY a,D*. 
la:m[=1 


Theorem 11.1.11. If P°(Z)=0 for 0+é6RR", it follows that P(D) is 
hypoelliptic. Such an operator is called semi-elliptic. 


Proof. We first note that for some constant C 


(11.1.14) VIEW SCIP(S, FER". 
I 
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In fact, the lower bound of P° when the left-hand side is equal to 1 
must be positive. Denoting the lower bound by 1/C, we have (11.1.14) 
when the left-hand side is equal to 1. But replacing ¢, by ene j 
=1,...,n, only means multiplying both sides by t, if t>0. Hence 
(11.1.14) 1s valid for every €. Now the trivial inequality ie len? 
implies that 


n ja:m| 
(11.1.15) |e|< (5 er) ; 
43 
As in the proof of (10.4.12) we thus obtain the estimate 
1+) |€/"SC(P(@}+), eR” 
1 


In view of (11.1.15) this implies that |P®(2)/|/P(2j -0 when €><, 
which proves the theorem. 


Note that when m,=m for every j, the semi-elliptic operators are 
just the elliptic operators of order m. If m,=1 and m,=2 for j>1, we 
find that the heat equation is hypoelliptic (see also Section 4.4). Also 
the p-parabolic operators of Petrowsky [2] are semi-elliptic. 

We finally give a more complicated example of a hypoelliptic 
operator in order to show that the principal part may be chosen 
rather arbitrarily provided that the real characteristics have high mul- 
tiplicities. 


Theorem 11.1.12. Let O(&) be a polynomial of degree m with real 
coefficients and k an integer 22. Let R(é) be a homogeneous positive 
definite polynomial of degree 2km—2(k—1). Then the polynomial 


(1.1.16) P(2)=O(8)*+ RO) 

is hypoelliptic. 

Proof. We shall show that condition (iv) in Theorem 11.1.1 is satisfied. 

Writing 0(é)7*=S(é), we have P®(2)=S@(2)+ R™(E); and since 
IR()|/P(E)S|ROOQV/RE) 70 when E> if a+0, 


the only difficulty is to estimate S@. Now we can write 


min(2k, |a]) 


(11.117) SH= Y eA 


where F7(¢) is a polynomial of degree jm—|«| at most. Estimating 
Q(é)°* and R(é) by P(é) gives 


(11.1.18) lO FREY* s P(E). 
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If wis the degree of R we obtain for the terms in (11.1.17) the estimate 
lO(e)|7*¥ 7 FF(8)I < CP(E)R(E)Gm— 2) -sl2k 


The exponent of R increases with j since 2km>p. When jS|qa/ it is 
therefore at most equal to |a|((@m—1)/u-—-1/2k)=—|a\/ku. Hence we 
have proved that S@(é)/P(€) 0 when €-00 if «+0, which com- 
pletes the proof. 


Note that in the operator (11.1.16) the principal part is the principal 
part of QO raised to the power 2k. 


11.2. Partially Hypoelliptic Operators 


In this section we shall study differential operators P(D) such that the 
solutions u of the equation P(D)u=f have to be smooth if f is 
smooth and in addition we impose smoothness in some variables on u. 
The results are parallel to and contain those of Section 11.1, but we 
have preferred to study the more important question of hypoellipticity 
separately. 

We suppose that the coordinates x =(x,,...,x,) are split into two 
parts x’=(x,,...,x,) and X= (Xj 15 +++ Xp): Multi-indices « will be split 
in the same way. If weC?(R/) then the tensor product u(x)@d(x” 
is a measure in the plane x’ =0. If X is an open set in IR” we set X, 
= {x; {x}-—supp(w@6)<X}. It is clear that the convolution ux'y 
=ux(y@6) is defined in X, if ueD'(X) (see Section 4.2). When 
ueBes, (X) we have ux WeBhs (X,) if 


Pky P.kz 


kK (QSCAU+IEN"k(E), FER’, 


for some constants.C and N. This follows from Theorem 10.1.24 if X 
=JR", and the simple modification which is otherwise required is left 
for the reader. The following is an analogue of Theorem 11.1.5. 


Theorem 11.2.1. Assume that there is an open non-void set X <IR" and 
some ke X, pe[i,co] such that for every ueBrs(X) satisfying the 
equation P(D)u=0 and every weCF(R) the convolution ux" pEeC™(X ,). 
Then it follows that 


(11.2.1) [Im €]+|Re {'] > c0 

if C— 00 on the surface P(f)=0. 

Proof. By the closed graph theorem the map 
Nau ux VeC*(X,) 
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must be continuous. (Here is defined by (11.1.5).) Assuming that 
(11.2.1) is not valid, we choose a sequence of points €,=¢,+in,eC" 
such that P(¢,}=0 and |{,|- co while |y,| and [¢{| remain bounded. 
Then the sequence 

u,(x) =e /k(E,) 


is bounded in .W (see the proof of Theorem 11.1.5), so ux W=0(O) u, 
must be bounded in C*(X,). Choose Ww so close to the Dirac measure 
that X, is not empty and [¥(’))|21/2 when |C|Ssup|{|. Then it 
follows that u, must be bounded in C*(X,) which gives a con- 
tradiction as at the end of the proof of Theorem 11.1.5. 


There is a stronger version of Theorem 11.2.1 which is parallel to 
Theorem 11.1.6: 


Theorem 11.2.2. Assume that there is an open non-void set X CIR" and 
some ke.X5 pe[l, 20] such that the map 


Nau ux veBrs(X,) 


is compact for every WeC3(R’). (Here " is defined by (11.1.5).) Then 
it follows that (11.2.1) is valid. 


Proof. If (11.2.1) is not valid we choose ¢, and u, as in the proof of 
Theorem 11.2.1. Then wu, is bounded, and u,*"f converges to 0 in 
BX) (see the proof of Theorem 11.1.6) so u,*’y~—0 in BY (X,) by 
the compactness. When w is close to the Dirac measure we conclude 
that u,-0 in Bes (X,) which contradicts the end of the proof of 


Theorem 11.1.6. 


Before proving the converse of Theorem 11.2.1 we give a number 
of equivalent forms of the condition (11.2.1). 


Theorem 11.2.3. The condition (11.2.1) is equivalent to each of the 
following six: 

I. If d(& is the distance from €€IR” to the surface {feC"; P(f)=0}, 
it follows that 

a) d(€)3 «& if &"-—> 0 while ¢ remains bounded. 

b) There exist positive constants c and C such that 


(+c? sc +deyya+ie?), fe" 


TH. a) P(2)/P(é) 0 if «+0 and & > 20 while ¢ remains bounded. 
ll. b) There exist positive constants c and C such that 


P(O/PIQS CUED +1EI)* 


11.2. Partially Hypoelliptic Operators 71 


Ill. P can be written as a dies sum 


(11.2.2) =) P( (EE bares 
a’=0 
where P,(é") is hypoelliptic (as a polynomial in €") and 
a) P(E")/Py(E") +0 when £00 if a+0. 
b) There exist positive constants c and C such that 


IRA WAP(S M+ DS CUFENS — x0. 


Proof. Condition 1a) is obviously equivalent to (11.2.1), and it is clear 
that Ib} implies Ia). On the other hand, if Ia) is fulfilled, it follows 
that (1+ d(2)7)\(1+|2'|?} > oo when €— co. Hence Ib) follows if we use 
Corollary A.2.6 in the same way as in the proof of Theorem 11.1.3. 
From Lemma 11.1.4 it follows that Ib) implies IIb) and that Ia) 
implies Ia). (The constants C are not the same.) Since it is trivial that 
Iib) implies Ila), this proves the equivalence of the conditions I and 
IL 
By Taylor's formula we have (11.2.2) with 


PAC) = POO, Eee! 


If P satisfies II, it follows that P, satisfies the conditions II] in Theo- 
rem 11.1.3. Hence P, is hypoelliptic, and the remaining conditions in 
{II follow immediately from II. 

Since II1b) implies Illa) it only remains to prove that Ia) implies 
Ila). To do so we note that it follows from Illa) that P}’<P,<R, if 
£+0, hence (see the remark following Theorem 11.1.9) 


(11.2.3) Pee YR(EJ 90, é’ 30 if BO or «+0. 

Since Ila) follows from (11.2.3), the proof is now complete. 

Definition 11.2.4. The differential operator P(D) is called partially 
hypoelliptic with respect to the plane x” =0 if the (equivalent) con- 
ditions in Theorem 11.2.3 are fulfilled. The polynomial P(g) is then 
called partially hypoelliptic in =”. 

Theorem 11.2.5. Lez ED ) be partially hypoelliptic with respect to the 
plane x" =0 and let ue a Bre. X) where k,(Q}=k (EVA +161)" are func- 


tions in # If P(D ux feC™(X), it follows that ueC™(X). 


Proof. In virtue of Theorem 11.1.7 we have we Bb4(X) if for some C, N 
and v 


(11.2.4) KOS CK (E(P(O/P(S))*, EER". 
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Now it follows from condition Ib) in Theorem 11.2.3 that (11.2.4) is 
valid if for some other constant C 


K(EV/ko(E)S C+ (ENN + EN. 


Since this inequality is valid for an arbitrary keX% if we choose v=N 
sufficiently large, the theorem is proved. 


Corollary 11.2.6. Let P(D) be partially hypoelliptic with respect to the 
plane x”’=0 and let weCR(R). If P(D)u=feC™(X), then 
ux WEeC*(X,). 


Proof. First assume that u is of finite order in X, hence that 
ueBrs (X) for some k,eéX%° By the remarks made before Theorem 
11.2.1 the convolution u»’w satisfies the hypothesis of Theorem 11.2.5 
in X,. Hence ux'weC*(X,,). Now if u is an arbitrary distribution it 
follows from what we have already proved that u*’yeC™(Y,) for 


every open set YE@X. This proves the corollary. 


Corollary 11.2.7. Let P(D) be partially hypoelliptic with respect to the 
plane x" =0. With the notations of Theorem 11.2.1 and (11.1.5) the 
mapping Nau-ux'y is then continuous with values in C*(X,,), thus 
compact with values in BYS.(X,) for an arbitrary k 6X. 


Proof. The continuity follows from Corollary 11.2.6 and the closed 
graph theorem (or else by inspecting the proof of Corollary 11.2.6). 
Since bounded sets in C*(X,) are precompact in the topology of 
C*(X,) which is stronger than that in BY¢.(X,,), the proof is complete. 


Example 11.2.8. The differential operator P(D) is partially hypoelliptic 
with respect to the hyperplane x,=0 if and only if the part of P(¢) 
which is of highest order with respect to €, is independent of the other 
variables. Theorem 4.4.8 implies Corollary 11.2.6 then. (In the non- 
characteristic case the same result follows from Theorem 8.3.1 and 
(8.2.16).) 


Theorem 11.1.7 shows that if ue@(X) and P(D)ueC™(X), then 


(11.2.5) (ouliSCu(A+le)-%,  N=1,2.... 


if eM, deCF(X), and M is a subset of IR” such that for some posi- 
tive constants C’, c’ 


(11.2.6) P(OY/PIQSCU+E)", EeM. 
Condition Ib) in Theorem 11.2.3 means that we can take 


M={ENEI< Cle} 
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for some c’>0. If c’=1 then (11.2.5) would mean that the wave front 
set of u does not meet the plane ¢’=0. When c”<1 the set M is much 
more narrow than a conic neighborhood of the plane ¢’=0. However, 
one can introduce modifications of WF(u) which take the validity of 
(11.2.5) in such sets into account and rephrase the results of this 
section in terms of them. (See also Hérmander [29, Section 1.6].) 
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In this section we shall prove analogues for singularities of the (non-) 
uniqueness theorems in Section 8.6. Those were essential when we 
studied P-convexity for supports in Section 10.8. The results in this 
section have similar applications to P-convexity for singular supports. 

We shall first introduce an appropriate substitute for the charac- 
teristic hyperplanes in Theorem 8.6.8. In doing so we shall not only 
consider hyperplanes but linear spaces of arbitrary dimension. Let 
P(D) be any differential operator in IR” with constant coefficients. If V 
is a linear subspace of IR” we set 


(11.3.1) BE, t)=sup {|P(E+6)|; eV, [91 S2}. 


Note that if V=IR’ it follows from (10.4.1) that (11.3.1) is equivalent to 
our earlier definition of P(é,t). We shall then drop the subscript V, 
and we shall switch back to (10.4.2) whenever this is more convenient. 
If V is the coordinate plane €”=(¢,,,,...,€,)=0 it is clear in view of 
(10.4.1) that B(é, t) is equivalent to 


(11.3.1) (CY. (Pe(ey2e2 #98, 


a’ =0 


Note that this shows that a change of norm in R"” does not affect 
PAE, t) by more than a fixed factor. 
Now set 


(11.3.2) op(V)= inf lim BE, 1)/P(E, 2). 


tol fo 


This is a continuous function of V in the sense that 


(11.3.3) op(V)So(W)+ Ca¥, W), 
where 
(11.3.4) aV,W)= sup ( inf |x—y)). 


xeVi|[x{=1 yeW.|yf=1 


74 XI. Interior Regularity of Solutions of Differential Equations 


To prove (11.3.3) we first observe that by Taylor’s formula 
(11.3.5) IP(E+0)— P(E+mMI SCPE. dO—nl/t 


if JAS, ylSt. If @EV and |6|St we can choose neW with |y|=]|@) and 
|@—y| <td(V, W) by the definition (11.3.4). Hence 


IP(E+O|S|P(E+m|+ Cav, W) P(E. DSR, (G, 1) + Ca(V, W) PEE, 2) 
which proves (11.3.3). From (11.3.3) it follows that 
(11.3.3) igp(V)—op(W)| SC max(d(V, W)+d(W, V)). 


Thus o,(V) is a continuous function of V when V has fixed dimension. 


Theorem 11.3.1. Let V be a linear subspace of IR” such that cop(V')=0 
if V’ is the orthogonal space of V. For every non-negative integer u one 
can then find uéC*(IR") with P(D)u=0 and singsuppu=V. More pre- 
cisely, we can find u so that ug¢C**1(N) for any open set N intersecting 


Later on we shall also prove a converse of Theorem 11.3.1. Before 
the proof we make an application. 


Corollary 11.3.2. If X is an open set in IR" which is P-convex for 
singular supports, then the minimum principle is valid for the boundary 
distance dy(x) on every affine subspace parallel to a linear subspace V 
with o(V’)=0. 


Proof. The statement follows if we use Theorem 11.3.1 instead of 
Theorem 8.3.8 in the first part of the proof of Theorem 10.8.9. 


Corollary 11.3.3. Every open set X <IR" is P-convex for singular sup- 
ports if and only if P(—D) is hypoelliptic. 


Proof. If P(—D) is not hypoelliptic, then there is a non-constant 
localization Q at infinity (see the proof of Theorem 11.1.1). It is clear 
that 


6,(0, 0/60, )Z0pV),  t>1. 


If we take V = A(Q) then the numerator is independent of t while the 
denominator tends to co with t. Hence o;(V)=0, so Corollary 11.3.2 
shows that d,(x) satisfies the minimum principle in every affine sub- 
space parallel to A’(Q). This condition is not fulfilled if CX is strictly 
concave at a point where A‘(Q) is a tangent of X. On the other hand, 
if P(—D) is hypoelliptic, then sing supp u=sing supp P(— D)u for every 
ueé'(X) which implies that X is P-convex for singular supports. 
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To prove Theorem 11.3.1 we shall first give the hypothesis a 
seemingly stronger form. 


Lemma 11.3.4. If «,(V’)=0, it follows that there are positive constants 
b, B, t,, p such that for any t>t, and r>t° one can find €¢IR" with |€| 
=r and 


(11.3.6) PAE, )<bt7-* P(E, 0). 
Proof. It follows from Theorem A.2.2 and Theorem A.2.5 that 
a(t)=lim P,(€,1)/P(é, t) 


is an algebraic function of ¢ for large t. In fact, y2a(t) means that for 
every e>0 there is some < with 27 |Z/*>1 and 


P(E, 1)? <(y +6) PE, 0). 
Here we use expressions of the form (11.3.1) for B,. and P. It is then 
also clear that a(st)SCs"a(t),  s21. 
By hypothesis inf a(t)=o,(V)=0, so it follows that lim a(t)=0. 
Hence ioe as 
a(r<b, t>1, 
for some rational number f>0 and constant b>0. The set 
M={(r, 1); t>1, B(é,t)<bt7-’P(é, t) for some eR’, |é|=r} 


is semi-algebraic by the Tarski-Seidenberg theorem, and if t>1, we 
have (r, )¢M for arbitrarily large values of r. Since the boundary of 
M is piecewise algebraic it follows that (r,)eM if r>r°, t>t,, and 
t,, 9 are large enough. 


When we examine the consequences of (11.3.6) it is convenient to 
work with coordinates chosen so that V is defined by x’=0 if x 
=(x',x"), x'=(x,,...,x,), X” =(X,,1,---,X,), 1S a splitting of the coor- 
dinates in two groups. The orthogonal space V’ is then defined by ¢” 
=0. Consider now a polynomial Q with O(0,1)=1 and Q,,.(0, t) small. 
We can choose 7 with |y|St so that |O(y)|=1 and then find a whole 
circle where Q is bounded away from 0. In fact, Lemma 7.3.12 shows 
that if g is a polynomial in one variable of degree Sm, then 
(11.3.7) ae la@QSCo sup a lq(z)| 

s/$1 <r<i1 |s|=r 
where C, only depends on m. If we apply this to g(z)=Q(n', 27") we 
obtain 


(11.3.8) lO. zANZ1/Co, |zi=r, 


76 XI. Interior Regularity of Solutions of Differential Equations 


for some re[0,1]. If |Q(y’,0)|<1/C, it follows that the equation 
O(n',zn')=0 has a root with |z|<r. Let x be the number of such 
roots. Since Os, thc’ when |C€{/St, we obtain from (11.3.8) and 
Taylor’s formula if y is small enough 


(11.3.9) |O(7'+6,2n")}21/2C, when |zl=r, 6e€* |O]<yr. 


Here » depends only on n and m. The equation Q(y’+6,z7’}=0 must 
have x roots with |z|<r for every @ with |@|<yt. If we set 
Me cpd 
Ux") =Oninj? {9S Oly’ +8, 20°)|/ O01 +6, 2n")a2 
lz}=r = 
it follows that when |6|<yt 
(11.3.10) U(@,0)=1, Oly’ +O,D")U(6,x)=0, [U(O,x)< Cet?" 


where C is another constant depending only on n and m. It is clear 
that U is an analytic function of x” and @ when |@{<yz. The following 
lemma is an easy consequence: 


Lemma 11.3.5. There are constants &, c, C,» (depending only on n and 
m) such that if P is of order <m and for some ER" and t>0 

Bele. t/P(é, )Se<é, 
then one can find nelR" with \v—é|St, y-feV’, and an analytic 
function U(6, x’), 6EC*, || <yt, x” eC€"—*, satisfying 
(11.3.11) U(6,0=1, P(yn+(6, DD") U(A, x’) =0, 
(11.3.12) [U(6, x" SC exp (ct|x”|e'”). 


Proof. Without restriction we may assume that €=0. Set 


O(2)= P(e’, 66") 
where 0<6<1. Then 


P(O, ys C’'O(0, t) o7™, P,.(0, j=0,-(0, t), 
hence 
0,-(0, N/O(0, )SC'ed-”. 


If C’ed~"=1/2 Cy where C, is the constant in (11.3.8) we obtain a 
function satisfying (11.3.10). Then U(6,5x") has the properties re- 
quired in Lemma 11.3.5 if (7,0) is now called y. The proof is com- 
plete. 


Proof of Theorem 11.3.1. Banach’s theorem and a condensation of sin- 
gularities argument shows just as in the proof of Theorem 8.3.8 that if 
the statement is false then 
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(113.13) Yo |D*uO<SC( ¥ sup |D*ul+ Y sup |D*u)) 
K2 


jal=u+ jalSu Ki jal Sv 


for all ueC™(IR") with P(D)u=0. Here K, and K, are compact sets, 
K,cR"~V. The theorem will be proved if we construct some u for 
which (11.3.13) is not true. To do so we start with two small positive 
numbers ¢ and 6 to be chosen later and use Lemma 11.3.4 to find 
arbitrarily large t and eR" with 


(11.3.14) logié/=6t, B(é,0/P(E,<e. 


By Theorem 1.4.2 we can select a sequence 7,¢C?(IR*) with support 
in {@:|0|<y/2} such that [y,d@=1 and 


ID¢y,|S CIN lal SN, 
With N to be chosen later we set 
(11.3.15) u(x) =e f © U8, x Vxy(O/t)t7 *dé 


where U(0,x") and 7 are given by Lemma 11.3.5. Then P(D)u=0, 
uéC™ and u(0)=1. Since 


ID®.U(0, x") Ce(cte™)!*! exp (ct |x’ et) |a”|! 
by Cauchy’s inequalities, we have in K, 
(1.3.16) |D?u(x)]SC,(1 + |)!" exp(C, 22°) < C1 +e pier? 
if C,e1’"<6/2, for e& =[é|. In the same way we obtain 
(11.3.17) D*u(0)= 77 + O(|n}'#!- 8/2), 


It remains to examine the last sum in (11.3.13). In K, we have 
\x'|>c,>0 by hypothesis. We can write 


u(x) el [ek U(28, x") 7, (8)d8, 
and by Cauchy’s inequalities 
\D2U (6, x") SC#+1 exp(ct|xe"")lal!,  |81<y/2. 
Hence the proof of Proposition 8.4.2, part a, gives 
ju(x)lSCo(C'N/egt)® exp(C,te'”), xeK. 
Differentiation of u can only give a factor |¢| and change Cy, hence 


S= ¥. sup |D*u(x)| S$ C,(C’N/egt) [El exp(C,t5/2C,). 


jajsv K2 
When N=[¢,)t/e C’] this gives 
(11.3.18) SseC, exp(—cgt/eC’+ dt(vt+ C,/2C,)). 
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Choose 6 so that 6(v+C,/2 C,)<c)/eC’ and then ¢ with C, e/"<6/2. 
When € t-oo it follows from (11.3.16), (11.3.17), (11.3.18) that 
(11.3.13) is not valid. The proof is complete. 


Our next theorem is much more than a converse of Theorem 
11.3.1. 


Theorem 11.3.6. Let X be an open set in IR", x° a point in X and 
15--->0,€C1(X) real valued functions such that do, (x°),...,db,(x°) are 
linearly independent. Assume that o,(W)+0 for the space W spanned 
by d@,(x°), ...,d@,(x°) and set 


X_={xeX; (x) <,(x°) for some j=1,..., k}. 


If ueQ@(X), P(D)ueC*(X) and ueC™(X _) then ueC®™ in a neigh- 
borhood of x° which is independent of u. 


The proof of the theorem is fairly long so we postpone it to list 
some consequences which may make the reader more willing to study 
it. 


Corollary 11.3.7. Let X,<X, be open convex sets in IR" and P(D) a 
differential operator with constant coefficients. Then the following con- 
ditions are equivalent: 

(i) Every solution ueG'(X,) of the equation P(D)u=0 which has a 
C* restriction to X, is in fact in C™(X,). 

(ii) Every hyperplane H with o,(H')=0 which intersects X, also 
intersects X,. 


Proof. That (i) = Gi) follows at once from Theorem 11.3.1. To prove 
that (ii) = (i) we just have to copy the proof of Theorem 8.6.8 with the 
reference to Holmgren’s uniqueness theorem (Theorem 8.6.5) replaced 
by a reference to Theorem 11.3.6 with k=1. 


Minimal linear spaces V with o,(V’)=0 are minimal carriers of 
singularities also among sets which are not linear: 


Corollary 11.3.8. Let V be a linear subspace of R" such that ¢p(V'}=0 
but op(W')+0 for every linear subspace WoV, W+V. If P(D)ueC™ 
and sing suppucV, it follows that either sing suppu=V or that ueC~. 


Proof. Let V be defined by x’=0 and assume that for some r>0 we 
have weC™ when |x|<r. Thus ueC™ in {x=(x', x’); [x”|<r or x’ +0}. 
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If ais a linear function of x’ it follows that uweC® where 
(x)= |x"? —r? — a(x’) <0, 


for if @(x)<0 then either x’ +0 or |x”|<r. We have grad @=(—a’, 2x") 
so if x,=(0,x%), |xgl=r, the plane spanned by these gradients is 
V’@®Rx,, which is strictly larger than V’. Hence ueC®™ in a neigh- 
borhood of x. The set of all r such that weC® when |x|<r is 
therefore both open and closed which proves the corollary. 


Corollary 11.3.8 does not mean that for solutions of P(D)u=0 the 
singularities must propagate along linear spaces in the sense that for 
every x€singsuppu there is a linear space V with ¢p(V’)=0 such that 
{x}+V csingsuppu. This is true for operators of real principal type 
by Theorem 8.3.3 but not in general. For consider the differential 
operator P(D)=D,D, in R*. Set u=6d(x,)(f(x,)—g(x3)) where f and 
g are the characteristic functions of (—1,1) and (2,3) respectively. 
Then we have P(D)u=0 and Oésingsuppu but no straight line 
through 0 is contained in sing supp u. 

The proof of Theorem 11.3.6 like that of Theorem 8.3.3’ will 
depend on the construction of a fundamental solution for P(D), or 
rather a family of parametrices. As a preparation we first give anal- 
ogues of Lemmas 11.3.4 and 11.3.5 for the case where op(V') +0. 


Lemma 11.3.9. If ¢p(V')+0 it follows that there are positive constants 
b, t,, p such that for t>t, and |é|>t? we have 


(11.3.19) P(é, )2bP(E, d). 


Proof. Let 0<b<o,(V’). Then the function 
a(t)=sup {|é|; B.(é,)<bP(é, 0} 


is finite for t>1, and it is a piecewise algebraic function of t by 
Corollary A.2.4 and Theorem A.2.5. Hence there are positive con- 
stants p, t, such that a(rt)<7? if t>z,, which proves Lemma 11.3.9. 


In particular (11.3.19) is applicable when log|é|=6r if t>7;, and 
this is the form in which (11.3.19) will be used. (See also the proof of 
Theorem 11.3.1.) Here 6 denotes a small positive number. 

(11.3.19} means that one can find a large zero free region by mov- 
ing in a direction belonging to V’: 


Lemma 11.3.10. Let « and b be fixed positive numbers, k<1. Then 
there exist positive constants b, and y depending only on x, b, n and m 
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such that (11.3.19) implies that if n°eV', |\n°|=1, we have for some OeV' 
with |@|SxKt 


(11.3.20) |P(E+ itn? +26+ 0/25, P(e, 2) 
if zeC, |z|=1; CeC”, |f|<2ye. 


Proof. By (11.3.19) and (10.1.8) we have 
bP(E, )SB.(E, 0S CB,(E+ itn? tx), 


for 7°eV’. As in the proof of Lemma 11.3.5 we can choose GeV’ with 
0<|6|Stx so that 


B,.(E+itn®, tx)SC,|P(Et+itn° +26), |zj=1. 
(See (11.3.7).) If |€| 272, » <1, it follows that 
IP(E+itn? +204 |= C P(E, )—C,p P(E + itn +26, 2) 
2(C, 5 Cay) PE, 1). 
This proves the lemma. 


Remark. Conversely the inequality (11.3.20) implies already for ¢=0 
an estimate of the form (11.3.19) so (11.3.20) contains all information 
given by (11.3.19). Note that since |@|Sxt the scalar product of tn° 
+Imz@ with 7° is at least t(1—x) so the argument in (11.3.20) is 
moved effectively in the direction i7°. 


Before developing further technical details we shall indicate the 
main lines of the construction of a parametrix which we are aiming 
at. Our purpose is to interpret in the sense of (7.3.14) the integral 


E=(2xy-" feo P(Q- de 


taken over some cycle avoiding the zeros of P and which for large € is 
close to 
R*3¢ > € +167 *(log|é)n°. 

That this is useful for the study of singularities was already seen in the 
proof of Theorem 7.3.8. The reason is that the absolute value of the 
exponential is {é|-<"” on the cycle so one can expect E to be 
roughly <x,7°>/6 times differentiable at x (thus a distribution of order 
—<x,4°>/5 when <x,7°><0). To avoid the zeros of P we shall use a 
device similar to the proof of Theorem 7.3.10 but based on (11.3.20). 
This forces us to work locally and decompose the integral by a 
partition of unity. 

To make these ideas precise we set 1,(€)=67~' log(6/é|+2) and 
choose a partition of unity with mesh width yz,(¢) at ¢ where 0<y<1 
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is fixed so that (11.3.20) is valid. As in the proof of Theorem 11.3.1 we 
need good estimates for a number of derivatives proportional to t,(¢). 
In the following lemma e denotes a positive proportionality constant, 
not necessarily small, to be chosen later on. 


Lemma 11.3.11. There exists a partition of unity 1=) yz, in IR" and 
points ¢,esupp 7, such that for large j 


(11.3.21) supp 4,°B,={; ¢-E|Syts(E)}, 
the intersection of more than Cy, balls B, is always empty and 
(11.3.22) Dy (Aiscklr tel"! [al Sets(E,). 


Here C, and C, are independent of ¢ and 6. We have 
(11.3.23) per (a (a aa coo 


Proof. The metric 
Inlle=|nlvts(c)) 


is uniformly slowly varying for this is obvious when y=d=1, hence 
when y<1, and changing scales gives a general 6. The balls B, can 
then be taken from Theorem 1.4.10, and the partition of unity is 
obtained from the remark following Theorem 1.4.10 if in B, we take d; 
=1f(et,+2) when i/eSt,=1,(€,). (11.3.23) follows since the ‘sum is ma- 
jorized by the convergent integral 


J Colél-*- 226. 


iim 
For large j we have by Lemma 11.3.9 
P(g; JB bP, t), 
and using Lemma 113.10 we choose 0,€V’ so that |@,|Sxt; and 
(11.3.24) [P(E,+ itn? +20;,+ 0120, Pé,, t,) 
if |z|=1, |f|<2yt,. 
Here and in what follows z and ¢ are complex variables. Set 


(113.25) Ejx)=(2n)-" ff (Sele 5+ 7 /P(C 4. 2O)dCdz/2niz, 


|zf=1 


where €(€)=€+it,(2)y° and dt =J(2)dé, J J(=D(C()/DE. Note that 
J(€) is an analytic function of € in a conic neighborhood of IR” and 
tends to 1 at «0. When Cesupp yx; we have |¢—€,|Syt,, hence 


IC —¢,- itn |S yt,t|t,(4)—1,(E)l=7e,(1 + O(1/156,))) <3 71,/2 
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for large j. The denominator in (11.3.25) is therefore bounded from 
below in view of (11.3.24). Hence E,eC™ is defined for j>jo, and the 
discussion of (7.3.14) shows that the sum 


E=¥ £, 
exists in Z’(R"). Since oe 
PDE (x)=Cn)-" J (Qe aC 
we have if ueCZ(IR”) 


(P(D)E, u> =) (P(DJE;,u =(2n)"" J S 7,(2) 0 


i>Jjo 
Here the integral is equal to the integral of a(—Q)dl,a...adl, 
over the chain €->€+it,(¢)4° outside |) supp z, {; By Stokes’ formula 
JE Jo 


it can be replaced by integration over IR” and over a compact chain. 
Hence 


<P(D)E, uy =u(0) + f a(—Ddu(d) 
where dy is a measure of compact support. Equivalently 
P(D)E-5.=f dul’) 


where the right-hand side is an entire function of x. Thus we have a 
parametrix. 
It remains to estimate E, and its derivatives in detail. We can write 


Eo Ence eer [i eo ue eadeeyene 


where 
F,(, z)=(exp i<x, i(t5(€) —t,) 9° +20,>)J (O)/P(C(E) +26). 


F. is an analytic function of ¢ in the complex ball with center ¢, and 
radius 37t,/2, and for j>jo 


(113.26) FC. 2S C exp (ix'|+ x¢,1x') 
if €e€”, [6-2] <3yt,/2, |z|=1. In fact, for j>jg 
Is) B= GE N<CH/SIEI<1,  E-E <3 72,2, 


which gives a bound for the exponential while P({(¢é)+20) is bounded 
from below by (11.3.24) since 


IC(€)—E,—itpn°| <3 yt,/2+1<2yt,. 
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Now we can use part a) of the proof of Proposition 8.4.2 again to 
estimate 
Ej(x)= (2m) rE Pe (E408) 


-P(E,+,8, eA? dédz/2niz. 


By (11.3.26) we have 


(11.3.26)' IDEF(E,+1;8 21S CH lal exp(x|+xtjbx),  la<y, 
and (11.3.22) gives 
(41.3.22) ID*x (E+ ESCH et)", fal Ser, 


It follows that 

IE (x) S Cel*' (Cy et,/\xt,))— * exp (t(«]x'|— <x, 0°). 
For derivatives of E; we only have additional factors ({+26,) to take 
into account, so we have more generally 

[D®E,(x)| S$ Ce” '2"(C5e1,/lxt,)~? exp (t,(x1x'| + dad —<x, 0°))). 
When eC3e<|x|<2eC,2 we can use the estimates 
(Cye/lxi-? S3e7 8S 30M 

where we have written p=1/2eC,. Hence 

|D*E,(x)| S3C,e't? exp (t;(x1x'] + 6]a|-<x, n°> — p|x))) 
so it follows from (11.3.23) that Yi D*E j(x) converges uniformly in the 
set where 

e/2<p|x|<e — x|x"| + dlal—<x, 49> —p|x|< —d(n+1). 
In the set defined by 
(11.3.27) e/2<p|xi<s, K|x'|—<x,n°>-p|x|/2<0 


we obtain EéC” for any desired v when 6<4,. 

Now choose a cutoff function weC7(R") which is 1 when 
|x|<3e/S5e@ and 0 when |x|>4¢é/5p, and set F=wE. Then we have 
P(D)F =6,+@ where weEC®™ for |x|<3e/Sp and weC* for small 6 in 
the set where x|x’}—<x,7°>—p|x|/2<0. Replacing 2¢/5p by ¢ we have 
proved 


Proposition 11.3.12. Assume that V is a linear subspace of RR" with 
op(V')#0. Choose n° eV’ with |n°\=1 and x with O<x<1. For e>0 
and any positive integer v one can then find F, ,e&'(IR") such that 
|x|<2¢ in supp F, ,, the difference P(D)F,.,—6,€C™{x; |x|<e} and 


P(D)F, EC’ {x3 K|x'| —<x, 1°) ~ p|x|/2 <0}. 
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Here x’ is the residue class of x mod V and p is a positive constant 
independent of ¢ and vy. 


If u is a distribution with P(D)u= feC® when |x|<3<«, we have for 
\Ix|<e 
u=u*(d,—P(D)F, ,) + f*F, ,. 


The last term is in C™({x; |x|<e}). If weC®™ in a neighborhood of 
(11.3.28) {x; €S|xlS2e, x|x'|+ <x, 9° — p|x|/229}, 


it follows by Theorem 4.2.6 when v->co that ueC® in a neigh- 
borhood of 0. 


End of proof of Theorem 11.3.6. We may assume that x°=0 and that 
b(x)=x;t+0(|x)) as x0. Take °=—(1,...,1,0,...,0)/k with k 
coordinates equal to —1//k, and choose x<1i//k. When 
x€sing supp u we have by hypothesis x,2 —o(|x|) for j=1,...,k. Hence 
|x;—|x,||=0(|x)) then, which gives 


k k = 
x|x'|+<x, 9°> —p|xl/2SK ¥ |[x|-¥ |x,///k + 0(|x)) — px! /2 
1 1 
So(|x})— p|x|/2<0 


if e<|x|<2e and ¢ is small. It follows that ueC® in the set (11.3.28), 
hence in a neighborhood of 0, which completes the proof. 


Proposition 11.3.12 also gives some useful global information: 


Theorem 11.3.13. Let [ be a closed convex set in IR" and let V be the 
largest vector space with T+V=I. Then ue@'(R"), P(D)u=0 and 
sing suppucT implies ueC®(R") if and only if op(V) +0. 


Proof. If ¢p(V’)=0 it follows from Theorem 11.3.1 that for any ye we 
can find ueC™(R”) with P(Dju=0 and singsuppu={y}+VcT. (It ts 
easy to conclude that u can be chosen with singsuppu=F if F is any 
closed set with F+V=F.) On the other hand, assume that o,(V’)+0 
and let O¢F. Then there is a proper cone in IR"/V containing the 
image of I there. We may therefore assume that I is the inverse 
image of such a cone. The set of points where Proposition 11.3.12 can 
be used to show that uweEC™ is obviously a cone since e may be any 
positive number. In the proof of Theorem 11.3.6 we saw that it 
contains a neighborhood of 0 so it is all of IR”. 


The results of this section like those of Section 11.1 agree well with 
the classification of differential operators in Section 10.4: 
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Theorem 11.3.14. If P’ and P” are equally strong then cp(V)=0 if and 
only if gp-(V)=0. 

Proof. By Theorem 10.4.3 the hypothesis implies that 

(11.3.29) C,8P'(Ep/P(E0SC,; EER", t>1. 


From Lemmas 11.3.4 and 11.3.9 we know that o,.(V)=0 if and only if 
for some sequence €, 00 in IR” 


PAG, t)/P (Et) > 0, 
where t,=log|¢,|. Passing to a subsequence we may assume that the 
limits : 
O'(g)= lim P(E; +1,6)/P'(C,, t,), 


jr 


Q"(é)=lim P’(E;+1,6)/P'(é;, t) 
jo 


exist. In fact, the supremum of [P(E +14,6)/P'(E > tj) When ¢ varies over 
the unit ball is 1, and that of |P’(¢,+1,¢)|/P’(¢,, t,) lies between C, and 
C.,. The limits are therefore not identically 0, and (11.3.29) implies 


C, OE, t) <0", t) s C0, t), t>0. 


Letting «0 we conclude that Q”=0 when Q’=0. Since Q’=0 in V it 
follows that Q”=0 in V, so that P/(¢,,t,)/P’(é;,t;)) 70 as joo. 
Hence o,.(V)=0 and the theorem is proved. 
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By refining the proof of Theorem 11.1.7 we shall now prove precise 
estimates for the growth of the derivatives of the solutions of the 
hypoelliptic differential equation 


(11.4.1) P(D)u=0 


with the order of differentiation. 


Theorem 11.4.1. Let yeIR" and let C, p be constants such that 
(11.4.2) Ky, 1S C(a(Q)+1", eR’, 


where d(€) is the distance from & to the zeros of the hypoelliptic 
polynomial P(Q). If u is a solution of (11.4.1) in an open neighborhood of 
a compact set K, then there exists another constant C such that 


(11.4.3) Ky, Diu S Cie), j=1,2,...; xeK. 
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Remark. If y+0 it follows from (11.4.2) that ¢21, for if P(¢,)=0 we 
have d(2)S|é—fol. 

The proof of Theorem 11.4.1 follows readily from the following 
theorem where we use the notation 


i|u, Xl] =( 2, gran 5 |P (D)ul? dx)*. 


Theorem 11.4.2. Let X be an open set in IR" and denote by X, the set 
of points in X with distance >6 to the boundary of X. If (11.4.2) holds, 
then there is a constant C, independent of u, 6 and X such that for 
every solution of (11.4.1) in X and all 6 with 0<6<1 we have 


(11.4.4) Xv, D>u, XsllgSCO7? lu, X ||5. 


Proof of Theorem 11.4.1. Using Theorem 11.4.2 it is easy to prove 
Theorem 11.4.1. In fact, let X¥ be a neighborhood of K where P(D)u 
=0 and all derivatives of u are in L’. Iteration of (11.4.4) gives 


(11.4.5) Xv, D>? u, X jallsS CF 5-7 Ju, Xs 
for every positive integer j. Fix a constant c with 0<c<1 such that 


KcX, and set d=c/j. Since P® is a constant +0 for some o with || 
=m and since P™(D)uel?(X) for every 4, this gives with another C 


(11.4.6) { Ky, Dyiul?dxs Ci), j=1,2,.... 
Xe 


To pass to the pointwise estimate (11.4.3) we now use the inequality 


(11.4.7) sup |u(x)|7 SC Yo f|DFul?dx, ueC”(X)), 
xeK 


[Bl Sn 


which follows from Lemma 7.6.3 after a change of scales. If we apply 
(11.4.6) to D®u for all 8 with |B|<n, add the estimates so obtained, 
and use (11.4.7) with u replaced by <y, D>/u, then (11.4.3) follows. 


In the proof of Theorem 11.4.2 we shall use the norms 
(11.4.8) Holl, = ello a. 
where e>0 and 
(11.4.9) d, (Sy=(L+ed(€)y°. 


(Recall that d(€) is the distance from & to the zeros of P.) Since by the 
triangle inequality d(é+7)<d(é)+|nl, it follows that 


(11.4.10) d, (E+) Sd, (E)(1 + eln|)*! 


which in particular proves that d, 6%. 
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Lemma 11.4.3. If ve CPR") and e>0, we have 
(114.11) Yo en ?2*P@(D)ofl2, SCY e772 FPO (D)oIll2,,. 
aso fed 


Stlic= 


Proof. The estimate (11.4.11) follows from the inequality 
(114.12) (1+ed(@)? Ye ?7*POAPASCY e727 |POS?,  ZelR", 
2+0 ca 


if we multiply by (27)~"|d, ,(Z)é(O|? and integrate with respect to é. 
Now the inequality (11.4.12) is trivial when ed(é)<1 if C24. On the 
other hand, if ed(é)2=1 and ja|21, we have 

(1 + ed(&))? e—2!*!|P@ (2)? S427 d(E)? e- 7!*!| | POE)? <4 d(Z)?*! | POE)? 
Hence (11.4.12) follows from Lemma 11.1.4. 


Estimates for solutions u of (11.4.1) will be obtained by applying 
Lemma 11.4.3 to the product of u with suitable functions in CP (X). 


Lemma 11.4.4. Let ¢€CF(R") and set $*(x)=@(x/e) when e>0. Then 
we have for all multi-indices « and integers j 

(11.4.13) (2n)-" Fle" (OA +elEdESC, ,e- 

where C, , is independent of «. 


Proof. Since $°(€)=e"G(eé), we obtain (11.4.13) by introducing ef as a 
new variable and noting that def. 


Lemma 11.4.5. Let u be a solution of the equation (11.4.1) defined in 
the ball B,={x; |x|<e}, ler peECZ(B,), and let s be an integer 20. 
Then we have 
(114.14) Ye FPO Dg w\lfZ.SC Fe 2! | (POD) ul?dx, 

2+=0 ato Be 


t= 


where C is independent of ¢ and u. 


Proof. To prove (11.4.14) for s=0 we note that |[-|llp., is the ’ norm. 
Since ¢!*! sup |D*°|<sup |D*¢|, the inequality (11.4.14) is then a con- 
sequence of the identity 


e~ | P@(D)(gtujy=> g'Fl DF be em la+Bl ple+B)(D)u/B!. 
In proving (11.4.14) when s>0 we may thus assume that it is already 


proved for an arbitrary ¢¢CJ(B,) when s is replaced by s—1i. From 
(11.4.11) we obtain 


(114.15) )o a? P@(D)(p ul? SCY o> FNP (D)(S* wlll; 


S—l.e* 
ax=0 
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To study the term with a=0 in the right-hand side, we choose a 
function weCF(B,) such that Y=1 in a neighborhood of supp ¢. 
Since d'u=@*(W*u) and ¢° P(D) (iu) = d P(D)u=0, we obtain by Leib- 
niz formula 


(11.4.16) P(D)(¢'u)= Y D*6* P®(D)(W*u)/a!. 
a+0 


Now we can estimate the norms of the terms in the right-hand side of 
(11.4.16) by using Theorem 10.1.15, (11.4.10) and (11.4.13). This gives 


(114.17) [lP(D)(G*uy)ll,_ 1S = 2, Cy p12 IPOD)" u)Il_ se. 


(11.4.14) now follows from (11.4.15) and (11.4.17) since we have as- 
sumed that (11.4.14) is already proved when s is replaced by s—1. 


Lemma 11.4.6. Let (11.4.2) be valid. Then there is a constant C such 
that if P(D)u=0 in B, and 0<eS1 we have 
2p » gn Ziel { |P@(D)<y, D> ul? dx 


a2+0 Bez 


a aD Bee ae ) |P®(D)ul? dx. 


a0 


Proof. Let s be the smallest integer such that s2p, where p is the 
exponent in (11.4.2). It follows from (11.4.2) that 


Ky, 1S Ci +ed(OyeSCd, (2) if 0<eS1 and €eR". 
Hence Parseval’s formula gives 
a? y,D>vP?dx SC? ollZ.; O<eS1, veCP(R’). 


SE? 


Let ¢eCH(B,) be equal to 1 in B,. If we apply the estimate just 
proved to v=P(D)(d*u) and use (11. 4.14), we obtain with another 
constant C 


2? Yee [PO(D)<y, Dy(S ul}? dxSC Yom? { [POUD)ul?de. 
a=0 a0 


Since ¢*=1 in B.>, the lemma is proved. 


Proof of Theorem 11.4.2. When the hypotheses of Theorem 11.4.2 are 
fulfilled and zeX,, O<eX1, we obtain by applying Lemma 11.4.6 to 
u(.+2z) 
ery eth Of PE! DCy D> ul dx 
20 jx—s}<e/2 


2C Net of Pe Dyalfdx: 


a+O0 jx-zl<e 


11.4. Estimates for Derivatives of High Order 89 


We now integrate the two sides with respect to z over X, and invert 
the order of integration. The integral with respect to z in the right- 
hand side is <m(B,) and vanishes if x¢X. When xeX,, the integral 
with respect to z in the left-hand side is equal to m(B,,.)=27"m(B,). 
Hence we obtain 


2-20 SF e-2lel [ |P@NKD)<y, Dy ul? dx 


atO X2¢e 


SCY 277! |(P@E(D)ul?dx, O<eS1, 
a0 x 
which implies (11.4.4) if we choose ¢= 6/2. 


Remark. A simple modification of the proofs of Theorems 11.4.1 and 
11.4.2 gives results for solutions of inhomogeneous equations P(D)u 
=f also. 

We shall now prove that Theorem 11.4.1 gives the best possible 
result. 


Theorem 11.4.7. Let yeIR” and x°eX, where X is an open set in R". 
Assume that a sequence M, has the property that for every solution of 
the hypoelliptic equation (11.4.1) in X there is a constant C such that 


(11.4.18) Ky, D>iu(x®|S CIM, j=1,2,.... 

Then there is a number o and positive constants c, C such that 
(11.4.19) M,2cj",  j=1,2,... 

(11.4.20) Ky, OSC +(Im cl)",  P(C)=0. 


Proof. Let W be the set of all solutions of (11.4.1) in X with the 
topology induced by Li,.(X)=B's*,(X). According to Theorem 4.4.2 


this topology is identical with that induced by C™(X), which proves 
that the set 


(114.21) 9 Fh={u; uew, Cy, D>u(x)| S7'M,, j=1,2,..} 


is closed for every integer r. By hypothesis we have (] F=, and 


zt 
since A is a Fréchet space, it follows from Baire’s theorem that F, has 
an interior point for a suitable choice of r. Since F. is convex and 
symmetric the origin must be an interior point. Hence there is a 
number 6>0 and a compact set K such that F. contains every ue.” 
with L? norm <6 over K. But then we have for every u 


(114.22) Ky, Diu(x|SriM,6-*(f lul?dx)?,  f=1,2,... 
K 
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for this inequality is homogeneous with respect to u and it is valid 
when the L* norm of u over K is equal to 6. 

Now take any CeC" with P(f)=0 and set u(x)=e'*” in (11.4.22). 
If A is an upper bound for |x—x®| when xeK, this gives with a 
constant C 


(11.4.23) Ky, OFS CriMe4l j=1,2,.... 


Let u(t) be the supremum of |<y, >| when P({)=0 and |ImC|Sc. 
From Corollary A.2.6 it follows that there are constants a and b such 
that 


(11.4.24) H{t)=2br*(1+o(1)), 100. 


Thus the inequality (11.4.20) is valid with o=a if C is sufficiently 
large. On the other hand, since it follows from (11.4.24) that u(t) 2b77 
for large zt, the inequality (11.4.23) implies 


(11.4.25) M = Co (b/r)iztien 4 


for large t. If we choose t=j the inequality (11.4.19) follows for large j 
with ¢g=a. The proof is complete. 


We shall now compare the conditions (11.4.2) and (11.4.20) when 
n>. 


Theorem 11.4.8. Let P be a hypoelliptic polynomial and denote the 
distance from € to the zeros of P by d(2). Then the inequality 


(11.4.26) Ky O1SC(d(H+1, F|elR’, 


is valid for some constant C if and only if for another constant C we 
have 


(11.4.27) Ky, OlSC(lIm (/+1; fe", P(Q=0. 
Proof. We may assume that y+0. Each of the inequalities (11.4.26) 


and (11.4.27) then implies that p21. If ¢=&+in with real €, y, and if 
P()=0, we have d(¢)<|n|, so it follows from (11.4.26) that 


Ky, COISKy, E> +ICy, mis C(lmi+ 1)? +h yl th 


which implies (11.4.27) since p21. On the other hand, assume that 
(11.4.27) is valid. If ¢€IR" we can choose £ so that P({)=0 and |f—€| 
=d(é). Then we have |Im ¢] <d(é), hence 


Ky, Sky. ¢-Ol+iy, Olsiyld(e)+ Cag +1y. 


Since p21, the inequality (11.4.26) follows. The proof is complete. 
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Definition 11.4.9. The smallest number p such that (11.4.26) or 
(11.4.27) is valid for some C will be denoted by p(y), yeR". 


Note that the existence of a smallest exponent p follows from the 
proof of Theorem 11.4.7. The function p(y) is of a very special kind: 


Theorem 11.4.10. There exists a strictly increasing family of subspaces 
of R", 
{(O}=G,cG,c...cG,=R" 


and a strictly increasing sequence of rational numbers p,,...,p, all 21, 
so that p(y)=p, if j is the smallest integer such that yeG,. 


Proof. It is obvious that 


(11.4.28) P(t, ¥; +t2¥2)Smax (p(y,), p(V2))- 


But this means that for every real p the set 


G,={y; p(y) Sp} 


is a linear subspace of JR”, increasing with p. The dimension of G, is 
an increasing function with only a finite number of discontinuities 
-+5 P,- We have 


{0}<G, ¢G,,c...¢G, =R’, 


and p(y)=p; if G, is the first of these spaces which contains y. 
Changing notations ‘slightly, we have proved the theorem. 


We now assume that the coordinate system is chosen so that the 
spaces G, are defined by the equations 
(11.4.29) x,=0 if j>dimG,. 
If we write p, for p(e,), where e, is the unit vector along the PP 
coordinate axis, it is then clear that p(y)=p, where j is the largest 
index with y,+0. 


Definition 11.4.11. By F(X) we denote the set of functions weC™(X) 
such that for every compact set K CX there is a constant C for which 
the inequality 


(11.4.30) [D* u(x] SS CitI* 1 yet gh x EK, 
is valid for every multi-index «. 


Theorem 11.4.12. The solutions of (11.4.1) in X are of class T(X) 
with p defined as above. 
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The slight modifications of the proof of Theorem 11.4.1 which give 
this result are left for the reader. When p,=1 for every j, the class 
I”)(X) consists of all real analytic functions in X. This leads to the 
following corollary. 


Corollary 11.4.13. All solutions of the equation P(D)u=0 are (real) 
analytic if and only if P(D) is elliptic. 


Proof. If P is elliptic, it follows from (10.4.12) that 
P®()/P(E)=0(\é)~'*!) 


when €-co in R*. In view of Lemma 11.1.4 this implies that |é|/d(€) 
is bounded when € +00, hence p(y)=1 for every y. Thus the solutions 
of the equation P(D)u=0 are analytic according to Theorem 11.4.12. 
This is of course also a very special case of Theorem 8.6.1. 

On the other hand, if all solutions are analytic, we have p(y)=1 
for every y, hence [¢|/d(é) is bounded when £ > oo. If m is the order of 
P, we can choose a so that |jg/=m and P®=+0. Then it follows from 
Lemma 11.1.4 that |é|"/P(® is bounded when ¢ > oo. In particular, for 
every real € +0 the quotient |é|"/P(té) is bounded when t ~ 00, which 
proves that P.(¢)+0. Hence P is elliptic. (This is also a consequence 
of Theorem 8.6.7.) 


Theorem 11.4.14. Definition 11.4.9 assigns the same function p to any 
two equally strong hypoelliptic operators. 


Proof. This is an immediate consequence of (11.1.10). 


Example 11.4.15. For the semi-elliptic operators in Theorem 11.1.11 
we have p,=m/m, where m=supm, is the order of the operator. 


Notes 


Petrowsky [3] proved that all classical solutions of a partial differen- 
tial equation with constant coefficients are analytic if and only if the 
equation is elliptic (Corollary 11.4.13). He also gave a proof of the 
analyticity of the solutions of (non-linear) analytic elliptic differential 
equations, thus extending the results of S. Bernstein [1]. The differenti- 
ability of weak solutions is important in the applications of variational 
calculus (Dirichlet’s principle) and was first proved for the Laplace 
equation by Weyl [1]. Such results have therefore often been called 
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extensions of Weyl’s lemma. In most early work the proofs depend on 
representation formulas involving fundamental solutions but in the 
1950’s alternative methods depending on precise estimates for so- 
lutions with compact supports of inhomogeneous equations were de- 
veloped. (See e.g. Schwartz [1], John [2], Friedrichs [3], Lax [2], 
Nirenberg [1].) 

Hypoelliptic equations with constant coefficients were character- 
ized in Hoérmander [1] by means of a construction of fundamental 
solutions. (The algebraic conditions are in fact suggested by the proofs 
of Petrowsky [3].) In Section 11.1 we first follow this approach, using 
the precise results on fundamental solutions from Section 10.2 though. 
Alternative more elementary proofs are then given which depend on 
the study of the operator P(D) in &’ given in Section 10.3 (cf. Mal- 
grange [2], Hormander [4], Peetre [1]). The results on partial hy- 
poellipticity in Section 11.2 are due to Garding and Malgrange [1] 
and to Ehrenpreis [3]. 

Theorem 7.3.9 implies that if P(D)ueC® and uweC® outside a 
strictly convex surface S then ueC®™ in a neighborhood of S. This was 
first proved by Malgrange [3] and John [4]. The general results in 
Section 11.3 on propagation of differentiability across other surfaces 
are due to Hérmander [30]. 

As already mentioned the results proved in Section 11.4 go back 
to Petrowsky [3] for general elliptic equations. For the heat equation 
they are due to Holmgren [2]. The general results were obtained in 
Hormander [1,6]. The method of proof used here goes back to 
Gevrey [1]. 


Chapter XII. The Cauchy 
and Mixed Problems 


Summary 


To solve the Cauchy problem for a differential operator P(D) with 
data on a hypersurface S={x; p(x)=0} means, roughly speaking, to 
find a solution u of the equation 


(12.1) P(Dju=f 
with given f so that for another given function ¢ 
(12.2) u(x)— 6(x)=O(p(x)”) when p(x) 0. 


Here m is the order of P. If u—@ is sufficiently differentiable, the 
condition (12.2) is of course equivalent to the vanishing on S of u-@ 
and all its derivatives of order <m in a direction transversal to S. 
This is the form in which the Cauchy problem is usually given. 

The condition (12.2) means that we can write u=@+p"v. When p 
=0 the equation (12.1) gives m! P,(p'/i)u= f— P(D)¢. If S is non-charac- 
teristic, that is, P,(o’)+0 when p=0, we can then compute v when p 
=0. If all data are in C® we can continue this process and determine 
the Taylor expansion of u on S$ in one and only one way so that (12.1) 
is fi:lfilled of infinite order on S. This is the formal reason for believ- 
ing in the soundness of the Cauchy problem. However, we shall find 
that in contrast to the analytic case studied in Section 9.4 such faith is 
only justified for certain classes of operators P(D) and surfaces S. 

If we write u=@+v then the Cauchy problem is reduced to one 
with homogeneous Cauchy data. Changing notation we may thus 
assume that the boundary condition has the homogeneous form 


(12.2) u(x) = O(p(x)"). 


If we set U, =u, F, =f when p>0, U, =F, =0 when p<0, it follows 
from (12.1) and (12.2) that P(D)U,=F., in the distribution sense; 
conversely this implies (12.1) and (12.2) when p(x)>0 if S is non- 
characteristic. (The other side of S can be handled in the same way.) 
Thus the Cauchy problem with homogeneous Cauchy data is then 
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equivalent to finding a solution of (12.1) vanishing on one side of S 
when f does. This is how the Cauchy problem should be stated when 
S is characteristic or the data are not very smooth. 

To make the preceding vague outline precise we start in Section 
12.1 with a detailed discussion of the wave equation. It culminates in 
the beautiful explicit solution formulas of M. Riesz in the four dimen- 
sional case. In Section 12.2 we discuss the Cauchy problem for the 
wave equation when the initial data are highly oscillatory. The asymp- 
totic formulas of geometrical optics are given, including a discussion 
of the simplest kind of caustics. This will serve as a guide for a study 
of operators with variable coefficients later on, and is also of inde- 
pendent interest. However, the results of Section 12.2 and most of 
those in Section 12.1 are not required for the rest of this chapter or 
indeed this volume. 

In Section 12.3 we begin the systematic study of the Cauchy 
problem by proving that the Cauchy problem for P(D) with data on a 
non-characteristic hyperplane <x, N>=0 cannot be solved in general 
unless P is hyperbolic with respect to N. This means that one can find 
tT, such that P(€+itN)+0 if €€R" and t<ty. A detailed study of 
such polynomials is made in Section 12.4. We show that P is also 
hyperbolic with respect to —N or any vector in a convex cone 
I'(P, N) containing N. Furthermore, P is hyperbolic if and only if the 
principal part P, is hyperbolic, that is, the zeros t of P,(€+71N) are 
real for real €, and in addition the lower order terms are weaker than 
P. With these results available it is easy to construct in Section 12.5 
a fundamental solution of a hyperbolic operator with support in the 
dual cone '°(P,N). The Cauchy problem is then studied just as in 
Section 12.1. Section 12.6 is devoted to a study of the singularities of 
the fundamental solution and to the Herglotz-Petrowsky formulas for 
it outside the singular support. In Section 12.7 we prove a uniqueness 
theorem which roughly speaking shows that the Cauchy data for 
which a non-characteristic Cauchy problem can be solved are coherent 
if the principal part is not hyperbolic. This means that they are 
uniquely determined in an open set by the restriction to the comple- 
ment of a compact subset. Section 12.8 is devoted to the Cauchy 
problem with data on a characteristic hyperplane. There is no unique- 
ness then, but we characterize the operators for which an existence 
theorem is valid. Simple examples are the heat equation and the 
Schrédinger equation. However, the general theory is quite technical, 
and the results will not be needed in the sequel. In Section 12.9, 
finally, we study mixed problems in a quarter space. Thus Cauchy 
boundary conditions are required on one boundary plane and some 
other differential boundary conditions with constant coefficients are 
imposed on the other boundary plane. 
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12.1. The Cauchy Problem for the Wave Equation 


In Section 6.2 we constructed a fundamental solution E, of the wave 
operator in R"*? 


n 
Di =c72 62/0? -— A=c~282/8r2-Y @/Ax? 
1 


which has support in the forward light cone 
{(4 x); ct2|x]}. 


We shall now discuss how it can be used to solve the Cauchy problem 
in the half space 


H={(t, x); 120}. 


First we prove a uniqueness theorem; it is of course a special case of 
Corollary 8.6.9. The argument was already given in the proof of 
Theorem 6.2.4. 


Theorem 12.1.1. Suppose that ue C*(H), (u=0 in H and u=6u/ét=0 
when t=0. Then u=0 in H. 


Proof. Set U=u in H and U=0 in [H. Then UeC' and QU=0 in 
R"*? by Theorem 3.1.9. Hence the remarks at the end of Section 4.2 
give 

U=6*U=(OE,)*U=E,*DU=0 
for the map 

suppE, x Ha{(t, x), (s, y>t+s, x+y) 


is proper since s+t<C implies s<C, t<C, hence |x|<cC, if s=0, 
tz0. 


The proof of an existence theorem is similar: 


Theorem 12.1.2. Let v be an integer >(n—3)/2 and k an integer 22. 
Then the Cauchy problem 


(121.1) [lu=fin H, u=u, and 6Gu/ét=u, when t=0 


has a solution ue C*(H) for every feC***(H) and uj C****?-7(R"). 
There is no other C* solution. 


Proof.” The last statement follows since the difference between two 
solutions must be 0 by Theorem 12.1.1. To prove the existence we 
assume first that u,=u, =O and that 6*f=0 when r=0 and jal|Sk+v. 


If 
F=f in H, F=0 in (H, 
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it follows then that F ¢ C***(R"* +). The convolution 
U=E_*F 


is well defined as we have seen in the proof of Theorem 12.1.1, we 
have U=0 in fH and QU=6«F=F. Now E, =0 when cr</x|, and 
for t>0 
B= ey r (R),. Reer ax. 

Since (n—1)/2Sv+1, Theorem 6.1.2 shows that the order of E, in 
R"*+~0 is at most v if v2O0, and the proof of Theorem 3.2.3 extends 
this conclusion to R"*+. If v=—1 then n=1 (or 0) and the explicit 
formula for E, shows that E, and its first order derivatives are of 
order 0. Hence UeC*(IR"**) so the restriction of U to H has the 
required properties. 

The proof of Theorem 12.1.2 in the general case is reduced to the 
special case already considered if we put u= w+v where veC*t’*? 
and 

e{f-—Ovj=0, uy=v, u,=év/6t when r=0, !ajskt+v. 


The conditions on v mean that when r=0 
(12.1.2) v=uy, Cv/ét=u,, 
G2 yfOrit2=cPA(ft Avot, OSjSk+v. 
If we write 
(12.1.3) @v/év=u, when t=0, OSjSk+v+2 
then (12.1.2) means that we know uw, and u, and that 
uj;,2=C(Gf/6+ Au) when t=0, OSjSk+v. 


This permits us to compute u,,u,,... successively. By induction we 
obtain u,eC**"*?-4, OSjSk+v+2, and (12.1.2) is equivalent to 
(12.1.3) with these u;. Now Corollary 1.3.4 guarantees the existence of 
a function ve C***? satisfying (12.1.3), which completes the proof. 


Since we know E_ explicitly we can use the preceding proof to 
derive explicit formulas for the solution of the Cauchy problem 
(12.1.1). For the sake of simplicity we restrict ourselves to the physi- 
cally important case n=3. According to (6.2.7) the fundamental so- 
lution is then given by 


KE, 69 =(40)~* | d(xi/c, x)dx/|x|, ge C,(R*). 
R3 


Let u be the solution of the Cauchy problem in Theorem 12.1.2, and 
set with ye C* (UR) equal to 0 on (— 0, 0) and 1 on (1, 00) 


u,(t, x)= 7 (t/s) u(t, x). 
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To determine u in H we observe that 


2 


Ou, (t, x)= fx(t/e) +207? Guféty (t/e/et+c77 uy’ (t/e)/e?. 


When t>e we have u(t, x)=u,(t, x)=E,*Cu,(t,x) or explicitly in 
terms of polar coordinates in R? 


u(t, x)=(42)—' ((f(t—r/c, x ra) x(t —r/c)/e) 
t+c7?Qul(t—r/c, x—ra)y ((t—r/c)/e) e~* 
+u(t—r/c, x—re) x" ((t—1r/c)/e)e~))rdrdo. 

In the last term we integrate by parts noting that 
X ((t—r/c)/s) (ec) * = —(6/ér) x'((t—r/0)/e), 


and that 7'((t—r/c)/s)/e>0(t—r/c)=cd(ct—r) as e0. When r=ct we 
have 


(ru(t—r/c, x—ro@))=u(x—tc@)—tu,(x—te@) 


9] 


—ct<w, 6/Ex> up(x—tcw). 


Letting e~0 we obtain again Kirchoffs formula (cf. (7.3.8)) 


(12.1.4) u(t, x)=(4n)~* J f(t—lyi/e,x—y)dy/lyl 


ly] <et 
+(4x)-* fo (up(x+tew)+tu,(x+tc@) 
fof=1 
+c¢t<, 6/6x> ug(x +tcw)) dw. 


Here dw denotes the element of area on the unit sphere in R*. 

The proof of Theorems 12.1.1 and 12.1.2 can easily be adapted to 
handle the Cauchy problem for any spacelike surface, that is, any 
smooth surface in IR'*” which has precisely one transversal intersec- 
tion with every line with direction in the closed light cone. In particu- 
lar, such a surface intersects the lines in the direction of the ¢ axis, so 
the surface is defined by an equation 


t=S(x). 
Here |S’|<1/c since there would otherwise be tangents belonging to 
the light cone. In addition 
|x]—c|S(x)} > co as x-o. 


In fact, for any T>0 the intersection with the light cone placed at 
(T, 0) or (—T, 0) must be compact, since the intersection with a ray is 
a continuous function of the direction. Hence the sets 


tx; ¢T—c Six)2|x]}, {x5 cS(x)+eT 2 |x\} 


12.1. The Cauchy Problem for the Wave Equation 99 


are compact and therefore the union {x; |x|—c|S(x)|ScT} its com- 
pact. 

Let H be the set defined by r2S(x). We shall study the Cauchy 
problem 


(1214Y u=fin H, u=u, and éu/ét=u, on ¢H. 


Since the backward light cone with vertex at any point in H has a 
compact intersection with H, the proof of the uniqueness (Theorem 
12.1.1) remains unchanged. We assume that the boundary ¢H is in 
c****?. that is, that SeC**’**. As in the proof of Theorem 12.1.2 we 
can then compute the derivatives of u on @H from the data in (12.1.1) 
and obtain on ¢H 


BiufetieCtr’t2-i OS j<k+v4+2-j. 


The existence proof then proceeds as before. 


We shall now show that the discussion which led to Kirchoff’s 
formula can also be modified and that it gives a formula of M. Riesz. 
Assuming that the origin is in the interior of H we shall compute u 
there. Let s be any smooth function such that H and ¢H are defined 
by s2=0 and s=0 respectively and ds+0 on GH. We could take s=t 
—S(x) but it is better to leave the choice open for the time being. 
Choose y as in the proof of (12.1.4) and set 


x(S)=Z(S/e), u(x) =z,(s) ult, x). 
We shall use the notation p for the quadratic form t7/c* —|&|? dual to 
R=c?t?—|x|? and also for the corresponding symmetric bilinear form. 
Thus 1] =:(6), and if E=E_ we have for small ¢ 
u(0)=u,(0)=<E, Ou, = —<e(E’, ui), 1) 
= —Cp(E*u’), 4.9 —<0(E Su, x 
=<E, 4, lu> +E pu), 4>— ple S),7.): 
Here E=c6(R)/27 so 
P(E’, s')=cd'(R) p(R,, 8')/2 2. 
We fix the choice of s now so that 
(12.1.5) —1= (R’, s'))=2()) x, 6s/éx,;+1és/6t) 


near the intersection 2 of GH and the support of E. This is consistent 
with s being positive above CH. Before letting c-0 we must remove 
the term involving 6’(R). To do so we choose a vector field V near 2 
so that 


(12.1.6) {Vs >=0, (VR D=1. 
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which is possible since s’ and R’ are linearly independent on 2. Then 
we have 


<6'(R) x.(s),u> = — 6(R) x(s), div(Vu)>, 
for the right-hand side is 
<((R) x.(S)), Vu =< d'(R) CV, RD 4,(5), U> + (O(R) XE(S) <V, SD, uD 


and simplifies to the desired result by (12.1.6). Letting ¢--0 we now 
obtain 


(12.1.7) u(0)=(4z)"* fs Du(—tyl/e, y)dy/ly! 


(=lyl/c. pe 


+c(2n)-} <d(R, s), p(s’, u’)--div(Vu)). 


Here 4(R, s) is the pullback of 5, in R? so it is a positive density on 
*. Now 2 is a Riemannian manifold with the metric induced by 
—R(dX), X=(t,x,,X2,X3) for this is positive even on the spacelike 
surface 6H. 


Lemma 12.1.3. cd(R, s) is the Riemannian surface measure on 2. 


Proof. Near any point on 2 we can introduce local coordinates y 
=(¥,, V2.3, ¥4) so that y, =R, y, =s. Then we have by (6.1.1) 


c<O(R, 5), 6>=J | G(X (0, 0, ys, valcldet EX/éyldys dy, 


when ¢ has small support. Set g/*= —p(y;, y;). Then g** =0 on Z, and 
g?=1 by (12.1.5). Thus det (g'/)?,_,=—1+0. We can therefore re- 
place y,, y, by new coordinates 


2 
F=Vet Di) Vj k=3,4, 
L 


equal to the old ones on 2, such that on 2 


O= o(F;, Y= PV ps Y -Saore" i=1,2; k=3,4. 


Hence we may assume that g‘/=0 if i<2 and j23. Then we have 
det (g)7,,_ = —det(g)},_, =c77 |detéy/EX/?. 
The pseudo-Riemannian metric 
-R(dX)=) g;,dy;4y, 


has the inverse matrix, so det (23) 7. 3=c7 |det@X/dyl*. Since the 
Riemannian surface measure is (det(g,,)7,_3)''?dy3dy4 the lemma is 
proved. 
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The vector field V is only determined by (12.1.6) up to a vector 
field which is tangential to =. To make a definite choice of V we 
require that 


(12.1.8) View >=apls W)+bo(Riv), wec’. 
for some functions a and b to be determined. This is equivalent to 
R(V, h=adt, s>+b<t, RD 


so on 2 the meaning is that R(V, )=0 ift is a tangent. The conditions 
(12.1.6) now become 


(12.1.9) ap(s,s)=b, ~at+4bR=1 
if we recall (12.1.5) and note that o(R’, R)=4R. Thus 
(12.1.10) a=—1/1-4Rop(s,s)), 
=— p(s’, s\/(1-4Rp(s, s’)). 
On 2 we have a= ~—1 and b= — p(s’, s’), so using (12.1.8) we can write 


the interesting quantity in the right hand side of (12.1.7) in the form 
p(s’, uw’) — div (Vu)= p(s’, uw’) + p(s’, uw’) + 0(s', 8) p(R’, w)—u divV 
= p(6, u')—udiv V, O=2s'+ p(s’, sR’. 
From (12.1.5) we obtain on £ 
(8, R')=2 p(s’, R= —2, 
p(O, H=4 p(s’, +4 p(s, 5) p(s’, RJ =0. 


If L is the vector corresponding to the covector 9 by p(w’, #)=<L, w’>, 
then ZL is isotropic, that is, R(L,L)=0; L is R-orthogonal to T(2) 
since 6 is a linear combination of s' and R’, and <L, R’)=—2. These 
conditions determine L on 2; it is the reflection in 2 of the light ray 
coming from 0. 

To compute divV we integrate (12.1.8) for a test function w and 
obtain 

divV=p(a’,s)+aQst+p(b’", R)+bD0R. 


When R=s=0 we have by (12.1.10) 
a= —4R’ p(s’,s'), thus p(a’,s)=4 p(s’, 5‘), pla’, R'‘)=0. 
Recalling that b=ap(s’, s‘} we obtain on 2 
p(b, R)=ap(p(s', s'y, R)= — p(o(s', s'Y, R’). 


Now s’ is homogeneous of degree —1 by (12.1.5) for st+logy —t is 
homogeneous of degree 0. Hence p(s’, s’) is homogeneous of degree 
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—2 and (cf. (12.1.5)) 

— plols’, s'Y, R)=4 p(s, s'). 
Finally bo R= —8 p(s’, s’) so we obtain on 2 
(12.1.11) —divV=(Js. 


The restriction of [Js to 2 does not change if we replace s by 
another function s+gq which satisfies (12.1.5) and vanishes on 2. For 
then we have g=0 when R=0 so we can write q=fR where 


olf’ R+Rf,R)=0, that is, p(f’, R)+4f=0. 
When R=0 we obtain 
Oq=OR)=2p(f', R)+fOR=—8f+8f =9. 


This was of course to be expected because of the role played by (Js in 
(12.1.7). 

With polar coordinates in IR* we can define 2 by —tc=r 
=expwW(w) and can then take 


s= —(log |et|—w(x/|x\))/2 
for this is a solution of (12.1.5). When cr= —|x| we obtain 
Os=(lx17? — AW(x/|x)))/2. 
With polar coordinates in IR? we have, if A, denotes the Laplacean 
in S?, 
A=r-* A 4297} 6/ér+ 67 /6r? 


where the last two terms annihilate every function which is homo- 
geneous of degree 0. Hence 


(12.1.12) Os=(1— A, W)/2|x|?. 


The preceding description of = identifies © with S?. The metric in 
& induced by —R(dX) is then 


(wdr+rde, wdr+rdo)—dr? =r? (dw, dw) =e?" (da, da) 


where (dw, dw) is the standard line element in the sphere. 


Lemma 12.1.4. The Gaussian curvature of the line element 
e24)(dq@, dw) 
on S? is equal to e~*¥(1~ A.W). 


Proof. We consider S? as embedded in IR? and prove the assertion at 
(0, 0, ~1) where we take x, and x, as local coordinates. Since }’x,dx, 
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=0 the standard line element is 
dx} +dx3+(x,dx,+x,dx,)?/(1—x? —x3). 
Up to third order terms the metric tensor to consider is therefore 
yer (14x73), 8 = O7"X4 Xa, Bo HOM (1 +3). 


At 0 we have 818227 81256 and the Christoffel symbols are 


Ty 4,=27) Gg, ,/@x, =e" GW/éx,, 
Dyy= 7" BW/Ex, 

Typo 277 6g, ,/6xy +08, ,/x, = —e7" BW/Exy, 
Ty,,=—e7** GW/ex,, 
Ty5,=271 €g, ,/Ex, =e?" OW/éx, 


Hence we have at 0, if R is the Riemann curvature tensor, 
Ryoy9 =O? 84 2/EX, x, — (0 g, ,/Ex3 + 67g, /Ex9)/2 
=YUR, Ti Dae aad 
=e7" —e74(2 Aw +4 [w']7)/2 + er (IW? + IW?) 
=e?¥(1— Aw). 


At 0 the Laplacean in the unit sphere is the standard Laplacean in 
(x,,X,) which completes the proof of the lemma. 


We have now computed all the quantities occurring in (12.1.7) and 
can sum up the result as the following theorem of M. Riesz (see 
Fig. 3): 


Theorem 12.1.5. Let H be the set in IR?*' above a smooth spacelike 
surface CH, let (t,x)EH~éH and denote by Z the intersection of CH 
and the light cone with vertex at (t,x). Define a vector field L on X so 
that on X 


R(L,L)=0,  ¢L,R'(.-(¢,x))=—-2, RIL, T(Z))=0. 
Then the solution of the Cauchy problem (12.1.1’) is given by 
(12.113) u(t,x)=(4m)-* ff (eI yi/e, y)dy/ly 


@-lyl/c, eH 


+(42)~ * Lula) K( a)do+(2 mo" |<, u'ydo 


where do is the Riemannian surface element of the metric defined by 
—R(dX) on © and K is the Gaussian curvature of =. Here R=c*t* 
—|x|? is the Lorentz form. 
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Fig. 3. The backward light cone, 2 and L 


When u=1 identically we obtain 


{K(o)do=4n 


which is of course a consequence of the Gauss-Bonnet formula. 


12.2. The Oscillatory Cauchy Problem 
for the Wave Equation 


Already the Riesz formula (Theorem 12.1.5) shows that the light rays 
of geometrical optics have a prominent role in the solution of the 
Cauchy problem for the wave equation. This becomes still more 
pronounced if one considers highly oscillatory initial data as we shall 
do in this section. (This is essentially the well known fact that radio 
waves propagate more and more along straight lines as the frequency 
increases.) We restrict ourselves to the homogeneous wave equation in 
IR"** with unit speed of light, and pose the Cauchy data on the plane 
t=Q, 


(12.2.1) G7u/6t? — Au=0, 
(12.2.2) u=0, du/ot=f when t=0. 


We assume that feC?(IR"). The solution will then have compact 
support in any slab j¢c|<T. Taking Fourier transforms with respect to 
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x in (12.2.1) and (12.2.2) we obtain an ordinary differential equation 

with initial conditions. After solving it we get from Fourier’s inversion 

formula 

(12.2.3) u(t, x)= (22) (f EO TD F(EV/2I [ELE 
Sete O 2 elds) 


We shall alway assume n22 so the integrals converge, and it is of 
course elementary to verify that (12.2.3) satisfies (12.2.1) and (12.2.2). 
Introducing the definition of f we can write (12.2.3) in the form 


(12.2.4) u(t, x)= (2m) P(Ff BAP FD F(y)/DifEl dy dt 
sel pee cree a) Fy 2a |e dyad), 

where the integrals exist as oscillatory integrals (see Section 7.8) since 
the differentials with respect to y of the phase functions <x—y, > 
+r|¢| do not vanish when |¢|+0. To identify (12.2.4) with (12.2.3) we 
just have to recall that the oscillatory integrals are limits as e~0 of 
the absolutely convergent integrals obtained when a convergence fac- 
tor z(€¢) is introduced, with ye CF and y=1 near 0. (See also Exam- 
ple 7.8.4.) 

We shall now choose oscillatory initial data, that is, 


(12.2.5) f(x)=a(x) e?*™, aw >0, 


where a€ CPR”), 6€C*(R”) is real and ¢,+0 in R*. (Only minor 
modifications would be required if we just assume $,.+0 in supp a.) 
The solution is then u,, =u —uZ where 


(12.2.6) ud (1, x)=(2n)-" ff ef=-¥ 18+ 290) a(yy/2i lel dy dé. 
The method of stationary phase (Section 7.7) will now be used to 
examine the asymptotic behavior when w-> 00. 


Stationary points with respect to y and € occur for the function in 
the exponent when 


(12.2.7) f=o6'(y), yaxardél. 


Writing €=wd¢'(y)+7 we see that the stationary point is non-degen- 
erate if and only if 


0=D(n, y—xFtC/\))/D(n, y)=D(y Ftd (y)/lG' (Y)/Dy. 
Thus the stationary points are non-degenerate unless (t, x) belongs to 


C= x)s x=y Feo OVO MI: 
D(y+to'(yy/lo'(y))/Dy=0 for some yeR"}. 
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This is called the caustic set. C, is closed since |x—y|St and the 
image of a compact set under a continuous map is compact. The 
measure is 0 for fixed t by an elementary case of the Morse-Sard 
theorem: 


Lemma 12.2.1. If K is a compact set in IR" and f a real valued C’ map 
from a neighborhood of K to IR", then the set of critical values 


(f(x); xeK, det f"(x)=0} 
is of measure 0. 
Proof. For every ¢>0 we can cover {xe K; det f’(x)=0} by disjoint 


cubes I; of diameter ¢ and ¥ m(I j)<C where C is independent of «. 
By Taylor’s formula 


f(x)=f(x)+f' (xJx—x)+0(e), xel;, 
where x,¢I, and det f’(x,)=0. Thus f(/,) is at distance o(<) from a set 
of diameter O(¢) in a hyperplane, so m(/(I,))=o(é") =m(I,) o(1). Hence 
Ym(fU))-0 as e0, 
which proves the lemma. 


When (t, x) varies in a component G of R"*'\C, it follows from 
the implicit function theorem that the equation 


(12.2.8) y=xttO'(yV/I¢'O)| 


has a fixed number v.(G) of solutions y each of which is a C” 
function of (t,x) (locally). The solution is unique when t=0 and 
therefore also in the component of R’*'\C.. containing {0} xR”. In 
any component G we define v.(G) C® functions @*(t,x) locally by 


setting 
* (t, x)=) 
when (12.2.8) is valid. Then we have 
(12.2.9) 6p 7/6t=+|0b=/6x|; 667/éx=6d/Ey 


when (12.2.8) is valid. (The first equation is the eiconal equation of 
geometrical optics.) This is a consequence of the Hamilton-Jacobi 
integration theory (see Section 6.4) but a direct verification is elemen- 
tary: When (12.2.8) is valid we have 


do(y)=<¢'(y), dy>=<o'(y), dx> £16’) dt £1 (0'(y), AP’ OOO). 
Here the last term vanishes since 


do (WOW), FOIE’) =d1=0. 


12.2. The Oscillatory Cauchy Problem for the Wave Equation 107 


The lines t>(t, y=td'(y)/i¢'(y)|) are the light rays corresponding 
to our initial value problem. What we have observed so far is that 
outside the caustics formed by them we obtain a finite number of 
smooth phase functions by keeping the phase constant along the light 
rays. 

To study the asymptotic behavior of u> we shall first show that 
large values of € in (12.2.6) give small contributions. 


Lemma 12.2.2. If ye CF (IR"~0) is equal to 1 in a neighborhood of 
{o'(y); yesupp a}, then 
(2n)~" ff AP FHF PPM aly) (1 — x(E/e))/2i|Gidydé 


is rapidly decreasing as w+ ©. 


Proof. If yesuppa and €esupp(1—y) we have |é’(y)—E]>c(1+ |e) 
for some c>0 since the left hand side does not vanish and @’ is 
bounded. Hence |wm@’(y)—€&!>c(j@|+[é]) in the support of the in- 
tegrand. An application of Theorem 7.7.1 therefore shows that the 
integral with respect to y is bounded by any power of ([¢/+@)7’, 
which proves the lemma. 


It remains to discuss 
(12.2.10) v= (t, x) 
= on) ff el HHO 7(Z) a(yh/2iiE| dy dé, 


Here the critical points are non-degenerate when (t,x)¢C.. After a 
partition of unity to separate the finitely many critical points we can 
apply Theorem 7.7.6 to each term. Note that (x—y, >+1/€|=0 at a 
critical point because this is a homogeneous function of ¢. Hence it 
follows that in each component G of R"**~ C. we have locally 


(12.2.11) uz (t, x)= a7? el@9*&*) g(t, x) +R2(L, x) 


where a3 € C” has an asymptotic expansion in powers of 1/w and Rz 
is rapidly decreasing. The summation is taken over the v.(G) so- 
lutions of the eiconal equation discussed above. We shall now ex- 
amine the critical points more carefully in order to calculate the main 
terms in (12.2.11) and also determine the asymptotic behavior at the 
caustic set. 

To simplify notation we assume that the phase function in (12.2.10) 


(12.2.12) (6, Y>Kx-y, D+ztlel+o(y) 
has a critical point €=(¢,,0,..., 0), y=0, thus 
(12.2.13) 6d(O)/Cy=é, x= Fte, 
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where e, =(1,0,...,0). We assume ¢, >0 and note that for small @ 
IS+O|=(C, + O)1+|6/7/E, +6)? 
=€,4+0,4+10'17/2E, 6)? 6, /2e7 +... 


where @’=(6,, ...,6,) and terms of order four or higher are neglected. 
If @, and @, are the homogeneous parts of order 2 and 3 in the 
Taylor expansion of @ at 0, we obtain for (12.2.12) the Taylor expan- 
sion at €, 0 


(12.2.14) {x—y, +O +116 +0460) 
= $(0)—<y, DH t|F'7/216| + O2(y) 
Ftj6'? 6,/21EP +3()+...- 


By an orthogonal transformation in the variables y.,...,y, we can 
always put ¢,(0, y’) in diagonal form, 


$2(0, v=) b,y;/2. 
aa 
The second order part of (12.2.14) is then 
> (b)y? £267/|E1|—2y,6)/2 + ys (L)-6,), 
2 


LYY)=($201,Y)- 42.0 Y/y;. 


To study this quadratic form we take @,—L(y) as a new variable 
instead of 6,. The form 6, y, is non-degenerate in the variables 8,, y, 
with signature 0. Thus the quadratic form is non-degenerate unless for 
some j we have 


(12.2.15) +1b,/|qj=1. 


The signature of a term in the sum is 0 when t=0 and changes to 
2sgn+zr where (12.2.15) is valid. Now note that the level surface of @ 
through 0 has second order contact with the surface |¢{ y, + ¢,(0, y)=0, 
that is, 


yi=—Dy7b/2 161. 
2 


When the normal is oriented in the direction ¢’(0)=€, the radii of 
curvature are ~|¢|/b,. Hence the quadratic form is non-singular un- 
less x= Fré/jé| is a center of curvature; for all other points the 
signature is 2Nsgn+t if N is the number of centers of curvature 
between y=0 and x. If we recall that the determinant of the quadratic 
form was actually calculated after (12.2.7) when we first examined the 
non-degeneracy, we have proved: 
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Theorem 12.2.3. The solution of the Cauchy problem (12.2.1), (12.2.2) 
with data (12.2.5) is u,=uz—ujz where uz has the asymptotic expan- 
sion (12.2.11) outside the caustic set C,., with the leading term 


(122.16) az (t,x) 
=F, aly) (2i]6’W"IDW Fee Hd’ QI)/Dyl-F Me™. 


Here y is any solution of (12.2.8) and N is the number of caustic points 
(centers of curvature of the level surface of @ through y) between (0, y) 
and (t, x} (between y and x), counted with multiplicity. 


Note that the square of the modulus of the amplitude times the 
cross section of an infinitesimal light beam is constant along the ray, 
and that the phase remains constant along the ray apart from a jump 
of +2/2 when a caustic is passed. This is a well known observable 
phenomenon in optics. However, (12.2.16) gives the incorrect im- 
pression that the amplitudes blow up at the caustics. What happens is 
of course that the asymptotic expansion (12.2.11) ceases to be valid 
when we approach the caustics. Thus we need to have a more refined 
expansion to describe what happens there, and this can be obtained 
from Theorem 7.7.19. 

To be able to apply Theorem 7.7.19 at a caustic point (t,x) we 
need to know first of all that it is a simple caustic, that is, that 
(12.2.15) is fulfilled for just one j with our preceding choice of coor- 
dinates. This makes the rank of the Hessian of (12.2.12) equal to 2n 
—1. The kernel is determined by 6,y,=6, for this index, y,=6,=0 for 
2Si+j, and y,=0, 0,=L(y)=0¢,/cy,. In this direction the third 
order terms in the Taylor expansion of (12.2.12) are, if we use 
(12.2.15), 


(12.2.17) F167 0,/2|EP? +3(y) 
= —(b/2|El) ¥7 662(0, y;, N/E vy, +$3©, y;, 0). 
We need to assume that this quantity is not equal to 0. To interpret 


that condition we observe that the level surface of @ through y=0 is 
defined by 


¥1o,+6,0)+ @3(y)+...=0 


or if we use the approximation y,= —@,(0, y’)/|¢/+... except in the 
first term 


yi, = —1€177*(6200, y)+63(0, y) 
~$,(0, y) 66,0, yey NE)+ Olly'|*). 
Thus the non-vanishing of (12.2.17) means that the pertinent circle of 
curvature does not have higher order contact with the level surface of 
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@. (When n=2 this means that the evolute is non-singular.) From 
Theorem 7.7.19 we now obtain: 


Theorem 12.2.4. Let x9=Vo¥Ftod'(Vol/|O'(Yo)| be a simple center of 
curvature for the level surface {y; b(y)=(y_)}, and assume that the 
corresponding osculating circle is not a third order tangent of the level 
surface. Then there exist C® functions w and p near (to,X9) with 
W(to, X9)=0 such that the contribution to uz (t, x) from a neighborhood 
of Yo can be written 


(12.2.18) w7*(w,(t, x) Ai(W(t, x) @) 
+(t, x) Ai (WEE, x) @*) wo) ere), 


Here w,, and W., have asymptotic expansions in powers of 1/w. 


Thus the blowup of the expansion (12.2.11) shown by (12.2.16) is 
caused by the fact that the leading term in (12.2.18) is of the order of 
magnitude w~* and not of the magnitude w7! as in (12.2.11). Note 
that (12.2.18) is exponentially decreasing where W(t,x)>0 but of the 
form (12.2.11} at a point with W(t,x)<0. Thus w(t,x)=0 defines the 
boundary of the set near (ty, X 9) illuminated from a neighborhood of 
Vo. At a distance of the order of magnitude w~? from this surface we 
can practically neglect the term (12.2.18) in the shadow and replace it 
by (12.2.11) in the illuminated region. 


12.3 Necessary Conditions for Existence 
and Uniqueness of Solutions to the Cauchy Problem 


Let H be a half space defined by an inequality <x,N>20. As stated in 
the summary of this chapter, the Cauchy problem for P(D) in H with 
homogeneous Cauchy data is to find a solution of the equation 


(23.1) P(D)u=f in R" 


with suppuc H when f is given with suppf<H. By Theorem 8.6.7 
and Corollary 8.6.9 we know that f=0 then implies u=0 if and only 
if OH is non-characteristic, that is, P,(N)+0 if P, is the principal part 
of P We shall now prove that P must satisfy a very restrictive 
algebraic condition in order that even a very weak existence theorem 
shall be valid. 


Theorem 12.3.1. Assume that the equation P(D)u=f has a solution 
ueQ'(IR") with support in H for every feCZ(H), and that the boundary 
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of H is non-characteristic. Then there exists a number t, such that 


(12.3.2) P(E+itN)=0 if CER" and t<15. 


In order to simplify the proof we shall first show that the hy- 
potheses in the theorem are in fact very much stronger than they 
seem. 


Lemma 12.3.2. From the hypotheses in Theorem 12.3.1 it follows that 
the equation P(D)u=f has one and only one solution ueC” QR") with 
suppucH for every feC*(R") with suppf cH. 


Proof. Let feC7(H) and let ueG’(R”) be the solution of the equation 
P(D)u=f with suppucH which exists by hypothesis. If V is a convex 
neighborhood of N such that P(#)+0 when @eVY and <(x,8>2-1 
when xesuppf and @eV, it then follows from Corollary 8.6.10 that 


suppuc (){x;<x,0>2 —-1}. 
GeV 


In particular, this means that the intersection of suppu and each half 
space {x;<x,N> Sa} is compact. If eC (IR) is equal to 1 in (— a, a), 
it follows that v=y(¢., N>)ue€’ and that P(D)veC® when <x, N> <a. 
Hence veC” when <x,N><a, by Theorem 7.3.9, so ueC* when 
<x, N> <a. Since a is arbitrary this shows that ueC~(IR”). 

Now let f be any function in C*(R") with suppfcH. Choose a 
sequence of functions ~,eC7(IR") such that y,(x)=1 when |x/<v. 
Then the equation P(D)u,=y7,f has a solution u,eC*(R") with sup- 
port in H. Since 

PD), 1 —uUj=(%4 1 ~~) f=0 


when |x|<v, it follows from Corollary 8.6.11 that on any compact set 


we have u,,,—u,=0 for large v. Hence u=limu, exists, and it is 


obvious that ueC*(R"), suppucH and P(D)u= f As already ob- 
served, the uniqueness follows from Corollary 8.6.9, so the proof of the 
lemma is complete. 


Proof of Theorem 12.3.1. From Lemma 12.3.2 and Banach’s theorem it 
follows that the differential operator P(D) is an automorphism of the 
closed subspace 


{u;ueC*(R"), suppuc H} 


of C™@(R”). In particular, if y is a point with <y, N>>0, this implies 
that for some compact set K c]IR” and some constants C and k we 
have 
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(12.3.3) ju(y)ISC Y sup|D*P(D)ul; 
k K 


lels 


ueC°(R"), suppucdH. 


Now choose a function y¢C*(IR) with support on the positive half 
axis so that y(t)=1 when t><¢y,N>/2=c. We can then apply (12.3.3) 
to u(x)=e'-» ¥(<x,N>). If P(Q=0 we have P(D)u=0 when 
<x,N>>c. Writing K’={x;xeK,<x,N>Sc}, we thus obtain with an- 
other constant C 


(12.3.4) 1SC(1+I|£)**™suple*-*}, P(Q=0. 
xeK’ 
If €=€+itN where € is real and t<0, it follows from (12.3.4) that 
(12.3.5) 1S C(L+}C/r™ e* 
if P(f{)=0 and Imf=7zN, 1<0. 
Now let 


u(o)=sup(—7) 
where the supremum is taken over all real € and t such that 
|E+itN|?So? and [P(Eé+itN)|?=0. 
It follows from Corollary A.2.6 that u(o)=0 or 
H(o)=Aor(1+o()), Goo, 
for some constants A +0 and a. Since (12.3.5) shows that 
1<C(1+o0f*™e~H%™ ~~ if n(o) >0, 


it follows that u(c) must be bounded above when g>. This com- 
pletes the proof. 


Definition 12.3.3. A polynomial P is called hyperbolic with respect to 
the real vector N if P,(N)+0 and (12.3.2) is valid for some Tp. 


We shall prove in Section 12.5 that the Cauchy problem can al- 
ways be solved when P is hyperbolic. This could be done directly by 
means of (12.3.2) but it is convenient to study the properties of 
hyperbolic polynomials first as we shall do in Section 12.4. 


12.4. Properties of Hyperbolic Polynomials 


In this section we shall prove that seemingly much stronger con- 
ditions follow from the definition of a hyperbolic polynomial. Part of 
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these could in fact have been obtained quite easily in the proof of 
Theorem 12.3.1 but we have preferred to give direct proofs. 


Theorem 12.4.1. If P is hyperbolic with respect to N, it follows that P 
is hyperbolic with respect to —N. 


Proof. The homogeneity of the principal part P, shows that P,(—N) 
=(—1)"P,(N)+0. From (12.3.2) it follows that P(€+itN)+0 if €eR" 
and Ret<t,, for we can write €+itN=¢€—ImtN+iRetN. Now 
note that the coefficient of r™~* in the equation P(é+itN)=0 is a 
linear function of ¢ and that the coefficient of 1” is equal to 


P,(iN) +0. If the zeros are denoted by 7,, it thus follows that Se jisa 


m 1 


linear function of € Hence Ret, is a linear function of € when 


€eR", and it is bounded from below by mt, in view of (12.3.2). 


mm 


Consequently ) Ret j=¢ where c is a constant, and this implies that 
1 
Ret,=c— } Ret, Sc—(m—1)tp. 
kt] 


Thus we have P(€+itN)+0 when t>c—(m—1)t,, which proves the 
theorem. 


Theorem 12.4.2. If P is hyperbolic with respect to N, it follows that the 
principal part P, is also hyperbolic with respect to N. 


Proof. By (12.3.2) the roots of the equation P(€+itN)=0 are located 
in the half plane Ret21,. Now we have 


P(é+itN)= lim o~™P(oé+iotN). 


[oie] 


Since the zeros of P(a&+iotN) are in the half plane o Ret2t,, we 
conclude that the zeros of P(€+itN) all lie in the half plane Ret 20. 
The proof is complete. 


For homogeneous polynomials the definition of hyperbolicity is 
particularly simple: 


Theorem 12.4.3. 4 homogeneous polynomial P is hyperbolic with respect 
to N if and only if P(N)+0 and the equation 
(12.4.1) P(E+tN)=0 


has only real roots when & is real. 
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Proof. lf P(é+7N)=0 it follows from the homogeneity that P(oé 
+o1N)=0 for every real o. If (12.3.2) is fulfilled we must thus have 
oImtZt, for every real o. This implies that Imt=0. Conversely, if 
(12.4.1) has only real roots, we know that P(€+itN)+0 for real c+0, 
so that P is hyperbolic. 


By Lemma 8.7.3 a homogeneous hyperbolic polynomial is pro- 
portional to a polynomial with real coefficients. The component 
(BN) of N in {0;P,(8)+0} is a convex cone, and Ger(PN) if and 
only if P(@+1N)=0 implies :<0. The following theorem is close to 
Lemma 8.7.4. 


Theorem 12.4.4. Let P be hyperbolic with respect to N and assume that 
(12.3.2) is valid. If @€f(P.N) then 


(12.4.2) P(E+itN +i 6) +0 


when Ret<t, and Reo SO. 


Proof. (12.4.2) follows from (12.3.2) when Reao=0. We shall study the 
zeros of P(€+itN+ic6), considered as a polynomial in o, when 7 
varies in the half plane Ret<t,. Note that the coefficient of o” is 
im P (8)+0 which shows that the zeros vary continuously with t. The 
number of zeros o with negative real part must thus be a constant 
when Ret<t, since we have seen that there is no zero with Rec=0. 
To prove the theorem it will thus suffice to prove that there are no 
zeros with Reo<0O when 7 is a sufficiently large negative number. 
With the notation g=ut, the equation P(é+itN+ic@)=0 can be 
written in the form 


im™1-™ P(E+it(N +u8))=0, 


which converges to the equation P(N+u6)=0 when t--— oo. The 
roots of this equation are negative when Gel (P,N) as pointed out 
above. Hence all roots of the equation P(€+itN+ic0)=0 have a 
positive real part when Ret<ty. The proof is complete. 


Corollary 12.4.5. If P is hyperbolic with respect to N, it follows that P 
is hyperbolic with respect to every GET (PN). 


Proof. If we take o and t real in (12.4.2), t=eo, it follows that P is 
hyperbolic with respect to @+eN for every e>0. Since [(P.N) is open 
we have 0—eNeI (PN) for small ¢ if @el(P N). Hence P is hyperbolic 
with respect to 0=(@—eN)+eEN. 
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We shall now discuss the converse of Theorem 12.4.2. Let 
P=P+P_i+..4+8 


where FP is homogeneous of degree j. 


Theorem 12.4.6. If the principal part P, of P is hyperbolic with respect 
to N, then each of the following conditions is necessary and sufficient 
for P to be hyperbolic with respect to N: 
(i) P(E+iN)/P,(E+iN) is bounded when eR’. 
(i) P(E+iN)/P(E+iN) is bounded when EER", j=0,...,m. 
(i) P is weaker than P.. 
(ii) PB. is weaker than P, for j=0,...,m. 
(ini) PB, dominates the lower order part P~— P.,. 
(il! BR, dominates P, for j=0,...,m—1. 
(iv) P and P, are equally strong. 
(v) P(o(E+iN))+0 if EER", cEC and ja| is sufficiently large. 


Proof. (i) (ii) for (i) implies P(E+iN)<C,P(E+iN) by Theo- 
rem 10.4.3, hence P(€)<C,P(é) by (10.1.8). (i) = Gi’. In fact, if P is 
weaker than P, then P(té) is weaker than P(t¢)=1"P,(¢) for every 
real +0. Thus 


P(tg)=)' P(E) <F, (6). 


Choose m+1 different real t,, 7=0,...,m, all different from 0. Since the 
matrix (th); j, k=0,...,m; is non-singular, each polynomial F is a 
linear combination of the polynomials P(¢,¢), hence weaker than P,(¢). 
(ii)’ = (2) Since P(¢+iN) is equally strong as P(¢) for every j, this 
follows if we show that there is a constant C such that 


(12.4.3) P(E+iN)SC|P(E+iN)|, ZeR". 


Now P(é+in+iQ)+0 if N+Refel(P,, N), which is true when |¢| is 
sufficiently small since I(P,,N) is open. Hence (12.4.3) is a con- 
sequence of Lemma 11.1.4. (i)’ = (i) is trivial, so the equivalence of the 
first four conditions is proved. 

From {1i)’ it follows that 


(12.4.4) Ic}"~5 Bl, 2) S$ CB(E,9), 

j=0,...,m, (€,t)¢IR"*+, for this is precisely condition (ii) when 7=1 
and both sides are homogeneous of degree m in (€, t). Thus (i1)’ = (iii) 
=> (i), and (ii) = (Iv) by Corollary 10.4.8 while (iv) = (ii) is trivial. 
The condition (v) means that the zeros of 


o™P(E+IN)+o"-1P,_ (E+iIN)+...4+BP, 
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have a bound independent of €. This is equivalent to the existence of 
a bound for P(¢+iN)/P,(¢+iN) which is independent of j and ¢. 
Thus (i)'=(v)=(). Condition (v) with o real implies that P is 
hyperbolic. What remains to prove is that hyperbolicity of P implies 
condition (i), which is the essential difficulty in the theorem. 

Let p(é,s)=s"P(é/s) be the homogeneous polynomial correspond- 
ing to P Thus p(¢,0)=P(¢) and p(é,1)=P(é). That P is hyperbolic 
with respect to N and —N means that for some C 
(12.4.5) p(é+tN,s)=0, (é,s)eRR"*' = {Ime} <Cs\, 
for this is condition (12.3.2) when s=1. If we prove that 
(12.4.6) Ip(E+itN,o)|SC|p(E+itN,O)|, (Cc, eR"™’, 


then condition (i) follows when r=1. By the homogeneity it suffices to 
prove (12.4.6) when [€]=1. Since [¢|"<C|p(€+irN,0)| the only ques- 
tion is if (12.4.6) is valid for small t. If not, then Theorem A.2.8 shows 
that one can find analytic functions €(r) and t(r) in a neighborhood of 
OeC which are real for real r, such that |é(r)}=1 and 


[lp((r) +it(r)N, t(r))/p(E(N+it(7)N,O0)|>00, t(r)-0 as r-0. 
However, this contradicts the following lemma applied to 
A(t,r, s)=p(E(r) +tN,s) 
which completes the proof of Theorem 12.4.6. 


Lemma 12.4.7. Let h be an analytic function at 0 in C? and assume that 
(12.4.5)  A(t,r,s)=O implies |Imt}<C|s| if (r,s)eR?, 

in a neighborhood of 0. Then there is a constant C such that 

(12.4.6) |h(it,r,0)|<C\h(it,r,0)| for small (t,r)eIR?. 

Proof. By (12.4.5) we have h(t,0,0)+0 if Imr+0 and t is small. Hence 
h(t,0,0) has a zero of finite order m when t=0. We assume that the 


lemma is already proved for smaller values of m. (It is trivial when m 
= 0.) Lemma 8.7.2 and the remark after its proof show that at 0 


(12.4.7) h(t, 7,8) =A°(t,r, s) + O(\t|+|r]+|sl)"~? 
where h®° is a homogeneous polynomial of degree m. Hence 
hy (t,r,s)=h(rt,r,rs)/r™ 


is analytic near 0 and 
h,(t,0,s)=h°(t, 1,5). 
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Thus h,(t,0,0) has a zero of order Sm at 0. For zeros of h, near 0 
with r and s real we have /Imrt|<Cjrs|, hence |[Imt|=Cjs|, so h, 
also satisfies (12.4.5)’. Assume for a moment that (12.4.6)' is valid for 
h,. Then we have for some 6>0 and C 

\h(irt,r,ro|<C jA(irt,r,0)| if |t}+|ri<6. 
Hence (12.4.6) is valid if |t}<6|r|/2 and |r|<6/2. On the other hand, 

\A(it,r,O}SC,|c\" if |[t}>d|r|/2, 

and if t, r are real then 
(12.4.8) |h(it,r,0)| 2 C,|t\" 


because the small zeros of z—h(z,r,0) are real. Hence (12.4.6)’ is also 
valid when |t|>|r|6/2 and r is small enough. 
If we introduce the power series expansion 


i B gt 
h(t,r,s)=) a,5,t° 1? s 
then a,,,=0 when piaise and 
Cd oe re ae aa RE 


If h, (it,0,0) has a zero of order <m at 0 then Lemma 12.47 follows 
from the inductive hypothesis and the arguments above. Otherwise we 
repeat the same procedure with h replaced by h,. If the lemma is not 
yet proved after k such steps then 


a,g,=0 when B+k(a+y—m)<0. 


Hence the lemma follows for some k unless a,,,=0 when «t+y<m. 


This implies 
|A(it,r,t)| SC |e 


and (12.4.6) is them an immediate consequence of (12.4.8). The proof is 
complete. 


In (10.2.8) we defined the space A(P) along which P is constant. 
Now condition (i) in Theorem 12.4.6 shows in particular that if 
P(€é+iN+tn) is independent of t then P(€¢+iN-+ty) is independent 
of t, when 7 is a real vector. Hence we obtain 


Corollary 12.4.8. If P is hyperbolic then A(P)= A(P,), if B, denotes the 
principal part. 


Since the comparison of differential operators is not always so 
easy to make, we list some further corollaries and examples of Theo- 
rem 12.4.6. 
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Corollary 12.4.9. Let P=P,+P,_,+... be hyperbolic with respect to N. 
If €eIR" is not proportional to N, and ty is a zero of t>P,(é+tN) of 
order p, then €+t)N is a zero of order p—j of P,_ ;, j=0,...,.m—1. 


Proof. We may assume that 1,=0, €+0, for € can be replaced by € 
+t N. By (i) in Theorem 12.4.6 and (10.1.8) we have for every « 


[Fre (IS CIR,(E+iN) S c¥KE, N>* P(E): 


If we replace € by sé and let soo, then the right-hand side is O(s”~*) 
so P® (€)=0 when m—j—|x|>m—y, that is, when |a|<p—j. 


Corollary 12.4.10. Each of the following two conditions is necessary and 
sufficient in order that every polynomial P with principal part P, shall 
be hyperbolic with respect to N: 

a) P. is hyperbolic with respect to N and of principal type 
( Definition 10.4.11 ). 

b) P,(N)+0 and the polynomial P,(E+tN) has only simple real 
zeros for every real € which is not proportional to N. 


Proof. Corollary 12.4.9 shows that b) is necessary, and it is obvious 
that b) implies a). If P, is of principal type then P, dominates every Q 
of order <m (Theorem 10.4.10) so P.+@ is hyperbolic by Theo- 
rem 12.4.6, condition (ili). 


Definition 12.4.11. P is called strictly hyperbolic (or hyperbolic in the 
sense of Petrowsky) with respect to N if the equivalent conditions a) 
and b) of Corollary 12.4.10 are satisfied. 


An example is of course the wave operator corresponding to P(é) 
=€i-€2—...—&, which is strictly hyperbolic with respect to every N 
such that N,2—N,—...—N?>0. There is a very complete theory of 
strictly hyperbolic operators with variable coefficients also. We shall 
return to it in Chapter XXIII. 

In general the condition in Corollary 12.4.9 is weaker than those 
in Theorem 12.4.6. We shall illustrate this by an example. 


Example 12.4.12. a) Let P,(é)=(€?-¢3—&4)? be the square of the 
Lorentz form. It is then clear that P, is hyperbolic. The condition in 
Corollary 12.4.9 is that P,(¢)=0 when 4 — 5 —€3=0, that is, 


(12.4.9) P(G)= L(Q(E5 — €3 — €3) 
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where L is a linear form. By Theorem 10.4.1 this implies P,<P,. Since 
P, is stronger than every lower order operator if L(¢)=€,, say, (12.4.9) 
is the only restriction on the lower order terms of a hyperbolic 
operator with principal part P,. 

b) Let us now take the product of two Lorentz forms with tangen- 
tial light cones, 


P(E) = (63 — 63 — 3S — €3 -— 265). 
Then the condition in Corollary 12.4.9 is that P,(¢)=0 when €,=0 
and €? = &2, that is, 


(12.4.10) P(E) =(67 — 83) LIQ) + €3 (8) 


where L is linear and q is quadratic. By Theorem 10.4.1 P, is stronger 
than (€7-€5~—2€3)L(¢) and (€?-€3-—€4) L(é) if L is a linear form. 
Hence P, is also stronger than (€?— €3) L(é) and €3 L(é). It remains to 
examine if P, is stronger than ¢,q9(€,,¢,,0), that is, if 


iS3. 961.62, 01S CUR) +1OR(6/eo 1 +16)? +1. 


When €,=+6, the right-hand side is C(2€$+6|€, €3)/+267 +2341). 
If we replace (€,,€,) by s(é,,&,) it follows when we let soc that 
1€,q(€,, £€,, )|S2C7. Hence g(é,, +¢,,0)=0. This proves that 
P=P,+P,+... is hyperbolic if and only if 


(12.4.11) P,(2) = (7 —€3) L (2) + 3 L,(€) 


for some linear L,, L,. Condition (12.4.10) does not imply (12.4.11). 
c) Let us now take light cones intersecting transversally, 


P,()= (67-26 — E364 — £3 - 263). 


Then the condition in Corollary 12.4.9 is that P,(é)=0 when é3= 2 
and €4=3€3. If we write 


Pi(S)=L, (QEt-— 283 — F3) +E, (Er, E 3) + (E>, F5) 


where L is linear, a quadratic and 6 cubic, this means that a(¢,,¢,) 
and b(&,,¢,) must vanish when €5=é2. Hence 


(12.4.12) P(Q)=Ly(E)(E7 — 285 — 3) + (63 — 3) L2(6) 


where L, is also linear. Now Theorem 10.4.1 shows that P,(é) is 
stronger than L(é)(€{7 —2€3 —€3) and L(2)(é? — 23 ~2€2), hence stronger 
than L(é)(€3—€3), if L is a linear form, so (12.4.12) is the only con- 
dition that has to be fulfilled in order that P be hyperbolic. 
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12.5. The Cauchy Problem for a Hyperbolic Equation 


In this section we shall prove that hyperbolicity implies existence of 
solutions of the Cauchy problem. The proof of the following theorem 
is motivated by (7.4.7). 


Theorem 12.5.1. Let P(D) be hyperbolic with respect to N. Then there 
exists one and only one fundamental solution E of the operator P(D) 
with support in the half space H={x;<x,N>20}. This fundamental 
solution is regular (Definition 10.2.2), and supp E is contained in the 
dual cone 


(12.5.1) T°(P, N)={x: <x, 6920, OeF(P, N)} 


but in no smaller closed convex cone with vertex at 0. 


Proof. a) If E, and E, are two fundamental solutions with support in 

H, the difference u=E, —E, is a solution of the equation P(D)u=d—6 

=(Q with support in H. Thus it follows from Corollary 8.6.9 that u=0. 
b) We shall now prove the existence of E. First note that (12.3.2) 

implies 

(12.5.2) |P(C+itN)|2/P,(N)|\t—tol”, t<t>, ER’. 


m 


In fact, P(€+itN)=i"P,(N)[](c—t,) where the zeros 1, satisfy the 
L 


inequality Ret,;2t). Hence |t—t,|2Ret;-t2t)—t when 7 is real, 
which gives (12.5.2). 

With a fixed t<t,) we now define a distribution by 
(12.5.3) E(d)=(2n)~"[ O(E+itNY/P(E+itN) dé, HEC. 


This definition is of the form (7.3.14) so it is legitimate by (12.5.2). 
Since @(€+i2tN) is the Fourier transform of 


P(xjeFOEN = (xjer™ = W(x), 
the definition of E means that F=e**’ E is defined by 
F(W)=(22)-" f W(O)/P(E+it N) dé, 


that is, F=1/P(.+itN). Thus F is a distribution in Y’ in view of 
(12.5.2) (although E need not be in #). In virtue of Theorem 12.44 
we have P(é+itN+i0)+0 if € is real and (t,~—1)N— Reel (P, N), 
thus if |{| is sufficiently small. Hence the distance from €+i1N to 
the zeros of P is bounded from below, so it follows from Lemma 
11.1.4 that P(E+itN)SC|P(E+itN)|, hence P(E)<C|P(E+itN)} 
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for some other constant C. By definition this means that FeB,, 5 and 
that EeB eS 5. 

That E is a fundamental solution follows from the Fourier in- 
version formula 


E(P(D)6)=(2n)-"[ d(E+itN)dé 
=(2n)-"( POde=V0)=4(0), ECP. 


We next show that E is in fact independent of the choice of t as long 
as T<T,. In doing so we may assume that N is directed along the ¢, 
axis. All we have to do then is to move a line of integration in the 
complex z, plane. That this is permissible follows from the analyticity 
of 6(0/P(O, the estimate (12.5.2) of P from below and the fact that ¢ 
satisfies (7.3.3). Using the proof of Theorem 7.3.1 it is now easy to 
show that supp E CH. First note that, if p¢ Cj (H) we have by (7.3.3) 


(12.5.4) |E+icN|"*?|G(E+ictN)]SC when 1<0, €eR"” 
Using (12.5.2) and (12.5.4) we now obtain for t<inf(t), 9) 
[E(@| ES C(t —1)-™ [IEF ITN |“ dE =C,(t9— 2) (7? 


where C and C, are constants. When t > — co it follows that E(¢) =0. 
Hence supp E cH. 

It remains to prove that supp EcI°(P, N). This is in fact a con- 
sequence of Corollary 8.6.10 (see the proof of Theorem 12.3.1) but we 
prefer to give a proof independent of Holmgren’s uniqueness theorem. 
Thus note that if ef (P,N) it follows from Theorem 12.4.4 that we 
can make another shift of line of integration to prove that 


E(¢)=(22)-" | O(E+itN+ic A/P(E+itN+icA)d—, t<t), <0. 


When o -—oo we obtain as above that E()=0 if <x,@)2=0 when 
xesupp¢@. Hence suppEc{x;<x,@>20}, which proves that 
suppEcI°(P, N). 

To prove that no smaller convex cone contains the support of E, 
we shall use the following converse of Theorem 12.5.1. 


Theorem 12.5.2. Assume that a differential operator P(D) has a funda- 
mental solution with support in a closed cone K with vertex at 0 and no 
point +0 in common with the half space {x;<x,N>2=0}. Then P is 
hyperbolic with respect to N. 


Admitting this result for a moment, we note that if the support of 
the fundamental solution constructed in Theorem 12.5.1 is a subset of 
a closed convex cone K with vertex at 0, then all proper planes of 
support of K must be non-characteristic. The set K° of all @ such that 
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<x,0>>0 if O+xeEK is thus a convex subset of the open set 
{6; P.(0)+0}, and it contains N. Hence K° is contained in the com- 
ponent I'(P, N), which proves that K>I°°(P, N). 


Proof of Theorem 12.5.2. Let H be the half space {x;<x,N>20}. If 
feC F(A), the convolution u=E-xf satisfies the equation P(D)u=/f 
and suppucdH. If we prove that the plane <x, N>=0 is non-charac- 
teristic it follows from Theorem 12.3.1 that P is hyperbolic with 
respect to N. In view of Theorem 8.6.7 it is thus sufficient to show 
that u=0 if P(D)u=0 and suppucH. But this is obvious since u 
= Ex(P(D)u) (see the proof of Theorem 6.2.3). 


Using Theorem 12.4.6 we shall now show that the fundamental 
solution of an operator P(D) with lower order terms can be expressed 
in terms of that of the principal part P,(D) and its powers as suggest- 
ed by the formal expansion 


P-'=(P,—(P,—P))"!=3 (P,— PRPS. 
ce) 


Theorem 12.5.3. Let P(D) be hyperbolic with respect to N, with prin- 
cipal part P,, and denote by E, the fundamental solution of P,,(D)*** 
which has support in '°(P, N). Then 


(12.5.5) > (P,,(D) — P(D)E, 


converges in Bree p,, t0 the fundamental solution of P(D) with support in 
P°(P, N). 


Proof. By (1) in Theorem 12.4.6, or rather (12.4.4), we have 
IF,(G titN)—P(E+ITNARA(C +itNSC/itl, [e|>1, CelR”. 


When t< —2C it follows that the formal expansion above converges, 
P(é+itN)7} => (P,(€+itN)—P(E+itN)/P(E+itN)-* 4, 
0 
when ¢eR". We have uniform convergence after multiplication by 
P(OSCIP(E+itN)|. If we enter this expansion in (12.5.3), the theo- 
rem is proved. 


Remark. It is clear that E, is homogeneous of degree —n+(k+1)m 
(Theorem 7.1.16) with Fourier transform P,(. -i0N)~*~* (cf. Theorem 
3.1.15). Since P,(D)—P(D) is of order m—1, the general term in 
(12.5.5) is a sum of terms of degree of homogeneity 2 —n+m-+k and 
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<—n+(k+1)m. Thus there are only finitely many terms of the same 
homogeneity. In Section 12.6 we shall use Theorem 12.5.3 to study the 
fundamental solution in I°°(P, N). 


Now that we have a fundamental solution available it is easy to 
solve the Cauchy problem for vanishing Cauchy data: 


Theorem 12.5.4. Ler fe@’(IR") and suppfcH={x; <x,N>20}. If 
P(D) is hyperbolic with respect to N, the equation P(D)u=f has one 
and only one solution u with support in H, and u=E*f where E is the 
fundamental solution of Theorem 12.5.1. If feBi,0R") it follows that 
ue Bes, (IR’). 


Proof. If P(D)ju= f we have (see the proof of Theorem 6.2.3) 
Ex f =E*(P(D)u)=(P(D)E)*u=u. 


This proves the uniqueness, which is also a consequence of Corollary 
8.6.9. On the other hand, if we define u=E* f we obtain in the same 
way that P(D)u=(P(D)E)*«f=f. The last statement in the theorem 
follows by a simple modification of Theorem 10.1.24 which may be 
proved by the reader. The proof is complete. 


Using Theorem 10.1.25 we can easily pass to existence theorems of 
a classical form, involving the function space C’ instead of the spaces 
B,,. Since the spaces C/ are by no means suitable for giving precise 
statements concerning the regularity properties of the solutions, we 
shall not aim at giving even the very best results that could be 
obtained from Theorem 12.5.4. 


Corollary 12.5.5. Let feC’*"(IR") where r=[n/2]+1, and let 
supp f <H. The solution with support in H of the equation P(D)u=f 
given by Theorem 12.5.4 then belongs to C/(IR"). 


Proof. Writting k,(€)=(1+|&|)" we have Ci*"<B,,,,. by Parseval’s 
formula. Hence f eBYyss,,..(R"). Noting that P is bounded from below 
we obtain from Theorem 12.5.4 that weBys,_ (IR”). Since 1/k,eL’ it 
follows from Theorem 10.1.25 that ueC/(IR") (see also Lemma 7.6.3, 
Corollary 7.9.4). 


The proof of Theorem 12.1.2 will now give 


Theorem 12.5.6. Let H be the half space {x; (x,N>2=0} and let P(D) 
be an operator of order m which is hyperbolic with respect to N. Let 
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jzm and set r=[n/2]+1. For all feC’*"(H) and ¢,¢C"~**!*"(6H), 
O<k<m, there exists one and only one solution ue C/(H) of the Cauchy 
problem 

(12.5.6) P(D\u=f in H 

(12.5.7) <D,N>*u=¢, in GH, k=0,...,.m—1. 


At a point xe€H the solution u is uniquely determined by the restrictions 
of f and of {@,} to the cone {x} —I°(P, N). 


Proof. We may assume that N=(1,0,...,0). First we determine 
veC™~/*"(H) so that when x,=0 


(12.5.8) D(f—P(D)v)=0, |alSj+r; Di v=¢, when 0Sk<m. 


It suffices to take x=(k,0,...,0), OSkSj+r. Since P(D) contains a 
term P(N)D7 with non-zero coefficient, the conditions (12.5.8) allow 
us to compute successively 


GSO OOO we eC 
so that (12.5.8) is equivalent to 
(12.5.9) Div=¢, when x,=0, OSkSm+j+r. 


By Corollary 1.3.4 we can now choose ve C™*+/*"(H) so that (12.5.9) is 
fulfilled. 

Set f,=f-P(D)v in H, f,=0 in [ H. Then f,eC’*" by (12.5.8) so 
Corollary 12.5.5 shows that we can find u,¢C/(IR") with support in H 
so that P(D)u,=f,. Then Diu,=0 when x,=0 and kSj, hence if 
kSm, so u=u,+v satisfies (12.5.6), (12.5.7). 

Since the last statement in Theorem 12.5.6 follows immediately 
from Corollary 8.6.11 (or from the proof if one makes sure that the x, 
axis is in I’°(P, N)), the proof is now complete. 


Corollary 12.5.7. If feC*(H) and {¢,}¢C°(éH), the Cauchy problem 
(12.5.6), (12.5.7) has a unique solution ue C”(H). 


Proof. The hypotheses of Theorem 12.5.6 are fulfilled for every j, and 
the solution u given in that theorem is independent of j. 


Since the solution of the Cauchy problem obtained in Theorem 
12.5.6 only depends on the values of f and of @, inside the cone {x} 
—I°(P, N) with vertex at x, it is clear that the Cauchy problem can 
also be studied locally. The plane <x, N>=0 may also be replaced by 
a curved “spacelike” surface, that is, a surface whose normals all 
belong to the cone I'(P, N). We leave the exact statements and proofs 
to the reader. 
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12.6. The Singularities of the Fundamental Solution 


Let P(D) be hyperbolic with respect to N, and denote the principal 
part by P,. If ¢+0 we denote by P, . the lowest order homogeneous 
part in the Taylor expansion at 0 of 


n> P(o+n). 


P< 18 also hyperbolic with respect to N (Lemma 8.7.2) and therefore 
also with respect to every GeI(P,,.,N). From Theorem 10.2.12 we 
obtain a lower bound for the wave front set of the fundamental 
solution of P(D): 


Theorem 12.6.1. If E is the fundamental solution of P(D) with support 
in I'°(P,N) and 0+€eR", then I°(P, z,N) is contained in the closed 


convex cone with vertex at 0 generated by {x; (x, QEWF(E)}. 


Proof. If P, . is of degree u, we have 
P. 


mig 


(y)=lim e~* P(€ +e) =lim e” "PL (c/e+n) 
E-0 e+0 
so P, - is a localization of P, at oo in the direction ¢ (Definition 
10.2.6). Since the homogeneous part P, of P of degree j is weaker than 
P,, (Theorem 12.4.6) it follows that 2"~"P(¢/e+n) is bounded as ¢> 0. 
The limit must be 
», PP ene! 
J-lel=m—p 
since negative powers of ¢ cannot occur. The degree is p+ j—mso P, . 
is the principal part of the localization 
P(n)=lim e""* P(C/e +7). 
e~0 


Now Theorem 10.2.12 shows that P, has a fundamental solution E, 
with suppE.x {g}cWF(E), hence suppE,cI°(P,N). By Theorems 
12.5.2 and 12.5.1 it follows that P, is hyperbolic with respect to N and 
that F°(P,, z: N) is the closed convex cone with vertex at 0 generated 
by supp E,. This proves the theorem. 


Theorem 12.6.2. For the fundamental solution E of P(D) with support in 
I'°(P, N) we have 


(12.6.1) WE, (E)<{(x, ¢); €+0, xeD°(P, 2, N)}. 

Note that 0eI°(P, -, N) for every € so the right-hand side contains 
(0, €) for every €+0 as is inevitable since E is a fundamental solution 
(cf. Example 8.2.6). Theorem 12.6.2 follows from Theorems 8.7.5 and 
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8.4.18 if P=P_. The general proof is similar to that of Theorem 8.3.7. 
We begin with a substitute for Lemma 8.3.6 providing a large zero 
free region. 


Lemma 12.6.3. Let €,¢IR"~ {0} and let I, be an open convex cone 
containing N such that P,~{0}<I(P, <,,N). Then one can find a conic 
neighborhood W of é, in R"~ {0} and y>0 such that for large |é| 


(12.6.2) |[P(E+itN +i) Zy 
if tT<T, CEW, Ge —T,, [A Syl, It] Sylel. 
Proof. As in the proof of Theorem 12.4.6 we introduce the homoge- 
nized polynomial 

p(s, s)=s™ P(C/s) 
where ¢ is now taken near €, while s>0 is small. By (12.3.2) we have 
(12.6.3) P(E+itN,s)+0 if t<t 9s, s>0, 


where we assume t,<0. Let uw be the degree of P, ... It follows from 


Lemma 8.7.2 that 
(12.6.4) plEg +iz0, 0)=(iz)"P 


m. fo 
if 6e—F,, |@|=1. 
As in the proof of Theorem 12.4.4 we now consider the equation 


+50" 


(@)(1 + Of2) 


p(E+itN+ic6, s)=0 


where Gel, and |@|=1. We can choose r>0 and 6’>0 so that there 
are precisely » roots o with |jo|<r when max(\zl, |sl, [€—€,|)So. If 
s>0 it follows from (12.6.3) that Reo +0 provided that t<t)s. When 
s=0 and 6=N the roots are on the line Reo= —t>0, so for reasons 
of continuity we obtain Reo>0O for the yp roots if t<t,s,s20. Hence 
we conclude as at the end of the proof of Lemma 8.7.4 that 


[p(E+itN +i, s)|Z=clol* 


if O262 —1/2, t<tys, Gel, |0)=1, max((tl, Isl, |E-E.)) $0 
With €/s, t/s, o/s as new variables we can write this result in the 
form 
|P(E+itN +icA)|Zcla|*s*-™ 
if 0202 —r/2s, t<To, |s| <0, |t|<6'/s, | —Eq/s|<0'/s, GEL, |] =1. 
If we choose s=|€o|/|¢| and set W={E; |E/1E1—Co/ISoll < O/C ol} we 
obtain 
IP(C+itN +i Zc, OPE" 


if t<t, CeW, Oe —T,, |O)<r|EV/2/Eol, [t1<S'1SH/lEol, 1E1> 16 0/0". 
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If t-<t)=t,—1 we can replace t by t+1 and @ by @—-N. Since 
|@—N| has a positive iower bound when @e—J; we obtain (12.6.2). 
The lemma is proved. 


Proof of Theorem 12.6.2. From (12.5.3) it follows that E=(a—A)"E,, 
(12.6.5) E,(x)=(2n)7 [el SMO (Q(E+itN)P(E+itN)) dé 


where t<7, is fixed, O(€)=(a+<¢& €)>)" and a is chosen so large that 
QO(é+itN) has no zero when € is real. The integrand is then O(|é/~?") 
at o¢ so the integral is absolutely convergent. As in the proof of 
Theorem 8.3.7 we shall deform the cycle of integration near ¢,. 
Choose a non-negative C® function y which is homogeneous of de- 
gree 0 and equal to 1 in a neighborhood of €) while y=0 outside the 
neighborhood W in Lemma 12.6.3. With 6e—T, |@|=7, and a large t 
we consider the chain 


Go R'ac > f+itN+iz(cymin((2],1)6,  |el>C, 


where C is chosen so large that (12.6.2) is valid and there is a lower 
bound for O also. By Stokes’ formula we can shift the integration in 
(12.6.5) to G,, for large [é|. If x is in the half space H, defined by 
<x, @>>0 we may let t>00 by dominated convergence and are left 
with integration over 


Gy R"sE>C+itN Fiz ()/C1@, [E> C. 


The integral when € is in a conic neighborhood of €, where x(¢)=1 
defines an analytic function E, in H,. Just as in the proof of Theorem 
8.3.7 it follows in view of Theorem 8.4.8 that WF,(E,—E,) has no 
element with frequency ¢,. Thus 


{x; (x. €,)EWF,(BE)} cf H, 


for every 6¢—I(P, -,, N). The intersection of [ H, for all such @ is by 
definition °(P, .,,.N) which completes the proof. 


For a homogeneous hyperbolic polynomial P, the Fourier trans- 
form of the fundamental solution E with support in I°(P,,N) is 
1/P,(€—iON), and that of D°’E is &/P.(€-—i0N), which is homo- 
geneous of degree |x|—m. To invert the Fourier transformation it is 
natural to exploit the homogeneity by integrating first with respect to 
the radial variable. To do so it is convenient to use (7.1.24) in order to 
avoid logarithmic terms, so we pause first to study this formula using 
the notion of wave front set. 

Recall that u in (7.1.24) is a homogeneous distribution of degree 
—n-—k which has parity opposite to k. Hence (x, ¢)eWF(u) implies 
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<x,€>=0 (by Theorem 8.3.1) and (~—x,-OeWF(u) (by Theorem 
8.2.4). The differential of f(x, 2)=<x, €), (x, 2)eR?”"~ {0}, is 

£'% IO M=Cy, O+6% = Cy), F'(% E> 
where ‘f’(x, €)1=(¢, x). With o, defined by (7.1.23) we obtain 


(12.6.6)  WF(a,(<x, E)))={(x, 650, y); <x, E.=0, 
(n, y)y=t(€, x) for some t+0}, 
by Theorem 8.2.4. (Equality must hold since ¢, is real and 


Oesingsuppo,.) In (12.6.6) 7 and y are vectors dual to x and ¢ re- 
spectively. Since 


(12.6.7) W F(u(x) @ 1I)= {(x, €; 4, 0); (x, ne WF (u)} 
by Theorem 8.2.9, the product u(x)o,(<x, €>) is defined when x +0, for 
y+0 in (12.6.6) then. Theorem 8.2.10 also gives 
(12.6.8) WF (u(x)o,(<x, €)) 
= {(x, 3 to +7, tx); <x, 6> =0, 0, (x, nheWF (u)} 
UWF(u® DUWF(a,(<x, €>)). 
Note that (x, €; 74, yeWF (u(x) o,(<x, €>)) implies <x, 47> =0. The restric- 
tion to the unit sphere jx|=1 is therefore well defined, and (7.1.24)' is 
valid (cf. Theorem 5.2.1) in the sense of distribution theory, 
(12.6.9) a(.}=ni-*-*Stu(da,(Cx, ->)). 
From Theorem 8.2.12 and (12.6.8) it follows that 
WF (a) —{(G, tx); € +0, tx +0, (x, —1g)eWF (u)} v {(0, x), x #0}. 
Since (x, )6WF(u) < (—x, —é)eWF(u) this means that 
WF(t)< {(E, x); (—x, DEWF(u)} UV TF 
as we already knew from Theorem 8.1.8. 

Let us now examine if the argument in (12.6.9) can be fixed at a 
point €+0. The restriction of u(x)o,(<x, €>) to S"~ x {€} exists unless 
the wave front set contains an element of the form (x, €; 7, y) with |x| 
=1 and 7 proportional to x. Since <x,7>=0 this means that 7 must 
be 0, and (12.6.8) shows that (x, -—ré)eWF(u) then. If €+0 and 
(x, Q¢WF(u) when x+0 (and <x,é>=0) we conclude that 
u(x)o,(<x,é€>) has a well defined restriction to S”~' x {é}. Hence 
(12.6.9) is valid pointwise in the open set 
{€eR"; €+0 and (x,é)¢WF(u) when x+0}=(R"\{0})\sing supp a. 


All these facts are of course equally true with WF replaced by WF, or 
WF,. 
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We shall now return to the distribution E,=D*E where E is the 
fundamental solution of P.(D) with support in F°°(P,,N). Then E, 
=¢€"/P (E-—i0N) is homogeneous of degree |x| —m=—n—g, where 
g=m—n—|a|. The distribution 


u(é) = E,(€)—(~1'E,(— 6) = 6*(1/P,,(§ -i0.N) —(— L/P, (6 + 10NN)) 


has the parity opposite to g. The support is in the zero set of P, when 
nis even, and by Theorem 8.7.5 we always have 


(é,x)eWF(u) => xeI°(P,, , N)UT (Pye, —N). 


The Fourier transform of u is (22)"(E,(-x)—(—1)'E,(x)), so (12.6.9) 
gives in the distribution sense 


(12.6.10) — E,(x)-(—L)*E,(— x) 
eM J G,(—<x,6)) 
: gl=1 
-E*(1/P (€-i0N)—(—1)"/P,(€ + i0N)) doo(€) 


where dw is the surface area on the unit sphere. When x+0 the 
analytic singular support is contained in W U(— W) where 


(12.6.11) W=\) I°(P,.2,N) 

€+0O 
is a closed cone because the set I’° in Theorem 8.7.5 is closed. Since 
the second term on the left-hand side in (12.6.10) vanishes outside 
—I°(P,,, N) we obtain a formula for E,(x) valid pointwise outside 
Wolr(h,, —N). 

(12.6.10) is in essence the Herglotz-Petrowsky formula. Usually it 
occurs in various equivalent forms. When n is even and P,, is of real 
principal type, the parenthesis on the right-hand side is a density on 
the surface P,=0, and if g<0 then (12.610) can be written as an 
integral over its intersection with the unit sphere and the orthogonal 
plane of x. This is the original formula. One can also go in the 
opposite direction and rewrite (12.6.10) with contour integrals avoid- 
ing the singularities. Briefly this is done as follows. 

The observations made after Definition 8.2.2 show that Theorem 
8.1.6 can be strengthened to f(.+iy)>f) in Gp when Tsy-0. 
Moreover, if the hypotheses of Theorem 8.1.6 are fulfilled and 
x—7@(x)ef is real analytic in some neighborhood of X then 
f(x+ie@(x)—->f, in Gp. Indeed, convergence in & follows if we 
apply (3.1.20) to f({z+ie@(z)), and if <Fu{0} then f(z+ieA(z)) 
satisfies the hypotheses in Theorem 8.1.6 uniformly for small ¢ if IF is 
replaced by I]. 
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To be able to apply the preceding observation to (12.6.10) we 
observe that if xéWU(—W) and +0 then <x.@5 does not have a 
constant sign when @eI(P, -,.N). Hence we can choose 6eI(P, :,N) 
with <x, #>=0. Since OeF(P,,,N) for all 7 in a neighborhood of +é 
(Lemma 8.7.4) and the cones I'(P,,,N) are convex, we can use a 


partition of unity on S"~* to combine finitely many choices of @ to a 
C* function 6(€) in R’~0 with 


(126.12) <x, 6(2)>=0, O(rc)= OE), tO, O(g)eL,, (N). 


By regularization of @ restricted to (@|<2, for example by convolution 
with a Gaussian function, we can make 6 real analytic. 
Let 
oOO=C,d0,0...Adl,—-C,d0,0...Ade,+... 
be the Kronecker form. From (12.6.12), the discussion of boundary 
values of analytic functions above and the arguments which led to 
(12.6.10) we obtain if x¢ WUT (P,, —N) 


(12.6.10) E,(x)=lim(2n)-"nim 1-40 ff -(- 2") 


ea0 f= €—is6(E) f= E+ic0(s) 
G4(—<X, ED) CYP, (ad). 
We could equally well have used the surface measure d@(¢) here but 
we shall now see that the Kronecker form makes the integral inde- 
pendent of ¢ so that no limit has to be taken. 
a) If g20 then 


G,(— <x, §>)=27* sgn <—x, C><—x, o>4/q!. 


Now <x, 0>70/P_(Q@(Q is a closed form since the degree of homo- 
geneity of the factor in front of w(f) is —n (see the discussion follow- 
ing (3.2.25)). In (12.6.10) we have <x, €5=<x, >, and the form a({) 
vanishes in the plane <x,f>=0. By Stokes’ formula the integral is 
therefore independent of ¢ when ¢ is small enough. Let a, be the sum 
of the cycle 


(12.6.13) S"-13é = E~i28(6) 
and (~—1)"~? times the cycle 
(12.6.13Y S'-13€ 3 E+ icO(S). 


Then we have proved that for q=m—n—|x|20 and x€¢W UI (P,,, —N) 


(12.6.10)”  D*E(x) 
=(2n)'-"4-1i f Cix, C7 sgn Cx, C>07/P,, (0) o(6)/4!- 
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Note that <x, is real on a. so sgn<x, > is defined. We can omit 
this sign factor if we replace «, by the chain &, which only differs by 
a change of orientation when <x, €><0. Note that ¢&%, is then a cycle 
in the plane where <x, [>=0. 

b) If ¢<0 we have o,(— (x, &))=d(—<x, >), k= —1—q. Assume 
for a moment that x, +0 but x,=...=x,=0. Then 


Og <x, S>)=(— 4)", 5(— x, F,) =(— 4) * hx 177 HME). 


In (12.6.10) we could have integrated over RxS"~* after replacing 
dw(é) by the Kronecker form since the integrand is homogeneous of 
degree —n and supported by the plane ¢,=0. This means that we 
may integrate over €=(€,, &), &’eS"~*, in (12.6.10). Thus 


E,(x)=lim (2Qx)-"xi-*~4|x,[-24( ff ("J ) 


e+ 0 f= E~is9(2) $= $+i2@(g) 
(xp 6/EG A C/P,(O(Crd05.0...4d0,—C63d0, Ad, ...4...) 


where ¢, =O in the integral. (Note that dé,a... Ad¢é,=0.) By Stokes’ 
formula the integral is independent of < The derivative can be in- 
terpreted as a residue which gives for g=m—n—ja|<0 and 
x€W OT (P,, —N) 


(12.6.10)"  D*E(x) 
=(2n)-"(—1)87 12-7 f dix, O41 C/P,(Qe(O(-—9g-D!. 


Here x_ is the sum of the cycle 


(12.6.14) {ze, |z|=6} x {EeS"~ 3; <x, E> =O} a(z, €) 
> zx+E-icO(E) 


with e sufficiently small and 5<6,, and (—1)"~' times the cycle 
defined in the same way after a change of i to ~i The circle |z|=6 is 
given the positive orientation and the n—2 sphere is oriented as the 
boundary of the half sphere {€eS"~'; <x, €><0}. This orientation 
takes care of the sign of x, introduced by the factor |x,| in the 
preceding formula, and the invariance of the formula makes it valid 
without any special assumption on the direction of x. Note that %_ Is 
generated by a circle in the x direction with center at the boundary of 
%, (or rather minus one half times the boundary if orientation and 
multiplicity are taken into account). 
Summing up, we have proved 


Theorem 12.6.4. If P, is hyperbolic with respect to N and E is the 
fundamental solution of P,(D) with support in I'(P,,, N), then (12.6.10)" 
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(resp. (12.6.10)”) is valid for xéWUT(P,, —N) and g=m—n-—|a|20 
(resp. <0). Here W is defined by (12.6.11) and a,, a_ are defined as 
explained above. 


The following definition contains a sufficient condition for the 
vanishing of (12.6.10)” 


Definition 12.6.5. A point x¢WUI(P,,—N) is said to satisfy the 
Petrowsky condition if the cycle 


{EeS"~*; <x, & =O} ag > §-i20(2) 


is homologous to 0 in {feC€"; <x, (>=0, P(Q+0} when 6 satisfies 
(12.6.12) and ¢ is sufficiently small. 


It is clear that the definition does not depend on ¢ or the choice of 
x in a component of the complement of WUI(P,, — N). 


Theorem 12.6.6. Let the Petrowsky condition be satisfied in the com- 
ponent V of [(WUI(P,, —N)). Then the fundamental solution of 
P_,(D)* with support in I'(P,, N) coincides in V for every positive integer 
k with a homogeneous polynomial of degree mk—n. If P(D) is hyper- 
bolic with principal part P,,(D) then the fundamental solution of P(D)* 
with support in I'(P,,N) coincides in V with an entire function of 
exponential type. 


Proof. The cycle «_ is the same for P, as for Pk. By assumption it is 
homologous to 0 in the set where <x, >+0, P,(+0. If E, is the 
fundamental solution of P,(D)* with support in I°(P,,.N) it follows 
from (12.6.10)” that D* E,{x)=0 in V when |a|>km—n. By Taylor’s for- 
mula and the analyticity and homogeneity of E, in V it follows that E, 
coincides in V with a homogeneous polynomial Q, of degree km—n. 
By Theorem 12.5.3 the fundamental solution of P(D)=P,,(D)— R(D) is 


Y RD) Ex 
9 


in the sense of distribution theory. Since R(D) is of degree <™m it is 
clear that R(D)*O,, ,(z) is a polynomial in z containing only mo- 
nomials z* with m+k—nSj|al<m(k+1)—n. Now we can estimate 
D*E,, |4|=mk—n, by applying (12.6.10)” with g=0 and P, replaced by 
PE. This gives 

\D70,/S C1, jal=mk—n. 
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The coefficient of z*/x! in R(D)*Q,, ,(z) is therefore at most Cj, hence 


jal+n—m 


DIRK O,..0Sd lAVe! Yo Ch. 

k {la} +n)/m—1 
The inner sum can be estimated by a constant times (1+ C,)'*! which 
completes the proof 


Remark. In the second part it would have been sufficient to assume 
that E, is a homogeneous polynomial in V for every k. 

An example of the “Petrowsky lacunas” in Theorem 12.6.6 is the 
wave equation in an even number of dimensions (see (6.2.4)). The 
methods of algebraic geometry give a great deal of information on the 
converse of Theorem 12.6.6 but for that we must refer to the literature 
listed in the notes. 


12.7. A Global Uniqueness Theorem 


In this section we shall prove some rather precise results on the non- 
existence of solutions of the Cauchy problem in the non-hyperbolic 
case and on the support of the solution in the hyperbolic case. 


Theorem 12.7.1. Assume that no factor of the polynomial P has a 
principal part which is hyperbolic with respect to the vector NelR". If 
in a slab X ={x;a<<x,N><b} we have a solution ueG'(X) of the 
equation P(D)u=0Q such that suppu is bounded, it follows that u=O in 


Proof. \t is sufficient to prove the theorem when P is irreducible since 
each irreducible factor of P may be considered separately. It is also 
sufficient to prove the theorem for solutions in C®. In fact, choose 
peC§ UR”) such that [pdx =1 and |\<x, N>|<1 if xesupp¢. The con- 
volution ux@,, where ,(x)=e""(x/e), is then defined and in C™ 
when a+e<<x,N><b-—s, and ux@, satisfies the hypotheses of the 
theorem there. If the theorem is proved for C® functions it will thus 
follow that u*o,=0, hence u=limu*d,=0 in X. 
E-0 

We can choose the coordinate system so that X ={x; ~2<x,<2} 
and not all hyperplanes through the x, axis are characteristic with 
respect to P. The partial Fourier-Laplace transform of u 


f,(C,x,)=fulxjet@Pdx’, 2 <x, <2, 
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where x’ =(x,,...,X,_,) and ¢=(¢,,...,¢,_,), is then an entire ana- 
lytic function of ¢’ for fixed x,. Since P(D) u=0 it follows that 


(12.7.1) P(C,D)a,(C,x,)=0, —2<x,<2. 


If P(¢, D,) is independent of D, we now conclude that #@,—0, hence u 
=0 when —2<x,<2. Thus we assume in what follows that the degree 
u of P(f,D,) with respect to D, is positive. Since #, satisfies the 
ordinary differential equation (12.7.1) it is a linear combination of 
exponential solutions. We shall isolate one of the components. To do 
so, we define a polynomial R(f’,c, t) of degree m—1 by the identity 


(12.7.2) (o—1)R(C, 6, 7) = P(E, 0) — PCC, 1) 
and set 
(12.7.3) W(o,0,x,)=R(C, ¢, D,)u,(C, X,)- 


It follows from (12.7.1) and (12.7.2) that 
(D,—o) W(C, 0, x,)=(P(C, D,)—P(C, o))u, = — P(e, ot, 


Hence 

(12.7.4) (D,-a)W(C,0,x,s=0 if P(t, a)=0. 
Thus we have 

(12.7.5) W(f, 6, 0) =e7'9*" WC, 0, x,); 


—2<x,<2, P(f,a)=0. 
Since R is a polynomial of degree m—1 and since #, satisfies (7.3.3) as 
a function of ¢’ for fixed x,, we have 
(12.7.6) (WC, o,x, SC + lol"? eM! 


where M is an upper bound for |x’| when xesuppw (in X) and C is a 
constant which may depend on x,. If we choose x,=2+1 it thus 
follows that 


(12.7.7) [W(C, 6, 0} SC +|al)"~* exp(M [Im ¢'|—|Im a!) 


if P(C’, o) =0. 

Our aim now is to prove that W(C’,o,0)=0 if P(C’, ¢)=0. To do so 
we first observe that by Lemma A.1.2 in the appendix the irreduci- 
bility of P implies that 


Q={n’'eC"~', P(r’, 0) has p different zeros} 
is open and dense in €"~', and it is easily seen that 


Q= {(7',0); 1'€Q, P(n', o)=0} 
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is connected. That P, is not hyperbolic with respect to N=(0, 1) 
means that either P,(0,1)=0 or else the equation P,(¢,¢)=0 has a 
non-real root o for some real é’ and therefore a non-real root for 
every ¢' in an open subset of IR”~?. In view of the homogeneity we 
obtain P.(é'/o,1)=0 and i/o is non-real. We have chosen the coor- 
dinates so that some plane containing the x, axis is not characteristic, 
that is, P(¢,0) does not vanish identically. We can therefore choose 
é’eIR"~! so that 


(12.7.8) PA¢,0)+0 but P(e, 1I)=0 
either for c,=0 or for some cy with Imc, +0. 


With a fixed y’€Q we now consider the Riemann surface defined 
by 


(12.7.9) P(té’+n',0)=0. 


As in the proof of Theorem 8.6.7 it follows from (12.7.8) that there 
exists a solution t of (12.7.9) which for some integer p is an analytic 
function of o*/? for large |c| and has an expansion 


ine) 


(12.7.10) e(a)=a co? 
ie) 


convergent when jo|'/?2R, with leading term cyo where c, is the 
constant in (12.7.8). The expansion (12.7.10) represents a part S of the 
Riemann surface (12.7.9). 

Using (12.7.7) we shall now estimate F(a)=W(t(a)é' +7’, c, 0). 
Since |t[/|o| is bounded, we obtain for some constants A and B 


(12.7.11) |F(o\\sAeFl"!,  o[ = RP. 

A better estimate can be given on some rays. In fact, there exist 
arguments @ such that 

(12.7.12) M\é"| |Im (ce) <|Im e'*|/3 =|sin 64/3, 


for since cy is either non-real or equal to 0, we can even make the 
left-hand side equal to 0 while the right hand side is +0. The set of 
all @ satisfying (12.7.12) is open, and if @ satisfies (12.7.12) it is obvious 
that 6+kz also satisfies (12.7.12) for every integer k. When (12.7.12) is 
valid, we obtain using (12.7.7) 


(12.7.13) |F(re\<C,e7P i963, p> RP. 


Thus F is bounded on all rays with argument satisfying (12.7.12). 
Since S can be decomposed into angular domains with opening <z 
by means of rays satisfying (12.7.12), it follows from (12.7.11) and the 
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Phragmén-Lindelof theorem that F is bounded on S. Hence 
foe) 
= -ii 
F(c) =e ag 1? 


where the series converges when |o|>R?’. Now the function F(c) must 
behave asymptotically as a power of o~*/? when ¢ > «, if some a,+0, 
and this is impossible since (12.7.13) shows that F decreases exponen- 
tially along certain rays. Hence F=O0 on S, thus W(té'+7’',6,0)=0 
in the connected component of S in the Riemann surface (12.7.9). It 
contains some point with t=0. In a neighborhood of 4,€Q the zeros 
of P(y’,¢)=0 are analytic functions o,(7'), j=1,..., 4, and we have just 
seen that 


Wr’, o,{7'), 0) =0 


ae 


for every 7 near yy. But this proves that one of the factors vanishes 
identically, so W(n’,o,0)=0 im an open subset of the connected ma- 
nifold @. Hence this is true everywhere in Q. If y’€Q it follows from 
Lagrange’s interpolation formula that the polynomials in ¢ 

Ri’, 6;, a)=P(r’, a)/(o ~G;), j=l, aes oa9) B, 
form a basis for the polynomials in o of degree <y. Since 

R(y’, o,(7’), D,) a, (1, X,) = Wy, o;(7’), x,) = 0, 

Ix,1<2, 7'€Q, 
by (12.7.3), it follows that D/a,(n’, x,)=0 when j<y. In particular, 
a(y',x,)=O if [x,|<2, n’eQ. 


Since Q is dense it follows that u=0. The proof is complete. 


We shall now give an application of Theorem 12.7.1. 


Theorem 12.7.2. Let X be an open subset of IR" and ueC™(X) a 
solution of the equation P(D)u=0; let the plane = {x; <x, N>=0} be 
non-characteristic with respect to the m order operator P(D), and 
assume that no irreducible factor of P(D) has a principal part which is 
hyperbolic with respect to N. If the Cauchy data of u in 2A X have 
compact support, it follows then that u=0 in a neighborhood of SOX. 


Proof. Let K’'< X be a compact neighborhood in R” of the support of 
the Cauchy data. Then it follows from Holmgren’s uniqueness theo- 
rem (Theorem 8.6.5) that u=0 in a neighborhood of 2qéK’. If we 
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define u,=u in K' and u,=0 elsewhere, it thus follows that 
suppu, <K’' and that u,eC”, P(D)u,=0 in a neighborhood of every 
point in 2. Ife is a sufficiently small positive number, we have P(D)u, 
=0 when |(x,N>|<e, so it follows from Theorem 12.7.1 that u,=0 
when |<x, N>!<e. This proves the theorem. 


Remark. It follows from the proof that in the theorem above it would 
be sufficient to assume that the solution u exists in a neighborhood of 
X m2 in the half space <x, N>20. 


The Cauchy data for which the Cauchy problem for a differential 
operator P(D) satisfying the conditions in the theorem can be solved are 
thus coherent in the sense that they are uniquely determined in some sets 
if they are known in others. (There is of course no analytic relation 
which is satisfied by all “admissible” Cauchy data since the Cauchy 
problem can always be solved by Fourier transformation for data with 
Fourier transforms of compact support. These are dense in /.) 


We shall now prove that the conclusions of Theorem 12.7.2 are 
false if P has a factor with hyperbolic principal part. To do so we 
shall prove an existence theorem for the Cauchy problem with data in 
the (small) Gevrey class defined as follows: 


Definition 12.7.3. If 6>0 we denote by 7% or 7(IR") the set of all 
o€C~(IR") for which to every compact set K and every e>0O there is a 
constant C, such that for every «+0. 


(12.7.14) |D?b(x)|<C,el*i(jai®,  xeK. 
We also set 79 = AC. 


By Stirling’s formula we could of course replace |a|! by |a/'*! in the 
ive] 
right-hand side. Since 1/k°<co when 6>1, it follows at once from 


1 
Theorem 1.4.2 that y® is so large when 5>1 that one can find cutoff 
functions there; it is of course an algebra (Proposition 8.4.1). 
The following lemma is a supplement to Theorem 7.3.1. 


Lemma 12.7.4. An entire function ®(0), CeC€", is the Fourier-Laplace 
transform of a function ey? with support in the compact convex 
set K with supporting function H if and only if to every B>O there 
exists a constant K, such that 


(12.7.14) | S(QiSK,exp(H(Im)—B!Re{|", fe”. 
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Proof. Since (*@(Q) is the Fourier-Laplace transform of D*@ it follows 
from (7.3.1) and (12.7.14) with a new constant C, that 


ICPIDP(OLS C,(ne)t ke ems), 
This implies that 
ID(OlS C, (nek? Re CireFimo), 
We now choose k as the largest integer <(|Re{|/ene)/? and obtain 
IO(QS Ce“ ke Mam), 


Since k>(jReCl/ene)*’—1, the estimate (12.7.14) follows with B 
=(ene)— 2? 

Yo prove the converse we note that by Theorem 7.3.1 every 
function satisfying (12.7.14) is the Fourier-Laplace transform of a 
function g€CF with support in K. We have 


[D*@|S(2m)~” | g*O(E)\dF S(22)-" Kg J EI!" exp(—Bl Ed. 


In polar coordinates the right-hand side becomes the integral defining 
the I-function and this proves (12.7.14) if e>B7°. The proof is com- 
plete. 


We can now state an existence theorem which shows that Theo- 
rem 12.7.2 is not true for an operator with hyperbolic principal part. 
(Note that such an operator need not be hyperbolic in view of 
Theorem 12.4.6.) 


Theorem 12.7.5. Let the principal part of P(D) be hyperbolic with 
respect to N and of order m. Then the Cauchy problem 


(12.7.15) P(D)ju=f in R’, 
(12.7.16) <D,Ny‘u=o, in 3, k=0,...,.m—1, 


where 2 ={xelR’, <x,N>=0}, has a solution uey QR") for arbitrary 
fey(R") and 6,€y(), provided that 1<6<m/(m—}). 


In particular, this means that the admissible Cauchy data are not 
coherent if the principal part of P(D) is hyperbolic. It is easy to 
deduce from the proof that P(D) has a fundamental solution with 
support in I°(P,,N) which belongs to the dual space of y@. In 
particular, there is a hyperfunction fundamental solution. Thus the 
conditions in Theorem 12.4.6 are caused by our insistence that the 
fundamental solution shall be in &. 

We shall first prove the theorem when f=0 and @, have compact 
support. If we choose the coordinate system so that N =(0,..., 0,1), it 
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follows from Corollary 8.6.11 that a solution of (12.7.15), (12.7.16) 
must have compact support when x, is bounded. As in Section 12.2 
we can therefore study the Cauchy problem by taking the partial 
Fourier transform #,(¢’,x,) of wu with respect to x’. Then we obtain a 
Cauchy problem for ordinary differential equations 


(12.7.15)' P(¢,D,) (0, x,) =9; 
(12.7.16)’ Di (2, x,)=G,(2),  X,=0, k<m. 
To study this Cauchy problem we first estimate the characteristic 


roots. 


Lemma 12.7.6. [f the principal part P., of P is hyperbolic with respect 
to N=(0,...,0,1), it follows that the roots of the equation P(¢é',t)=0 
satisfy the inequalities 


(12.717) [eisC(e1+), lIm7|SC(g|+1)' 7", eR". 


Proof. If we write 


PE. )=3 2 a(2) 
0 


the polynomial a, is of ee at most and the constant a, is +0 
since P_(N)+0 and N=(0,...,0, 1). We may assume that a,=1. If C, 
is a constant such that |a,(¢ 7) ay 1(1é"|-+ 1) for every j, we have 


m 


Sale) 


1 


Sc S27 < |e" if |t]>2C, (61+ 4). 
1 


This proves the first inequality in (12.7.17). (The assumption that ¢’ is 
real was not used here.) To prove the second inequality we first note 
that for real & we have 


P(é,2)=[] @—2) 


where the zeros t, are real. Hence (cf. (8.7.4)) 
IP, (é, 7) 2|Im27|",  GeIR™". 


Using the part of (12.7.17) which has already been proved,we obtain if 
P(g’, 2 =0 

9 (oid [ia fad a et a (ie) =r (Fale aaa 
Hence it follows that |[Imti"™<C,(/¢}+1)”~', which completes the 
proof. 


To solve (12.7.15)', (12.7.16) we must also recall an elementary fact 
concerning the case of an ordinary differential equation: 
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Lemma 12.7.7. Let p(D)=D"+a,D"—-'+... be an ordinary differential 
operator with constant coefficients. If O0Sk<m the Cauchy problem 


(12.7.18)  p(D)o,=0 on R, Div,Q)=6, if OSj<m, 


where 6,, is the Kronecker delta, has a unique solution. If p(t)=0 
implies |t|SA and |Imt|<B, then 


(12.7.19)  |Dén, (| S2"(A S101. 


Proof. The uniqueness and existence are elementary. We claim that 


(12.7.20) v(t) =(2n)-* J el q(x)/p(z)dt 


where w={1;|t|<A+1, |Imt}<B+1} contains the zeros of p and gq is 
a polynomial of degree <m. That p(D)v,=0 when v, is defined by 
(12.7.20) follows at once from Cauchy’s integral formula. The bound- 
ary conditions mean that the residue at co of t/g({z)/p(t) shall be O 5p 
when j <™m, that is, 


q(t)/p(t)=t-1-*§+O(c-"—-4), to. 


This means that g(t) is the polynomial part of p(t)t~!~" The coef- 
ficients of p are bounded by those of (t+A)" so those of q are 
bounded by those of the polynomial part of (c+ 4)"7—1~*. Thus 


Ig(S(QA4F DAF 1717 S2(A4 41)" 1-* teG0, 


and |p(t)|21 on @q@ since the distance to the zeros of p is at least 1. 
Since the length of 6m is <2x(A+1) and |t1}SA+1 on Ca, we obtain 
(12.7.19) by differentiating (12.7.20) and an obvious estimate of the 
integral. 


Proof of Theorem 12.7.5. First assume that f =O and that all ¢,ey. 
Let F,(¢', x,) be the solution of the Cauchy problem 


P(E, DJF AE, x,)=0; DIF (&,0)=4;,, 
where k<m. Then the solution of (12.7.15), (12.7.16)’ is 


j<m, 


(12.7.21) We le 36 = . BAC IE AES %,)- 
0 


We use Lemma 12.74 to estimate ¢,(€’) and Lemmas 12.7.6, 12.7.7 to 


estimate the derivatives of F,. It follows that the function d, defined 
by (12.7.21) has the estimate 


\Dr, (5 X,)| Kg KI (S141 7" 
“exp ((K[x,|—-B)(1+(é')"”) 
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where B is arbitrary. (Here we have used that 1/621—1/m by hy- 
pothesis.) If we now define u as the inverse partial Fourier transform 
of a, then 


|D*u(x)| SK,(27)7~ aKa (( \e}+41) er 
-exp((K|x,|—B)|E"7) ae. 


Since B can be chosen arbitrarily large, it follows as in the second half 
of the proof of Lemma 12.7.4 that vey, and it is clear that wu satisfies 
(12.7.15), with f=0, and (12.7.16). Thus the theorem is proved in this 
special case. 

Next let f=0 and ¢,¢y7. Choose w ey so that w,(x)=1 when 
|xi<v. Since W.¢,¢y?, we have proved that the equation P(D)u=0 
has a solution u, with the Cauchy data w,@,. From Corollary 8.6.11 it 
follows that u,,,—=u, for large v on any compact set. Hence u= lim u, 


vo OO 


exists and belongs to y. It is obvious that P(D)u=0 and that u has 
the Cauchy data (12.7.16). 

Now assume that fey. If E is a fundamental solution of P(D), we 
have v=Ex fey. In fact, if K is a compact set in IR" and if K’= 
K —supp f={x—y;xeK, yesupp f}, we can find C and k such that 


IEQ(@ISC 2 sup|D*y|, ECP (K), 
Blsk 


which gives 


ID(Exf\(xisc pus sup{D*** f|,  xeK. 


With the notation u,=u—v the Cauchy problem (12.7.15), (12.7.16) is 
now equivalent to 


P(D)u,=0,. <D,N>*u,=¢,-<D,N)‘v in E, k<m, 


and we have just proved that this problem has a solution u,¢7. 


Finally, the existence of a solution for any f and ¢, in y® follows if 
we teplace f by w,f and let v->oo. The proof is complete. 


Remark. The existence theory of Section 12.5 could also have been 
established with the methods used to prove Theorem 12.7.5. 


Example. The Cauchy problem for the heat equation @?u/@x?=6u/ét 
can be solved for arbitrary data in y?) on the t-axis. This case is 
classical and elementary, for the equation gives 


CP ujéx**=Gkufat®,  G?*-lujéx**t t= Ot uféx ar 
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The Taylor expansion with respect to x 
ioe] 
u(x, =) Gu(O, )/ét*x?*(2k)! 
0 


+) &*1u(0, )/6t*xx7**4/(2k+1)! 
0 


is convergent since the data are in y'?) 


problem. 


, and it solves the Cauchy 


We shall now give an application of Theorem 12.7.1 to the Cauchy 
problem with data of compact support. 


Theorem 12.7.8. Let P be an irreducible polynomial with principal part 
P., which is hyperbolic with respect to N. Let K be a convex compact 
subset of the plane <x, N>=0 and y a point in this plane outside K. If 
ueC™(H) where H={x; (x, N> =O}, is a solution of the equation P(D)u 
=0Q with Cauchy data vanishing outside K, and if the support of u is 
contained in {y}+I°°(P,, N) except for a bounded set, it then follows 
that u=0 identically in H. 


Note that it follows from Theorem 12.5.6 that suppuckK 
+1°(P_,N). Combined with Theorem 12.7.8 this gives very precise 
information about the support of u. 


Proof. Since K is convex and y¢K, we can find é¢]R” such that 
(12.7.22) <x, €><<y,6>-e if xeK, 


where e>0. Let t, be the largest zero of the equation P,(€+1N)=0, 
and set y=€+71,N. Then P,(y7)=0 and y is on the boundary of 
I(P,,N). Since <x,N>=<y,N>=0 when xeK, it follows from 
(12.7.22) that 


(12.7.23) Xx, 4><<y,n>—-e if xEK. 
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Now set X={x; CY I E< KX < CY D} 


and let v be the function which is equal to u in X OH and is equal to 
0 in Xf H. Since XK is empty, it is clear that veC”(X) and that 
P(D)v=0 in X. Now X does not meet the cone {y}+I°°(P,, N) for 
since 4 is in the closure of I'(P,, N) we have <x—y,7> 20 in this cone. 
Hence the support of v in X is bounded by hypothesis, so that v=0 
identically in virtue of Theorem 12.7.1 which is applicable since P,,(y) 
=0. 

Now consider the function u, which is equal to u when xeH and 
<x, > 2 <y,4> and which is equal to 0 elsewhere in H. Since u=v=0 
in XH, it follows that u,eC"(H) and that P(D)u,=0 in H. The 
Cauchy data of u, vanish, so we must have u,=0. Since u,=u in {y} 
+IF°(P,,N) it follows that u=O in {y}+Ir°(P,,N). Hence the hy- 
potheses in the theorem show that the support of u in H is bounded, 
and another application of Holmgren’s uniqueness theorem now pro- 
ves that u=0 identically in H. The proof is complete. 


12.8. The Characteristic Cauchy Problem 


Let P(D) be a partial differential operator with constant coefficients in 
RR’, let N be a real vector +0 and set 


H={x; (x, N) 20}. 


We shall study the Cauchy problem for P(D) in the half space H 
with vanishing data on the boundary ¢H when this is characteristic 
with respect to P(D). Thus we want to find a solution of the equation 


(12.8.1) P(D)ju=f in R® 


with support in H when f is given with support in H. By Theorem 
8.6.7 we know that there is no uniqueness unless growth conditions 
are Imposed which will not be done here. The question is whether an 
existence theorem is valid. The methods employed in Sections 10.5 
and 10.6 can be adapted to the proof of an existence theorem for 
the Cauchy problem if there is a solution with f=6, that is, a 
fundamental solution (of finite order) with support in H. A sufficient 
condition for this is the Petrowsky condition that the coefficient of 
the highest power of t in P(€+1N) is independent of € and that, for 
some C 


(12.8.2) Imt>C_ if P(é+cN)=0, eR” 


Indeed, we can then define a fundamental solution E by (12.5.3) and 
use part of the proof of Theorem 12.5.1 to show that suppE CH. 
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However, (12.8.2) is not a necessary condition for P to have a funda- 
mental solution with support in H. In fact, if E is a fundamental 
solution of P(D) then Ee'<*® is a fundamental solution of P(D—8) 
for every 6€C" Hence the set of all P(D) having a fundamental 
solution (of finite order) with support in H is invariant under trans- 
lations. On the other hand, condition (12.8.2) is not translation in- 
variant since it 1s satisfied by the Schrddinger operator P()=¢,—-&, 
N=(0, 1) but not by P(é+ 6) if 6=G, 0). However, condition (iti) in the 
following main result of this section shows that the lack of translation 
invariance is the only essential flaw of condition (12.8.2). 


Theorem 12.8.1. The following conditions on P(D) and H are equiva- 
lent: 

(i) P(D) has a fundamental solution with support in H. 

(ii) There exists a compact neighborhood K of 0 such that for some 
constants C and u 
(12.8.3) [uO)|SC Y sup|D*P(D)ul, ueCP(K). 

lalSu -# 

(ili) There exist constants A, and A, with A,>0 such that for every 
solution t(f) of P(€+1tN)=0 which is analytic and single valued in a 
ball B with real center and radius A, we have 


(12.8.4) sup Im7z({)2 A,. 
B 


(iv) If 1Sp<oo and keX, the equation (12.8.1) has a solution 
ue BYs,(IR") with support in H for every feBYs(IR") with support in H. 

(v) The equation P(D)u=f has a solution ueG,(IR”) with support in 
H for every fe@,(R") with support in H. 

The definitions used here are explained in Section 10.1. 
Proof. The implications (iv) = (v) = (i) are obvious. If (i) is valid and 
xe CF is equal to 1 in K, then 

u(0)=<E, P(D)u) =<zE, P(D)u), ue C$ (K). 


Hence (12.8.3) follows from Theorem 2.3.10 since the intersection of 
—H and a ball containing suppy is convex. 

If PeCO(K) and @=1 in a neighborhood of O then K'= 
(—H)nsupp d¢ is a compact set <(— H) VK ~ {0}, and (12.8.3) implies 
that with new constants 
(12.8.3) |u(OWSC Yo sup|Dtul, if weC*(R"), P(D)u=0. 

jajgu K’ 
In fact, we need only apply (12.8.3) to v=@u noting that 
P(D)v= ¥ (P™(D)u)D* ob/a! 


atO 
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has support in K’. Condition (iii) will follow by application of (12.8.3)’ 
to superpositions of exponential solutions of the equation P(D)u=0. 
However, a few preliminary remarks are required before the proof. 

First, it is sufficient to prove that (ii) = (iii) when P is irreducible. 
In fact, if P=|]P is a decomposition of P as a product of irreducible 
factors, It is obvious that the function t in condition (iii) satisfies one 
of the equations P.(f+1tN)=0, and (12.8.3) remains valid with P(D) 
replaced by P(D) since P(D)u=0 implies P(D)u=0. Choose the coor- 
dinates so that H is defined by the inequality x, 20 and write 


P()=D a 
0 
where €'=(€,,...,¢,_,) and a,(¢) is not identically 0. (Since GH may 
be characteristic the order of P may exceed m.) We may assume that 
m=>OQ for (iii) is void if m=0. Let 4(¢’) be the discriminant of P as a 
polynomial in ¢,, that is, 


A(&’) azm— ?T] (t;-t,)? 


p<k 


where T,,...,7, are the zeros of P(&,7). Since P is irreducible we 
know that A is not identically 0, for P and @P/@&, would have a 
common factor then. Over the set in €”~' where a,(f)A(C’)+0 the 
equation P({)=0 defines an m valued analytic function. More pre- 


cisely, if B is a ball contained in the set 
{03 Ce€" 3, a, (CAC) + 0} 


there exist m analytic function t,(¢’), j=1,...,m, defined in B such that 
t,(o)+=1,(C) for every (’eB if j+k, and 


PH=a,(C)TTC,-t(C)), eB. 


The functions 7,(¢’) are uniquely determined apart from the labelling. 
This follows from the implicit function theorem (Lemma A.1.1) and 
analytic continuation along the radii from the center. The following 
lemma will permit us to find balls avoiding the zeros of a,, and of 4. 


Lemma 12.8.2. There is a constant y=yy., such that if R#0 is a 
polynomial in C’ of degree <M and B<C” is a ball with radius t, it 
follows that there is a ball B’<B with radius yt where R has no zeros. If 
B has real center we can take B’ with real center. 

Proof. We may assume that B is the unit ball and that R(0)=1. Since the 
set of such R is compact and the largest radius of an open ball B’cB 
where R+0 is a positive lower semicontinuous function of R, hence 
has a positive lower bound, the lemma is proved. 
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Next we observe that if P is of degree <M, then (cf. Lemma 
12.7.6) 


(12.8.5) la(CVISCA+CYM 4, if P(Q=0. 
In fact, if w=a,,(£)C, we have the equation 
w'ta, iw" ta, .a,w'*+...+a,a"7 '=0, 


Since the degree of a, is at most M —j, the degree of the coefficient of 
w™-* is at most M—(m—k)+(k—1)(M—m)=k(M—m-+1). It follows 
that w(1+{C‘)-!>"~-! satisfies an equation with leading coefficient 1 
and uniformly bounded coefficients. This implies (12.8.5). 


Proof that (ii) = (iu). Let U be the set of all (€o,R,A) such that 
é eR" ', R>0, A>0, and 

(a) a,(C)4(C) #0 when [{/-&5|<R+1, 

(b) Imt({’)S~—A when [(’—¢)|<R for one of the analytic so- 
lutions of P(¢’, t)=0 defined then. 

We shall first prove that there is a bound for min(A,R) when 
(€),R, A)eU and then use Lemma 12.8.2 to deduce (iii). By Lemma 
11.1.4 there is a fixed positive lower bound for |a,,(¢)| when |C’—é5|<R, 
for some derivative of a,, is a constant. With k=M—m-++1 we there- 
fore obtain from (12.8.5) 


(12.8.5) Ie(CYSCU+IED, [0 Sg <R. 
Choose a fixed bE CP({E; |€|<1/2}) with [ O(€)d==1 and set 
(12.8.6) — u(x)=f expi(<x’, Z>+x,7(E) O(E — &p)/R)dE/R". 


It is clear that P(D)u=0 and that u(0)=1. We shall apply (12.8.3)’ to 
u. To estimate the right-hand side we observe that x,<0 in K’ and 
that there is some 6>0 such that either |x’|26 or x, —6 if xeK’. 


i° Let x, <0 and |x’|26. When |f’—)|<R we have 


Imz(f)s0,  [e(SWSCU+(E1+ RM 
Now 


xP Dt u(x)= fe 8 9(— Dh (E* Ere" HCE’ — So)/R)) dC /R", 
and by Cauchy’s inequality 
[DLE (Ener) S| yt CHUA + [EG + RYMA(R/2)- 
if |€’~ 5|<.R/2. Hence we obtain for any N 
(12.8.7) [D®u(xSCyL+lSol+RMMR-® if lal Su, [x'12Bd, x,S0. 
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2° Next assume that x,<—d<0. Then jexp(ix,7(é'))iSe74%, and 
taking B=0 in the preceding argument we obtain 


(12.8.7) |D*u(x)|SC1+|E5/+R)Me-4? if lalSu, x, S—6. 
When (12.8.3) is combined with (12.8.7), (12.8.7) we obtain 
(12.8.8) 15C,(+]p|+R)@ (R78 +0749) if (65, R, A)eU. 
The function 
f(t)=sup {s; (&, 5, JEU for some €¢R"~' with |é5|S7} 


is finite. It follows from Theorems A.2.9 and A.2.2 that U is semi- 
algebraic, for b) in the definition of U means that one can choose t, 
with P(&),t))=0 so that Imt<-—A if (1,0, &) is in the set E in 
Theorem A.2.9 and |(’—€)|<R. Hence Corollary A.2.6 shows that f 
is bounded unless f grows as a power of t when t >oo. By (12.8.8) we 
have 


288) 1SCyL ++ fife * +e") 


so f cannot grow as a power of t. Thus f is bounded, that is, for 
some So 
(S95, JEU => SSS. 


Now if 7(¢’) is a solution of P(f,7(€))=0 with Imt(()SA,<0 in a 
ball with real center and radius A,, it follows from Lemma 12.8.2 that 
we can find & so that (¢, R, —A,)«U, R+1=yA,. If pA, =5)4+2 it 
follows that —A,S5o, so (iii) is fulfilled if we choose A,< —Sy. This 
completes the proof of the implication (ii) = (ili). 


The remaining implication (iii) => (iv) is the hardest part of Theo- 
rem 12.8.1. Again we may assume that P is irreducible. In fact, if P 
=[[P is a decomposition of P in irreducible factors, the condition 
(iii) is fulfilled by each P if it is fulfilled by P. In view of (10.4.3) the 
implication (ili) => (iv) follows for P if it is known for each P. We 
may of course choose coordinates as above. Condition (iii) then gives 
that for an analytic solution 1(¢)} of the equation P{¢’,7(f)=0 in a 
ball B with radius A, and real center we have 


sup Im 7({)2A,—Ay,. 
Then ‘ . Boe en ; 
P(Q=P(C. 0, +i(A,-Ay)—9) 
satisfies the same condition with 4,—A, replaced by 1, and 


PAD) ers tA tere Pp Dye tAenatn 
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so (iv) is valid for P(D) and for P,(D) at the same time. From now on 
we therefore assume condition (ii1) in the form 


(12.8.9) sup Imrt({)21 
B 


when P(¢’,2(f))=0 and 1 is analytic in a ball with radius A, and real 
center. For the sake of convenience we assume that 4,21. 
To clarify what must be done we note that the equation P(D)ju= f 
means that 
u(P(D)v)= flv), veCP(R"). 


This implies that f(v) can be estimated in terms of the restriction of 
P(D)v to the half space —H. Conversely, if this is proved we can 
obtain u by applying the Hahn-Banach theorem. Thus we must show 
that when veCF(R’) it is possible to estimate the restriction of v to 
—H in terms of the restriction of P(D)v to that half space. Writting 
P(D)v=g we obtain by taking Fourier transforms with respect to the 
variables x,,..., x 


oe 
P(C,D, JOC x) =8(C,x,); Ce", x,eR. 


There are two difficulties in solving this ordinary differential equation: 

a) The leading coefficient a,,(¢’) may have zeros. 

b) The equation P(é,z)=0 may for large &’eRR"~' have roots with 
large negative imaginary part, and (12.8.9) only guarantees that one 
can be moved to the upper half plane by a moderate change of &. 

The first problem is not hard to solve for already in Section 7.3 we 
have seen how to avoid the zeros of a polynomial. Problem b) is 
much more serious. It requires us to remove only one linear factor 
D,,—1(¢) at a time with (’ where Im7(¢’)>1, and then use the maximum 
principle to derive conclusions for a general ¢". It is this procedure 
which, so far at any rate, has made it impossible to use constructive 
arguments such as in Section 10.2. 

As a preliminary step we shall prove some elementary facts con- 
cerning integration of ordinary differential equations. Let ke (IR) so 
that for some constants C and N 


(12.8.10) k(E+nysSk(Q\(l+Clni*;  & neR. 
With 1<p<co we shall use the norm 
lize w= (2m) 1 kill», ueS(R). 


If feY and g is a polynomial in one variable with no real zero, the 
equation q(D)u=f has a unique solution in , and 


(12.8.11) lull pst 9(D)ull, x: 
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Now we are really only interested in restrictions to R_, so we in- 
troduce the quotient norms defined by 


(12.8.12) julp,=inf lvl, ,; osu on R_; v,ueF. 


In order that u=v on R_ shall be equivalent to q(D)u=q(D)v on R_ 
for u,veY, we require that any non-trivial solution of the homo- 
geneous equation q(D)w=0 is exponentially increasing at — oo, that is, 
that q(t)=0 implies Imzt>0. In that case we can pass to quotient 
norms in (12.8.11) and obtain 


Lemma 12.8.3. If ue Y (IR) and q(t) is a polynomial with all zeros in the 
half plane Imt>0, we have 


(12.8.13) el aie = QCD) ull - 
In particular, if seC and Im/A>0 we have 
(12.8.14) ImAlul >. S(D-Aul >, 


The last statement follows of course from the fact that |t—A| 
2Imz~ when 7 is real. For general q we have |q(D)ul>,S|lul 


p.lglk* 
To clarify the direction of the argument we now state an in- 


termediate result on the way to the implication (iii) = (iv). 


Proposition 12.8.4. Let P be irreducible and satisfy (12.8.9). Then there 
exist constants C, x, R such that if veC?, P(D)vu=g and |x'|SM in 
supp v when x, <0 it follows that for 1S poo and ke X(R) 


(12.8.15) Sup ESS xDMpeSCe™ sup [8(C, Xl pu P 


\Img’|<R 


Note that while k is a function of €, only, the quotient k/P also 
depends on (’. Later on we shall also allow k to depend on é’. 


Lemma 12.8.5. If V(C’)= ||6(C, -)Il 7, then log V(f’) is a plurisubharmonic 
function of C’e€"-" and 
(12.8.16) Vio)seMlim ly, = Ve=sup V(E'. 


Rr-1 


Proof If F(é') is an analytic function with values in a Banach space 
then log ||F(f)\| is plurisubharmonic since it is an upper semicon- 
tinuous function which is the supremum of log|¢F(C’), g>| when g runs 
over the unit ball in the dual space. (See Section 4.1 for basic facts on 
plurisubharmonic functions.) For x,$0 it follows from Theorem 7.3.1 
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that 
e™ nn BC, X,) 


converges to 0 as ¢’ 00, uniformly in x,. This remains true after any 
number of differentiations with respect to x,. Hence V({‘)e~™'""10 
as ( > 00. If &, 7’ eIR"~? the difference 

log V(é"+wy')—log V— M|n'| Imw 
is therefore a subharmonic function of we€ which is <0 on the real 


axis and >—cc as woo in the upper half plane. Hence it is $0 
when Imw>0. Taking w=i we obtain (12.8.16). 


(12.8.16) is a well known consequence of the Phragmeén-Lindeldf 
theorem for entire function of exponential type. The following is 
essentially the Hadamard three circle theorem. 


Lemma 12.8.6. If w is a plurisubharmonic function, w0 in the ball 
{CEC ||<Ro}, and wS —1 ina smaller ball {€; |C—Cy|<R,} then 


(12.8.17) w()Sd(Ro, RM(CV/Ro- Ds ISI<Ro, 
where 6(Ry, R,)>0. 
Proof. lf €¢,=0 then the maximum principle gives 
w(t) S(log|{/Rol/log(Ro/Ry), Ry <IC1<Ro. 
Since logtSt—1 and —~1S1-—1 when 1>0 it follows that 
(12.8.18) w(¢) S(C1/Ro — 1)/max (1, log (Ro/R,)).- 
If i€,|<R,/2 we can apply this result with R, replaced by R,/2. 
Assume now that |€,/2R,/2, thus 3R,/2SR,). Then we have wS 


—lresp.w<0 in the balls with center (5=¢,(1—R,/2/C,|) and radius 
R,/2 resp. 3R,/2. Thus we obtain by (12.8.18) 


w(So+ OS(2IV/3R,—Dylog3,  (0/<3R,/2. 
In particular, 
w(l,+OS—1/9log3),  |0)<4R,/3. 
If we iterate this argument at most k times where k is the smallest 


integer such that (4/3)*R,>2/3R 5, we have proved (12.8.17) with 6 
bounded below by a constant times a power of R,/Ro. 


Next we shall prove a few lemmas which show that algebraic 
functions are just as well behaved as polynomials when one keeps 
away from their branch points. 
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Lemma 12.8.7. Let Z be a connected open set in €"~' and F,(Z) the set 
of all analytic functions f in Z such that for some polynomial R#=O of 
degree <m in (” the equation R(C’, f(C)}=0 is valid in Z. Let Z, and 
Z, be non-empty open sets GZ. Then there is a constant C such that 


(12.8.19) sup|fi|sSCsup|f|, feF,(Z). 
Z2 Z 


Proof. It is sufficient to prove the statement when Z,€Z,€Z are 
balls with center at the origin. The reduction to the case n=2 is 
then obvious. Without restriction we may assume that 


sup | f|=1, 
41 


for F(Z) is closed under multiplication by complex numbers. We 
shall write z instead of ¢, and w instead of €,. The equation satisfied 
by / may be written 

y a,f7i2z*=0, 
. j+kSm 
and we can normalize the coefficients so that ) ja,,|=1. 

For any choice (a5) of the coefficients we can find a disc Z’ with 
Z,<Z'GZ and a closed line segment L joining a point in Z, to one 
in @Z’ such that the degree of ) aj, w/z* in w for each zeLU@Z’ is 
equal to its largest possible degree. This requires only that we avoid 
the finitely many zeros of the leading coefficient. We can then find a 
number W>1 such that 


Yaiwz+0 if jwl=W and zeLUéZ’. 


It follows that for all (a,,) sufficiently close to (aj,.) we have 


Ya,wz+0 if |wl=W and zeLuéZ’. 


If Sia, f(z¥z*=0 in Z and |f(z)|S1 when zeZ,, we conclude that 
\f(z<W when zeLU6Z’. In fact, this is a connected set which meets 
Z,, so |f(z|\<W at some point and |f(z)|+W at every point in 
Lu6éZ’. Hence the maximum principle gives that |f(z)|<W when 
zeZ,. Since the set of all (a,,) with } ja;,|=1 is compact, the proof is 
complete. 


Note that it follows from Lemma 12.8.7 that the set of all fe F(Z) 


with sup|f|=1 is compact for the topology of uniform convergence 
Z1 
on compact subsets of Z (cf. Theorem 4.4.2). 


Lemma 12.8.8. Let the hypotheses be as in Lemma 12.8.7 and let in 
addition Z, be a non-empty open set GZ,. Then there are constants C, 
and r>0 such that if feF,(Z) and sup,,Im f 20 we have 
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(12.8.19) sup ID? AIS, sup Imf 2+0, 
(12.8.19)” sup ImfSC, inflm 

for some ball B=Z, of radius r. 


Proof. We may assume that supIm/f=0, thus Im/f(z,)=0 for some 


2 Zo 
Zyo€Zo; we may also assume that f(z,)=0 since a real constant may 
be added to f Furthermore we can normalize f so that SBP [fl=1, 


which makes the set M of all such f compact. There is a bound 
depending on a for the left-hand side of (12.8.19). Moreover, 
uP Imf>0 for if ImfS0O in Z, then Imf=0 in a neighborhood of 


Zo since Im f(zy)=0, so f is a real constant in Z which must be equal 
to 0 since Re f(z,)=0. Thus a Im/ is a positive continuous func- 


tion of fe M, hence has a positive lower bound which proves (12.8.19Y. 
It is also clear that (12.8.19)” is valid for a fixed f| hence for all fin a 
neighborhood. By the compactnes we obtain the general validity of 
(12.8.19)” for some r>0. 


Lemma 12.8.9. Let Z’GZ and let Z be connected. If k is a positive 
integer there is a constant C such that 

k 
If 
1 


k 
(12.8.20) [sup fl C sup oe er) 
: 


Proof. The supremum in the right-hand side is a positive continuous 
function of (f;,...,f,) in the compact set defined by sup |fj/=1 for 


every j. Hence it has a positive lower bound which proves the lemma. 


As in the proof that (ii) = (ii) we shall write 


m 


(OG 


1 


It is then possible to describe P in terms of the zeros 7;: 


Lemma 12.8.10. There is a constant C such that 
(12.8.21) Cu*P(q)Sla,(n [] Un, -7,(0) Por zoe i WS CP(n) 
1 


provided that A(C)a,,(€)+0 when |C’—7'|<2. 
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Proof. By (10.4.1) and Lemma 11.1.4 we have 
lan(7')| S uP _lam(E)I $C4,(n)SC'la,(7)1. 


: 14 
Since Is" 


(12.8.22) sup [€,-7(CSln,-t)+1+ sup [t5(0)| 


—nl<1 i —n' <1 


the left-hand inequality (12.8.21) follows in view of (10.4.1). For an 
analytic function F in the unit disc in C we have 


if < 
Hence |F’(0)| Ssup | Fi}. 


max(|,—tn +1, sup [ri(CVi/2)S sup (C.-C) 
218 —n'f<l —alb<1 


at 
and if we now use (12.8.19), (12.8.20) the second the second inequality 
(12.8.21) follows. 


Proof of Proposition 12.8.4. In addition to the notation V(¢) 
=0(0,.)ip, and V=sup V(¢’) in Lemma 12.8.5 we set 
IR" ~ 3 


G= sup BCC, Vb a 
{ImC’|<R 
To estimate V(é’} we first note that by Lemma 12.8.2 we can find 
7 ER"~* with |n’ —¢'|+A,+3<R=(A, +3)/y so that 
AO)a, (E)#O when [f'—7'|<A, +3. 
Application of Lemma 12.8.6 to a linear function of log V(¢’) gives 
log V(é) S(1—6) Sup ce V(EC)+6 supe V(o)). 


v= 1<R imam |< Ay 


By Lemma 12.8.5 we have Bae hence 


(12.8.23) VE\S (Ver)? sup VIC’. 
ite 


Cama |< A 
By hypothesis Im7z,(¢’)21 for some ¢’ with |¢’—7’'|SA,. Hence 
Imz(O)+2A,T;21 when |{—-7'|<A, if as uP It(C}I- 


1*j= 
I —n|<Ar 


For the zeros of the polynomial in ¢, defined by 
a0, 0) =[1(C,—2)(0)— 314, T) 
1 


we have therefore Im¢é,21+A,T7;. The reason for introducing this 
polynomial is that Lemma 12.8.3 gives 


(128.24) JOC. x Malas DOC, XM peng a < Ad. 
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For real €, and |¢’—7'|<A, we have 


A, T,Slmt(0)+34, 7, S1€,-1(0)— 314, Th, 


A, j= 
hence 


IE, — tq) S16, —7,(C) - 314, Ti +54, TF, S616, ~7,(0)—3i4, Tl. 


If we note that P(Z)<CP(n’,é,) by (10.1.8) and recall (12.8.21), we 
obtain 


(12.8.25) PE\SCla, ia ed, 1 —n'l< Ay. 
We introduce the weight function 
kp(E,)=laa A WK(E,)/ P(E, En) 


which of course depends on & too, and can then use (12.8.25) to write 
(12.8.24) in the form 


(128.24) V(CVSClHa(C, DUS. X)Mpep Uf \O—n'| <A). 
By (10.1.8) and the definition of G we have 
lanl ECC, Mipep SCG if [f-n'1< A, +1. 
If we recall from the proof of Lemma 12.8.10 that ja,(7/a,,(¢)} is 


bounded when |{’—7’|<A,+1, we obtain 


(128.26) |[]O,— (C6. b= 


| SCG, |C-n'\<A,4+1 
KP 


Set 


m 


i 
SAC Xp) j=[] oe nim) y TI (D,-7(C)-314, Toe, Xs 
1 


jel 
N= sup 
lO -—m’|<Aitl 
Then (12.8.26) gives us control of N,, and the right-hand side of 
(12.8.24)' is bounded by CN y. Now we know from Lemma 12.8.8 that 
the ball {¢’; |¢’—n’|<A,+1} contains a ball B, of fixed radius r such 
that 


jl pee 


T;SCoIlm7,(0), CE B;. 
By (12.8.14) it follows for j=1,...,m that when ('<B;, 


atl TL ©, —1(€)-3i1A, THC, .) 


SC,N, 


fn 
{|p ke 


Hence 


(128.27) gy Cs JiizepSU+34,Co)N, if C'eB,. 
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To apply Lemma 12.8.6 we also need some bound for |/g;_ (0, x )Ilpep 
when |{'—7'|<A,+2. Then we have 
Jnl m 
TT 2. - OTT, 0) - 314; TI 


1 j 


S[[(E,-2,0)+ CT) S C’P(ONa,,(0)| 
1 


by the second part of (12.8.21) and (10.1.8), for 
sup |[t,(0)—7,(y)| SC" gave (La S2C°A,T; 


if -n' |< Ar+2 \'—n'j<A 


by Lemma 12.8.7. Hence we obtain with a new constant C 

(12.8.28) ile; x Meee SCHL xMlaxS CVE, ~<A, 42. 
If we now apply Lemma 12.8.6 to a suitable linear function of 
log |ig;_1(0, x, ,, amd use (12.8.27), (12.8.28), it follows that 


Nj_ySCN}(VeR™)i-§ 1Sjsm; e=6(A,+2,r)(A, +2). 

Thus we obtain ued for decreasing j 

N.< ca tet... pen sm UNE (Vesey er 

3 je m 

When j=0 we conclude using (12.8.24) and (12.8.26) that 

VEOVSC,G (Ver — if [-H'< Ay. 
Combining this estimate with (12.8.23) we obtain 

V(eé)s CG" (VeRM)} ~ oem 


- The supremum of the left hand side is V. After cancellation of a 
power of V we find that 


VSC;Ge™" 


where x=R(d~'e~™—1). This completes the proof of Proposition 
12.8.4. 


If ke ¥ (IR") we shall write 
bp: 


jull>,=inf |v. 4¥,ve A(R"), u=v in —H. 
Our next goal is to pass to such norms in (12.8.15). 


Lemma 12.811. If ke (R") and k,(E,)=k(@’, €,) then 
(128.29) lull, =(2) "J (MEL x DMpae Pde)”, ue. 
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Proof. Ifu,veY and u=v in R* we have 

Noll? , =a)" FOE x Dlip ned? E 

ZQn-*f (Hae Nj AE 

Thus we have at least inequality 2 in (12.8.29). When proving the 
opposite inequality we may assume ce u(é’,x,) vanishes identically 
for large |¢’|, for such functions are dense in Y. Let @ be a positive 
continuous function. For each ¢’ we can choose w,¢/(IR) vanishing 
on R_ so that 

a(S, YA Well pee SHS, ME ce + P(E). 


For reasons of continuity we have 
(207, )+Welly eye < NAT NF a FON) 

for all y’ in a neighborhood of é’ also. For large 7’ we can take w=0. 
Using a partition of unity in é’ we can therefore find W(¢, x, Je SY UR") 
vanishing when x,<0 and for large [é’| so that for all ¢’ 

Na(E', JEWS Minne < 1UCSs Ml prae + PCE). 
Taking ¢=a+W we conclude that 

leell SCZ) -? f (AE, Me ee PAEV? + (2x)? 7] O(E Pade”. 

Since ® can be chosen so that the last integral is arbitrarily small, we 
obtain the remaining inequality < in (12.8.29). 


Theorem 12.8.12. Assume that P satisfies (iti) in Theorem 12.8.1 with A, 
=A,+1 and N=(0,...,0,1). Then one can find x and for arbitrary 
pé[l, 0] and ke X(IR") a constant C such that 


(12.8.30) loll, Ce™ IPD) oly we 


pk 
when veC§ and |x'| SM if (x’,x,)esupp v, x, <0. 
Proof. Assuming first that k is independent of & we shall modify 
(12.8.15). Let yeC@(R"~?) be equal to 1 when |x’|<1 and 0 when 
\x'|>2. If g=P(D)v and 7,,(x’) = 7(x'/M), we have ¥,,g=g when x, <0, 
hence 
8(0, x,) = (27) | ZC 18, x,)dn’, x, <0. 
To estimate the right-hand side of (12.8.15) we note that (10.1.8) gives 
18a’, Xp abe SCL + C1S — D181, DI pa Ba 
If |Im@"|<R then 


(1+ ClO)" Zre(O VS CU + ClO) M1? A(1 + MI6)-™ 
SC'M*—1e?MR if M>C. 
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Replacing the constant x in (12.8.15) by x+2R+1 we obtain 
(12.8.15) sup ||e(2, x ip. SC ek™ J ile(Es x IF B.S 


Choose a fixed function @€¢CP(IR"~') with support in the unit ball 
and $(0)=1. Set ¢,.(x))=eO"" g(x’) so that 6,.(€)=G(F—m). Then 
we have |x'|SM+1 if (x’,x,)esuppu*@,, and x, <0. (Here * stands for 
convolution in x’.) Hence it follows from (12.8.15) with k=k,, that 


sup IOS —n NEE, x Dz, SCM FIG(E — NI elE XM Fag Be AE: 


In fact, the constant in (12.8.15) does not depend on k. Choosing ¢ 
=y' in the left-hand side, we obtain by (10.1.1) 


8Q1, xDLp nye SCM FIDE <n A+ Cle =n gE Xa ll bees Be AE 
Since J(6)(1+ CléE)%eL, it follows in view of (12.8.29) that (12.8.30) 
is valid. 


A local existence theorem follows at once from Theorem 12.8.12. 


Theorem 12.8.13. Let 1Spsoo, let keX(IR") and let XER". Assume 
that P satisfies condition (iii) of Theorem 12.8.1. If feB, ,(IR") and 
suppfcH, it follows that one find ueB, »,(R") such that 
suppucH and P(D)u=f in X. 


Proof. It is no restriction to assume that f has compact support. Since 
we shall construct u with compact support it is permissible to assume 
that (iii) is fulfilled with A, =A,+1. The equation P(D)u= f means that 


u(P(D)v)= flv), veCF(—X). 
We have by Theorem 12.8.12 if 1/p+1/p’=1 
(FOS CHUNS reSCVP(DIE. 15, vECF(—X). 


The linear form a 
P(D)v > f(v) 


on P(D) Co(= X) can be extended by the Hahn-Banach theorem to a 
linear form U on C?(iR”) such that 

JU NSC why. vee: 
Thus U is a distribution with support in H such that P(D)U=f in X. 


Furthermore, UeB, 5, if p>1 (Theorem 10.1.14); in case p=1 the 
Fourier transform of U is a measure dy with 


[ Pkiduj< co. 
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Now take WeC? so that w=1 in X, and set u=wU. Then we have 
P(D)u=f in X, the support of u is a compact subset of H and the 
Fourier transform of u is a C® function satisfying the same con- 
ditions as U (Theorem 10.1.15). Hence ueéB, »,(IR") even when p=1. 


In particular, it follows from Theorem 12.8.13 that one can find 
EeB,, p(IR") so that suppECH and P(D)E~6 vanishes in X. Thus E 
is almost a fundamental solution when X is chosen large. It allows us 
to prove an approximation theorem similar to Theorem 10.5.2 which 
will lead to global existence theorems. 


Theorem 12.8.14. Let X,<X., be bounded open sets in IR" and let P(D) 
be a differential operator which satisfies condition (iii) in Theorem 12.8.1. 
Denote by AN, the set of all solutions ueC*(X,) of the equation P(D)u 
=0 such that suppucX,H, and give NW; the topology induced by 
C*(X). If 
(12.8.31) yeé'(R"), A asuppucX, 

H° asupp P(—D) EX, > H°osuppyeX,, 
it follows that the restrictions to X, of the elements in A, form a dense 
subspace NV; of N,. Here H® denotes the interior of H. 


Proof. The statement will follow from the Hahn-Banach theorem if we 
prove that every veé’(X,) which is orthogonal to ‘3 is also orthog- 
onal to 4%. Choose Eeé'(H) so that P(D)E—d=f vanishes in a 
large open set X to be specified later, and set u=E*o, pe CF. Then 
PID) u=$o+ Oxf 

and @» f=0in X, if f=0 in X,—supp ©. Set 

Y={y; X,-}<X} 
which is an open set. We have Y>X, if X is chosen so large 


that X > X,-—X, as we assume from now on. Then P(D)u=0 in X, if 
peCZ(Y~X,), and suppucH if supp @cH. Hence 


O= vide E\= He ExtO)=(Exv)(d), GeCZ(H°nY~X,), 
that is, u=E*v vanishes in Ho Y~X,. Furthermore, 
P(—D)p=v+fev 
and f*v=0 in Y since if yesupp/*v we have y=x—z, hence z=x—y 
for some xeX, and zéX. 


If we choose ~€CZ(Y) equal to 1 in a neighborhood of X,, it fol- 
lows now that p, =zueée’(Y) and H°nsupp p, <X,, H°nsupp P(—D) p, 
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<X,. Hence H°nsuppy,EX, by (12.8.31). We can thus choose 
X%,€CH(X ,) so that x, =1 in a neighborhood of H°nsupp y,. With p, 
=, u, and v,=P(—D)y,, we then have v,¢&(X,) and v—v,¢6(X,), 


H°asupp(v—v,)=9. 
If we.Ay we obtain PP( 2 


v3(u) = (P(— D) u2)(u) = u2(P(D) u)=0, 


and (v—v,)(uj=0 in virtue of Theorem 2.3.3. Thus v(u)=0, which 
completes the proof. 


We can use Holmgren’s uniqueness theorem to construct sets X, 
for which (12.8.31) is valid. Let up be the order of P and let p be the 
principal part. If €eIR" and p(f)+0, the polynomial p(N+14¢) does 
not have more than p zeros since it does not vanish identically. Hence 
we can choose e>0 so that p(N+7¢)+0 when 0<tSe. This means 
that (8.6.17) is true with N,=N and N,=N-+e€. Choosing n vectors 
é?,...,€" such that every €€IR" is a linear combination with non- 
negative coefficients of €1,...,é" and —N, we set N)=N+<e&/ with ¢ 
positive but so smail that (8.6.17) is valid with N,=N and N,=N! for 
every j=1,...,n. Then the set 


X={xelR"; <x, N/> <1, j=1,...,0; <x, N>>—-f} 


is an open neighborhood of 0, and X 1s bounded since 
<x, -N> <1, éx,GS<2/e if xeX 


which implies that every linear form <x,¢> is bounded from above 
when x€X. From Corollary 8.6.10 it follows that when 0<t<s we 
have 


(12.8.32) ue P'(R"), H°nsuppyucsX, 
H°asupp P(—D) wotX = H°nsuppycrx. 


In fact, in the wedge <x,N>>0, <x, N/>>t we have P(—D)p=0, and 
since y==Q in the part of the wedge where <x, N’)>s, Corollary 8.6.10 
shows that n=0 in the whole wedge. 


We are now prepared for the proof of a theorem containing the 
remaining implication (iii) => (iv) in Theorem 12.8.1. 


Theorem 12.815. Assume that P(D) satisfies condition (iii) of 
Theorem 12.8.1. Let feBiy*, (R"), j=1,2,... where keX# and 1Sp,< 0, 
and let supp f<H. Then there exists a solution u of the equation P(D)u 


=f such that suppucH and ueBr*s, (R"), j=1,2,.... 


J 
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Proof. We have made all the preparations required to repeat the proof 
of Theorem 10.6.7 so we shall only indicate the argument briefly. For 
v=1,2,... we can find u E(B, k ee j(R”) with suppu,<H satisfying the 
equation P(D)u,=f in X,;=vX. ia fact, if d,eCP(X,) is equal to | in 
X,_,; Wwe can set u, Gf) with EeB, ,(R"), suppECH and 
P(D)E=6 in a sufficiently large open set. The existence of E is guaran- 
teed by Theorem 12.8.13. Then P(D)(u,—u,_,)=0 in X,_,. If 
LECH(X AH), fydx=1 and y,(x)=e~"x(x/e), then v,=y,*(u,—u,_ 4) 
—u,—Uu,_, in B,,..;(R") as e>0, and P(D)v,=O0in X,_, if e<1. Hence 
it follows from Theorem 12.8.13 that we can find weC™(X,..,) with 
suppwcH and P(D)w=0 approximating v, arbitrarily closely in X,_,. 
Replacing u, by u,—@,.,w we can therefore successively achieve that 


|p, 2(u, ~Uy_ ilp,. kj ao Jy. 


But this means that u=lim u, exists, ue \Bee ,,UR”), suppuc H, and 
ver 


P(D)u=f in R". The proof is complete. 


Definition 12.8.16. We shall say that P(D) is an evolution operator 
with respect to H if the equivalent conditions in Theorem 12.8.1 are 
fulfilled. 


The notion of evolution operator agrees well with the classification 
of differential operators in Section 10.4: 


Theorem 12.8.17. Let P(D) be an evolution operator with respect to H, 
let E be the set of all Q which are equally strong as P and let E, be the 
component of P in E. Then it follows that every QEE, is an evolution 
operator with respect to H. 


However, every QEE need not be an evolution operator with 
respect to H. An example is P(é)=¢? +i, and O(f)=&?-i€,, corre- 
sponding to the heat operator with time x, and —x, respectively. 


Proof of Theorem 12.8.17. We can assume that H is defined by x,20. 
If X is a bounded open set containing 0, we have by Theorem 12.8.12 


lollt SC] PD) oll ip, veCg(X). 


(The hypothesis A, =A,+1 in Theorem 12.8.12 is immediately removed 
by a complex translation of P in the €, direction.) The proof of Theo- 
rem 12.8.12 shows that C only depends on A, and A, in addition to 
the dimension n and the degree » of P. For the polynomial P.(¢) 
= P(é/e) condition (iii) of Theorem 12.8.1 is fulfilled with A,,A, re- 
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placed by ¢A,,eA4,, hence with A,=1 and A,=—1 if « is small 
enough. Thus 


(12.8.32) lolz SCuIPD) ele yp, veCP(X), 
if e<e(P). Now assume that O<P, 
(12.8.33) OO)SMP(S), EER”. 


By Theorem 10.4.3 it follows that 


OE, NSC .MPE1), eR" 1>1, 
that is, 


(12.8.33) 0(€) SC, MP(2), éER", O<e<. 
From (12.8.32) we therefore obtain 
lots SC, iPOD) +Q(D) oli iep.+MC,C,lelii, veo (A). 


Thus 
pO) S lol, S2C,, MPD)+QD) viz ip,  veCo(s), 


provided that M<1/(2C,C,,). This implies that P,+Q, satisfies con- 
dition (ii) in Theorem 12.8.1, so P.+Q, and therefore P+Q is an 
evolution operator. 

We have now proved that if (12.8.33) is valid and M is smaller 
than a constant depending only on n and yp, then P+Q is an evolu- 
tion operator with respect to H if P is. The set of all ReE such that R 
is an evolution operator with respect to H is therefore both open and 
closed, hence a union of components of E. This proves the theorem. 


In the two dimensional case it is easy to describe the evolution 
operators with respect to the half space x, 20. To do so we observe 
that the zeros of P(¢,,7) have Puiseux series expansions at oo 


t(6,)= Y c; Ed?, c, +0. 
Since 
Imt> —C(é,|*-?/? +1) 


by condition (ii) in Theorem 12.8.1, and the argument of ¢, can be 
chosen as vz for any integer v, it is easily seen that one of the 
following cases must occur: 


(a) k<0O, that is, t is bounded at infinity. 

(b) k is a positive even multiple of p and Ime, >0. 

(c) k is a positive multiple of p, Imc,=0 and c,;=0 when 
k—p<j<k. 
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Now ift=7,(@) 1s a zero of P(é,,t) then Im t, grows as |¢, IM? in case 
b), and |t;] grows as |¢,|*~”””” in case (c). Hence it follows from Lemma 
12.8.10 that P is equally strong as 


(12.8.34) p(éy=a St [[ (6. —¢; S4'). 
Als 


Here a¢# is the leading term of the coefficient of 7 in P, and c, 4 
are the leading terms in the Puiseux series expansions for t;. Thus c; is 
real unless yu; is even and Imc,>0. It is not hard to show that P—p is 
actually dominated by p, so P and p are in the same component of the 
set of operators equally strong as p. Thus the evolution operators are 
precisely the operators (12.8.34) and their components in the set of 
equally strong operators. Besides the tangential operator D, we have 
hyperbolic factors D,—cD, with real c, factors D,—cD} with c real 
and v>1 of Schrédinger equation type, and finally factors D,—cD; 
with v even and Imc>0 of heat equation type. In the two dimen- 
sional case the proof of Theorem 12.8.1 can of course be shortened a 
great deal since we have such good control of the zeros. 


12.9. Mixed Problems 


When solving the Cauchy problem for say the wave equation in IR**? 
we assumed Cauchy data known in all of IR? at time r=0. If Cauchy 
data are only given in a subset X of IR* the Cauchy problem has a 
unique solution at (x,t) only when all light rays arriving at (x,t) must 
have started in X at time 0. To go beyond this set it is physically 
plausible that one needs a boundary condition on {(x,1); xedX, t20} 
which controls the radiation flowing into the cylinder X x R,. This 
gives what is called a mixed problem. In the spirit of this volume we 
shall only consider the case where X is a half space and leave the 
much more delicate problem when 6X is curved to Volume III. 

Thus assume given a partial differential operator P(D) with con- 
stant coefficients in IR" and two half spaces 


H={xelR"; <x,N)20},  H’={xeR", (x, 0) 20}, 


where N and @ are linearly independent. The mixed problem we shall 
study is to find u such that 

(12.9.1) P(D)u=f in HAH’ 

(12.9.2) D*u—@)=0 in H’néH when |al<m, 

(12.9.3) B(D)u=¢ jel... on Hen’. 


p? 
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First we shall determine necessary conditions in order that there shall 
exist a unique solution ueC°(HH’) for arbitrary f, deC*(HNH) 
and $,¢C°(HCH’) vanishing of infinite order at GHOGH'. We shall 
then show that these conditions imply the existence of a unique 
solution for quite general data. 

The reader who has just been exposed to the difficulties presented 
by the characteristic Cauchy problem should appreciate that we as- 
sume CH non-characteristic, that is, if P, is the principal part, 


P,(N) #0. 


It is then necessary to require that P(D) be hyperbolic with respect to 
N. In fact, let feC>(H), choose te(H’\ ¢H')oéH and consider the 
mixed problem (12.9.1)-(12.9.3) with @¢=@,=0 and f replaced by 
x f(x—at) with a so large that this is in C?(HOH’). If a solution u, 
exists then P(D)u,(.+at)=f in (H’—{at})\H and u, has vanishing 
Cauchy data on ¢H. Because of the uniqueness of the Cauchy prob- 
lem it follows that the equation P(D)u=/f has a solution in C*(H) 
with vanishing Cauchy data, so P(D) is hyperbolic by Theorem 12.3.1. 
This will be assumed in what follows. Thus we have by Theo- 
rem 12.4.4 


(12.9.4) P(O)+0 if Imfe{tyN}—I(P.N). 


Proposition 12.9.1. Let m_,m_,m, be the number of positive, negative 
and vanishing zeros of P,(Q—tN) as a polynomial in t. Then the limits 


(12.9.5) Qmo(S) = lim P,(@+e¢)e7™°, 
e~O 


q(¢)=lim e™~™° P(¢ + G/e) 


e-0 


exist, q(f+t6)=q({) for every t,q,,, is the principal part of q and 


(12.9.6) q(+0 if Imfe{tgN}—T(P.N)+R8. 
The equation 
(12.9.7) P(€+w)=0, Imfe{tgN}-I(PN), 


is of degree m.-+m_ with respect to w. It has m, (resp. m_) roots with 
Imw>0 (resp. Imw <0), and the leading coefficient is q(C). 


Proof. The polynomial P, ,(€) which is the homogeneous part of 
lowest degree of €>P.(6+4) is hyperbolic with respect to N (Lem- 
ma 8.7.2), hence different from 0 at N. Thus P.(@+<¢N) vanishes at ¢ 
=0 precisely of the order of the degree of P,, which is therefore equal 
to my. Thus the limit q,,, exists and is not identically 0. From the 
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proof of Theorem 12.6.1 it follows that the limit q also exists and is a 
localization of P at infinity in the direction @. It is clear that g(¢+t) 
=q(é) (cf. Theorem 10.2.8) so (12.9.6) follows from (12.9.4) and Hur- 
witz’ theorem. 

We have proved now that (12.9.7) is of degree m.+m_ with 
respect to w, and that the leading coefficient is q(¢). By (12.9.4) there 
are no real roots. To determine the number of roots in each half plane 
we take (= —itN and set w=tW. Since for t> +00 


P(—-itN +1W6)(i/t)">P,(N +iW0) 


which has m, (m_) zeros with ImW>0 (Im W <0), the proposition is 
proved. 


The Cauchy problem was solved by a Fourier-Laplace transfor- 
mation in all variables (see (12.5.3)). To solve the mixed problem we 
shall have to take Fourier-Laplace transforms only along the bound- 
ary plane ¢H’. This leaves us with an ordinary differential equation 
with boundary conditions and we digress now to discuss such prob- 
lems. 

Thus let p(D), D= ~id/dt, be a differential operator with constant 
coefficients on IR. We assume that p has leading coefficient one and 
no real zeros, and write 


p(t)=p..(t) p_() 


where p. and p_ have leading coefficient 1, degree m, and m_ 
respectively, and all zeros in the half planes Imt>0 (Im7t<0O). The 
solutions of the equation p(D)u=0 can uniquely be written u=u, +u_ 
where p, (D)u, =0, p_(D)u_=0. Here u, is exponentially decreasing 
on R, and exponentially increasing on R_; the opposite is true for 
u_. 

Let us now consider a boundary problem 


(12.9.8) p(D)u=f on R,, 5,(D)u(O)=;, j=l,....u 


where fe /(R), ¢,EC€, and u is required to be in F (R ). A solution 
uy of the differential equation on R is given by t= fi/p. Writing 
u=Uy+v we are left with the problem 


(12.9.8) p(D)v=0 on R,, 5,(D)vxO)=Y¥;, j=l...“ 


where j;=6,—); j(D) uo (0). The equation p(D)v=0 is a to 
Ds (D)v=0 when v is bounded on R_,. We can divide b, by p, 


b(D)=p.(D)q(D)+7(D), j=l k 


12.9. Mixed Problems 165 


where the degree of r; is less than m, . Then (12.9.8) is equivalent to 
(12.9.8)" p,(D)v=0, 7(D)pO=¥;, JHlL..e 


The boundary conditions are yw linear equations in the Cauchy data 
v(0), ..., D™*—1 (0) so there exists a unique solution if and only if 
Ty,---,%, are linearly independent and p=m,. This means that 
b,,...,b, are linearly independent modulo p, and that u=m,. An 
analytic condition for this is the non-vanishing of the Lopatinski 


determinant 
(12.9.9) L(by,...,0,.5p_)=det((2ni)~* 4 b,(t)t*-*/p, (ce) dt) _ 


where the integral is taken along the boundary of a disc containing all 
zeros of p. (zt). Indeed, 


(F s)(2ni)~* { f(a) g()/p. dt =F. 8>p. 


is a bilinear form on the vector space of polynomials in t modulo 
p,(t) for it vanishes when f or g is divisible by p.. It is non- 
degenerate since <f,g>,, =0 for all g means precisely that there are 
no negative powers of t in the Laurent expansion of f(t)/p..(t) at oo. 
The classes mod p,(z) of t*-',k=1,...,m,, are a basis so it follows 
that b,,...,b,,, are linearly independent modp, if and only (12.9.9) is 
different from 0. The Lopatinski determinant does not change if p, (z) 
and all b,(t) are replaced by p,(t—a) and b,(t—a) for some aéeR. In 
fact, this just causes t*~! to be replaced by (t+a)*~*, and 
(ctay= 5 caer 
kSJ 

where detc,(a)=1 since c,(a)-6,, is strictly triangular. Note also 
that <f,g>,. 18 a polynomial in the coefficients of £ g, p. since at 
infinity 


tip. (ar-™ S(1—p, (Dame 
ro) 


If u=m., and the Lopatinski determinant is not 0 we can find the 
solution ue Y(R _) of (12.9.8) as follows. Let E_(y) be the fundamental 
solution of p_(D) with support in R_. It is exponentially decreasing. 
Since the equation p_(D)v=0 has no solution in YR.) we must 
have 


0 
(12.9.10) (D)u=f*E_= | f(.-)E_()dt=g 
0 
where the last equality is a definition. We shall now prove that 


(12.9.11) LD! u(0)= tabytD5_D'eO, j=0,1,... 
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where L is the Lopatinski determinant, t,, and s,, are polynomials in 
the coefficients of p,,b,,...,b,,, and 


m, +kSmax (j, deg b,,..., degb,, ,) 


in the second sum. The identity is equivalent to 
a) iD, (t) + D8" ps (2). 
Thus t,, are obtained from the equations 
(12.9.12) Re Nema ee =¥ Ree ge TH lpam 


thus by multiplying the vector <1), 1'~ es =1,..., m,, by the cofac- 
tor sue of the Lopatinski matrix é, 3, 7 aap re The polynomial 
>)5,,7* is then obtained by division with p,, (7). 


Returning now to the situation in Proposition 12.9.1 we write 
(2.9.13) P(C+w)=4(0)P.(w, OP_(w, 9, Imle{tyN}—F(PN) 


where P. and P_ are polynomials in w of degree m, and m_ with 
zeros in the upper and lower half planes respectively and leading 
coefficients 1. By a translation of P we can always make t,=1. Then 
|q(¢)| has a positive lower bound if Im €<e —I°(P, N), and we obtain using 
(10.4.3) 


(129.14) YID{P.0,O/YIDLP_(0, 01S CB(Q, Ime-I(P.N). 


Since the sums are bounded from below by m_! and m_! this gives a 
polynomial bound for all coefficients of P_ and P_. If p=m., we can 
form the Lopatinski determinant 


(12.9.15) LIQ=L(B,(C+w),..., By. (f+w); P.(w, 0), 
Imfe—-F(P,N} 


where € is regarded as a parameter. By the translation invariance of 
the Lopatinski determinant L(Q)=L(¢+16), teIR, which means that 
L(Q) can be regarded as an analytic function in the image of R’” 
—i9l(P, N) in €"/Cé. Also g is analytic there and nowhere equal to 0. 
When studying (12.9.1)-(12.9.3) with @=0 it is convenient to ex- 
tend u and f by 0 in H’[H. More generally we shall consider 
distribution solutions u of (12.9.1) in the interior of H’ which vanish in 
fH and can be regarded as C® functions of <x, @>¢R. with values in 
Y(R"—') satisfying (12.9.3). This assumes that we choose coordinates 
x, =x, 0, X,...,x, but the choice of x,,...,x, 18 irrelevant. To 


> n 


simplify we shall usually assume x,=<x,N> in the proofs. By the 
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support of a solution u in this class we shall mean the closure of the 
support of u as a distribution in the interior of H’. 


Theorem 12.9.2. Assume that the rank of the Lopatinski matrix 
Ly(S)=(22i)~* [AIBC + ABP. 4, Odd, 
k=1,...,m., j=l.y, 


is less than m, for every € with ImCe{tyN}—I°(P,N). Then one can 
find a C® function u of <x, 0>€IR., with values in Z’(IR"~*) such that 


OesuppucH’ Al P.N), P(D)u=Oin H’, 
BY{D)u=0 on GH’, j=1,..., 


Proof. Introducing additional Bs and changing the labelling if neces- 
sary we may assume that the rank of the Lopatinski matrix with 
1Sj<m_ is m, —1 for general [. The identity 


L(B, (€+w8), are) Bop o (C+ w8), Bw); B (w, ¢)) 
=(2ni)~' | B(w) H(w, 0)/P, (w, Caw 


for every polynomial B(w) defines uniquely a polynomial H(w, $) in w 
of degree m,—1 with coefficients which are analytic when 
Im Ce{t, N}—I(P,N), and not all 0 where the Lopatinski matrix has 
rank m, —1. Since 


H(w+a,Q=H(w,f+a8), ae, 


it follows that the coefficients do not vanish identically when <C, @> 
=0 either. In what follows we assume t, = 1. 

We choose coordinates above so that N=(0,...,0,1) and @ 
=(1,0,...,0) and we write 6’=(f,,...,¢,). Then H(w,(0,C)) has ana- 
lytic coefficients when (0,Im f)e—I°(P, N), and they are not identically 
0. Set 

U(x, 0) =(2ni)~* | A(w, (0, )) e*/P, (w, (0, 2) dw 


with the integral taken around the boundary of an open set in the half 
plane Imw>—1 containing a disc of radius 1 about each zero of P.. 
This is an analytic function of {, and by (12.9.14) we have for every j 


[DZ U(x,, OWS Ce" (1 + (CY. 


It is clear that P(D,,¢) U(x,,¢)=0. Hence U is the Fourier-Laplace 
transform with respect to x’ of a distribution u in H’ with P(D)u=0 
and suppucH’OH, which is a C® function of x, with distribution 
values (cf. Theorem 7.4.3). To estimate the support it is best to study 
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the boundary values on 0H’ first. For any differential operator B(D) 
with constant coefficients the boundary value of B(D)u when x,=0 is 
the inverse esate to transform of 


F(0)=(2ni)~* [ H(w, (0, 0) Bw, £/P. Ow, (0, £)) dw 
Sa B,,, (C+ w6), B(¢+w@); P.(w, 9) 


where €=(0, ¢’). However, the Lopatinski determinant is independent 
of €, which proves that F is analytic in 


={(’;(4,Im {je —I(P, N) for some 4}. 


When B=B, for some j we have F=0 so B,(D)u=0 on ¢H’. For any 
B there is a polynomial bound for F. Since the dual cone of I'(P, N) 
+R@ is F°(P, N) ACH’ it follows that 


supp B(D)ul,,_ op <I'°(P, NN oH’. 
Extend u now to R” so that u=0 in [ H’. Then 
P(D)u=f, supp f <°°(P, N)eH’ 


and suppucH. Thus u=E«f where E is the fundamental solution of 
P(D) with support in [°°(P, N) which proves that suppucI°(P, N). If 
O¢supp u it follows from Theorem 7.4.3 that for some C, M,c>0 


IF(CVSCHA + C)Meim, CEQ. 


x= 


Now F is algebraic, so a standard application of the Tarski-Seiden- 
berg Theorem A.2.2, which is left for the reader to do in detail, gives 
that 

sup|F(e +itN (1 +{e +itN')-™ 

S$ 


cannot decrease faster than a power of |t|~! as t>—co unless F=0. 
Since H=0 this does not happen for every B. Hence Oesuppw and the 
theorem is proved. 


By convolving u with a Cf density in 0H’ with support in HOCH’ 
we obtain a non-trivial C® solution of (12.9.1)-(12.9.3) with all the 
data f,¢,6; equal to 0. Thus uniqueness of (12.9.1)-(12.9.3) implies 
that the rank of the Lopatinski matrix is m, for general ¢. This is not 
yet sufficient for uniqueness; the following theorem will suggest a 
condition which must be added. 


Theorem 12.9.3. Let u=m., and let ueC®(H’) be a solution of (12.9.1) 
and (12.9.3) with f =0, ¢; =0, such that suppuc HAH’. Then &xu=0 
in H’ if L is the distribution with support in GH’ AT°(P, N) and Lf) 
= L(€) defined by (12.9.15). 
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We recall that L(Q is independent of €, with our standard coor- 
dinates. Thus Y= Y%,@6(<x,O>) where &, is a distribution in the 
plane 0H’, so the convolution acts only for fixed <x, >. 


Proof of Theorem 12.9.3. Starting from (12.9.11) we shall first derive a 
representation formula for Y,«(B(D)v)|,,, when veC? (IR”). The theo- 
rem will follow when it is applied to the product of uw and a cutoff 
function. (Here B(D) is an arbitrary differential operator with constant 
coefficients.) 

If we apply (12.9.11) to P_(w,(0,¢)) and set P(D)v=f, veCg, we 
obtain using (12.9.10) and an explicit formula for E_ 


LC) B(D,, ©) 6, ©) 
=> 70) BAD, £60, 2) 
-Ef QC)~*S,(L) DEF (x4, 6) dx, (2a)! fem ™"/P_(w, C) dw. 


Here the integral is taken over the boundary of an open set contain- 
ing the zeros of P_. The coefficients 7,(¢"} and S,(¢)/q(¢) are analytic 
and polynomially bounded in {¢';(0,Im¢Je—I°(P, N)}. Hence it fol- 
lows that 


(129.16) L,* BID) toy =Y H+ BCD) voy +Y (LZ * D* P(D) Yon: 
where F,()=7,(C)) and &(x,,-)=0, x, 20, 
G(x, C= — (20) *G(6)7 1S, (0) fe" /P_(w, (dw, x, <0. 


These distributions are supported by the cone °(P, N)+ R(1, 0, ..., 0). 
, If u satisfies the homogeneous mixed problem as assumed in the 
theorem then u(x)=0 for x,<ex, by Holmgren’s uniqueness theorem, 
if ¢ is the smallest positive solution of P,(¢,0,..., ~1)=0. If yesuppu 


and 
ye {(0, x'}} -T°(R, N) +R) 


it follows that OSey, Sy,Sx,, ly —x'|SC(x,—y,). This means that y 
belongs to a compact set K. Let yeC9(IR") be equal to 1 in a 
neighborhood V of K and apply (12.9.16) to the product of y and a 
C® extension of u to IR”. Then B,(D)v=0 and P(D)v=0 in VOX’ so 
it follows that Y, « B(D)u=0 at (0,x’). Thus D) Y, *u=0 in 6H’ for 
every j, for we can take B(D)=D/. Set U=Y*u in H’ and U=0 in 
[H’. Then we have P(D)U=0 in R" since UeC® and this is true in 
H’. Now U=0 in {}H so it follows that U=0, which completes the 
proof. 


170 XIL The Cauchy and Mixed Problems 


One inference which can immediately be drawn from Theo- 
rem 12.9.3 is that if u=m,+1 and the Lopatinski determinant of 
B,,...,B,,, 18 not identically 0 then the mixed problem (12.9.1)- 
(12.9.3) cannot be solved for arbitrary data. In fact, let f=~=0, 6,=0 
for jam, and @,,,.,¢C>. Then the equation B,, .,(D)ulay =O, 4 
gives by Theorem 12.9.3 

Le* Pm, +1 =0. 


As in the proof of Theorem 12.9.2 it follows that Oesupp Y,. If 
LeeE' is equal to Y, when x,ST, say, it follows that x,=T in 
supp £3 *¢,,,.;- Hence x,2T in supp ¢,,.,, by the theorem of sup- 
ports. Since T is arbitrary this proves that ¢,,_ , ,; = 0; the mixed problem 
does not have a solution for any non-trivial ¢,,,,, of compact support. 
Summing up, we conclude from Theorems 12.9.2 and 12.9.3 that a 
necessary condition for existence and uniqueness of solutions of the 
mixed problem (12.9.1)-(12.9.3) is that uw=m_, and that the Lopatinski 
determinant is not identically 0. This will be assumed from now on. We 
shall prove that everything is then quite analogous to the Cauchy 
problem for differential operators. After defining a principal symbol of 
L we shall first prove that there is uniqueness if and only if this 
principal symbol is different from 0 at N, and then that existence is 
equivalent to a condition which is perfectly analogous to hyper- 
bolicity. 


Lemma 12.9.4. Let g.(w) and g_(w) be polynomials in one variable w of 
degree m, and m_, with leading coefficient 1 and no zeros in common. 
For every polynomial r(w) of degree<m,+m_ with sufficiently small 
coefficients there exist uniquely determined r.(w) and r_(w) of 
degree<m., and m_ such that the coefficients are small and 


gi (w)g_(w)+r(w)=(g. (w) +7, (w))(g_(w) +r_(w)). 
The coefficients of r, and r_ are analytic functions of those of r. 


Proof. This follows at once from the implicit function theorem 
(Theorem A.1.1 with several unknowns), for the linearized equation 


r(w)=g_(w)r_(w)+g_(w)r. (w) 


has a unique solution given by the decomposition of r(w)/g.(w)g_(w) 
in partial fractions. 


Proposition 12.9.5. Assume that the Lopatinski determinant L(f’) which 
is analytic for ImVe—-I’={@; (2,0)E€-T(P.N) for some 4} is not 
identically 0. Then there is an integer h such that e"L(£'/e) is analytic in 
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(¢’, 8) in a neighborhood of (IR"~*—iI’) x {0} and the limit L,(0’) when 
e—0 is not identically 0. 


Proof. Since 


fbj(w) wt /p_(w)dw=e™*~*[ b (w/e) we “/e"* p , (w/e) dw 


J 


we have if Imfe—I(P, N) 
L(C/e)= L(B , (C/e + w), ...; Pw, C/e)) 
= eh -OT(B(E/e+w/s), ...5 6"* P. (w/e, /e)). 
From the equation 
P(C/e+w6)=a(L/e) P, (w, C/e) P_(w, C/e) 
it follows that 
e™ P(C/e+w6/e) =e"? q(C/ehe"* P, (w/e, C/e)e"- P_(w/e, C/e) 


where e”* P. (w/e, C/e) and e"- P_(w/e,C/e) have leading coefficients 1 
and all zeros in the half planes Imw>0 resp. Imw<0O. The left-hand 
side is a polynomial in ¢ reducing to 


Ey(S + WO) = dno (S) Fn = (Ws 2) E(w, 0) 


when ¢=0. If we apply Lemma12.9.4 after division by ¢”°q(¢/e) 
=4mo(b) + Ole) it follows that e”* P, (w/e, C/e) is analytic in ¢ and { and 
reduces to P, (w,¢) when e=0. The proposition is an immediate con- 
sequence if h is chosen minimal so that <*L({’/e) is analytic at ¢=0. 


Since Lo(té)=2"L,(f) for t>0 and {weC; Imwl’e —I’} is convex 
for every ¢'+0, we can extend L, uniquely to an analytic function in 


J wR"! -iP’) 
wd 


which is homogeneous of degree h. It will be called the principal 
symbol of the mixed problem (12.9.1)-(12.9.3). Without reference to 
our special coordinates it is invariantly defined in 

() wR" -il(P, N)/C 8. 


w 


We shall now prove an analogue of Theorem 8.6.7. 


Theorem 12.9.6. If the principal symbol of the mixed problem (12.9.1)- 
(12.9.3) (with p=m_) vanishes at N/IR6 then one can find a solution 
ueC°(HOH') of the homogeneous mixed problem such that 
Ho¢éH' csupp u. 
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Proof. As in the proof of Theorem 8.6.7 we first look for a solution of 
the equation 


L(sN’+t&)=0 


where t/s is small and Ims large negative. Here é’eIR"~' will be 
chosen later. Writing t=ws and s=1/e we obtain the equation 


e*L(N' +wéV/e)=0 


which is analytic at e=w=0 and reduces to Lo(N’+wé)=0 when ¢ 
=0. Choose ¢’ so that L,(N’+wé’) is not identically 0. Then we 
obtain a Puiseux series expansion 


sas Bsr 


converging for |s'/?|> M, say, such that L(sN’+t(s) ¢’)=0 when s is in 
an angular neighborhood of the negative imaginary axis. 

Our construction can now proceed as a combination of those in 
Theorem 12.9.2 and in Theorem 8.6.7. Since the rank of the Lopatinski 
matrix is <m, when (=(0,sN’+1t(s)é) we can find a polynomial 
H(w,s) in w of degree <m_ whose coefficients are analytic functions 
of s~*/? at 0 and not all identically 0, such that 


[Bw sN’+1(s) €) H(w, s)/P. (w, (0, sN’ + t(s) &)) dw=0, 
j=l,...,m,. 


The coefficients are just suitable minors of the Lopatinski matrix. 
Thus 


U(x,,s)=(2ni)~* | H(w, s) e'”™*/P, (w, (0, sN’+t(s) EN dw 


satisfies the equation P(D,,sN’+1t(s) ¢’) U(x,,s)=0 and the boundary 
conditions B,(D,,sN’+1(s)¢’)U(0,s)=0 when C(|t(s)|/+1)<—Ims for 
a constant C so large that this implies Im(sN’+t(s)€)e—I’. We have 
a polynomial bound for U(x,,s). Let 1—1/p<p)<p<!i1 and let y, be 
the curve 

Rso 36 —i(a? + 1)°%? — it. 


U(x,,5) is defined on y, if t is large enough, and 


u(x)= f giSx'ssN' +15) 8’) — (is)e U(x,,; s) ds 
is independent of t. (We take -—z<args<0.) It follows that 
ueC(H’), P(D)u=0 in A’, B(D)u=0 on CH’, and when t>0o we 
obtain u=0 when <x, N><0. From the proof of Proposition 12.9.5 it 
follows that D/ U(0,s) is a meromorphic function of s’/? at oo and not 
identically 0 for some j. The proof of Theorem 8.6.7’ then gives with 
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no change that D/u(0,x’) is analytic when <x’,N’>>0. Hence the 
support is H 0H’ for some j, which completes the proof. 


Theorem 12.9.6 has a converse which we state as a uniqueness 
theorem: ; 


Theorem 12.9.7. If the principal symbol of the mixed problem (12.9.1)- 
(12.9.3) (with w=m_) does not vanish at N/IR@ then a_ solution 
ueC*(H-H’) of the mixed problem is uniquely determined by the data 


SL, 9, Gj. 


Proof. If the data are 0 we have ¥*u=O in H’ if u is defined as 0 in 
H'o{H. By Proposition 12.9.5 we know that e"L(—i¢’/e) is analytic 
and never 0 for ¢’ in a neighborhood of N’ and small ¢ Taking ¢ 
purely imaginary we conclude that L~? has a polynomially bounded 
extension to a complex conic neighborhood of N’ at oo. Hence Theo- 
rem 8.6.15 shows that 


(x, NJEWEF,(u(x,,-)),  xEIR"A, 


for every fixed x,. Now Holmgren’s uniqueness theorem gives u=0 
(cf. Corollary 8.6.9), for u=0O when <x’, ND <0. 


From Theorem 8.6.8 we can of course obtain much more precise 
uniqueness theorems but we leave this to study the existence of so- 
lutions of the mixed problem. First we prove an analogue of Theorem 
12.3.1, 


Theorem 12.9.8. If the mixed problem (12.9.1)-(12.9.3) (u=m_,) has a 
unique solution ueC™(H OH’) for arbitrary C®@ data vanishing at CH 
then there exists a constant yy St, such that 


(12.9.17) Le’ +ipN)#0 if &eR"~! and y<yo. 


Proof. By Banach’s theorem the solution depends continuously on the 
data. For a fixed point yedH’n(H~@H) we can therefore find a 
compact set K cH H’ and constants C, k such that 


(12.9.18) = S [D*u(yi CCD eu ID*fl+>y Yi sup |D*¢;)) 


la] Sm ja] Sk i lajsk KaédH 
if 6=0 and f ¢, vanish of infinite order on GH. If UeC™(H’) and 
P(D)U=0 in H’, BA{D)U=0 on ¢H’, j=l,...,m,, 
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we can apply (12.9.18) to u=yx(<., N>)U with veC™(IR) equal to 0 on 
(— oc, 0) and equal to I on (c, oo) where c=¢y, N>/2. Then 


P(Dju=0 when <x,N>>c; 
B{(D)u=0 on 0H’ when <x,N>>c. 
Writing K'’={x;xeK, <x, N>Sc} we obtain with new constants C’, k’ 


(12.9.18Y y (DPUGISC’ Y. sup |D?Ul. 
jalZk’ 


lajsm 

If L(C)=0, C=c'+i7N’, we can choose a polynomial H(w) of 

degree <m_, such that H(0)=1 and 
U,(x,)=(2ni)~? | H(w)e*™/P, (w, (0, CN dw 
satisfies not only the equation P(D,, ¢’)U,(x,)=0 but also the bound- 
ary conditions B,(D,, ¢’)U,(0)=0. This is equivalent to the equations 
(27i)~* | H(w)B,(w, £/P, Ow, 0, [)dw=0 

which is a system of m, equations for the coefficients of H(w) with 


determinant L(f)=0. Now we apply (12.9.18) to U(x)=U, (xe re? 
and obtain 


(12.9.18)" ¥ |DIU (OS CUFIC MM? 


jgm 
for some C and M. Here D{U,(0) is the residue at infinity of 
w/ H(w)/P. (w, (0, €)), hence H(w) is the polynomial part of 


y DIU w, (0, 0’))/wi 


jem 


In view of (12.9.14) it follows that 
1=H()SC YD U, OP(O, 2’). 
Using (12.9.18)" we now obtain 
LECUHCIM SY. ety. LC) = 


This is quite analogous to (12.3.5) so (12.9.17) follows from the Tarski- 
Seidenberg theorem by repeating the end of the proof of Theorem 
12.3.1. We leave the details for the reader. 


Definition 12.9.9. The mixed problem (12.9.1)-(12.9.3) is called hyper- 
bolic if u=m,, the principal symbol L, does not vanish at N/IR@ and 
(12.9.17) is valid for some y,. 


As in Theorem 12.4.4 we can extend the zero free region of L: 
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Theorem 12.9.10. If the mixed problem is hyperbolic then the component 
+ of N=N/R6 in {e'eI (P, NRO, Ly(é')+0} is an open convex cone, 


(12.9.19) L,({)+#0, Imé'e—5, 
(12.9.20) L({)+0, Imf’ey,N’—5. 


Proof. If é’eIR"~+ it follows from Proposition 12.9.5 that 
L(@+zN)= lim &L(é’+z2N’ye), Imz<0. 


E— +0 


Since L((é’+zNVe)+0 by (12.9.17) when Imz<ey, and the hmit 
L,(é +2N)=2*Lo(f/z+N’) is not identically 0, it follows from Hur- 
witz theorem that Lo(¢’+zN’)+0 when Imz<0. In view of the ho- 
mogeneity of L, we conclude that 


F,(z)=Lo(G'+2N’) 
is analytic and +0 when Imz+0. If ¢’e2 then 
Im(@+2N i= —& —RezN’e-I(P,N)/RO@, Rez20, 


so Fz(z) is analytic when Rez20, and F,(z)+0 when Rez=0, 
because F,,(0)+0. Since 
Lo(zN' + &)=2"°Ly(N’ + &/z) 
and Lo(N’)+0 we can find a constant C such that F,(z)+0 if 
jzi> C\é’|. Now Fy(z)=(z+1)"Lo(N’) has no zero in the half plane 
Rez20, so this remains true for reasons of continuity for every F,,(z), 
eed. In particular LAN’ +yué)+0 if 7,20, 4+u>0, so 2 is star 
shaped with respect to N’. 
Next we prove (12.9.20). Let @’eIR"~! and y'eZ. If y<y then 


G,(j=L(C +iyN’ +izn’) 
is an analytic function of z when Rez<0, and there is no zero with 
Rez=0. Since 
(iz) "LC +iyN' +izy’) > Lo(n')+0,  z> 0, 


uniformly in 7 when 7 is in a compact set, there is no zero of G, far 
away so the number of zeros with Rez<0 is independent of ». If y is 
a very large negative number we have for some constant C 


L(g’ +iyN' +izy)+0 if Rezs0, |z/y|>C, 
for (iz) -“"L(é' +i; N'+izn’) will be close to Ly(7). On the other hand, 
("LE +iyN’ tipwy) > Lo(N’ tw), 7>—&, 
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uniformly when Rew20 and |w|SC. We proved above that the limit 
has no zeros in the half plane Rew20. Hence 


L(g +iyN' +izn) +0 
if RezSO and » is a sufficiently large negative number. This remains 
true for all y<y 9 and proves (12.9.20). Going back to the argument at 
the beginning of the proof with N’ replaced by 7’ we deduce (12.9.19). 


We also conclude that 2 is starshaped with respect to every 7’e%, 
that is, 2 is convex. The proof is complete. 


Lemma 12.9.11. It follows from (12.9.20) that for some C and M 
(L+IC)-“SCILCY, Iml’eo—-1)N’-E. 
Proof. By (12.9.20) we have 
f(t) =inf (ILC); (St, Im'e(y.-1)N’—-Z}>0,  teR,, 


for N’'+Zc¥ and the set of ©’ considered is compact. From Corollary 
A.2.4 and Theorem A.2.5 we obtain that f(t)=Ar*(1+o0(1)), to, 
where A+0 and a is a rational number. Thus (1+2)"-“SCf(0) if MZ 
~aand C is large enough, which proves the lemma. 


We are now ready to construct “fundamental solutions” of the 
mixed problem: 


Theorem 12.9.12. If the mixed problem (12.9.1)-(12.9.3) is hyperbolic, 
then one can find distributions e, in H’, k=1,...,m, which are C® 
functions of <x, @> with values in 9’ (IR"~") such that 


(12.9.21) suppe, c5°+I°(P, N), P(D)e,=0 in H’, 
BD) eye = 5 .5(X). 


Here 2° is the dual cone <GH" of the component ZX of N/R@ in 
{Cel (P, NRO, L,(&)+0}, where Ly is the principal symbol of the 
mixed problem. The notation 5, stands for the Kronecker delta. 


Proof. Let H,(w, 0), k=1,...,m,, be a polynomial of degree <m, in 
w and set when Im 'e (yp -1) N’-E 
E,(x,, 0) =(22i)? (A, (w, Ce*/P_(w, 0, C)) dw. 
Then we have P(D,, C)E,(x,, (')=0, and 
B(D,, C)E,(0, C) = (2x1)? [ BiQw, 2) H,(w, CYP. (w, 0, CY dw 


= y H,,(C)(2ni)~* Jw * Bw, 2)/P, (w, (0, O)) dw 


r=1 
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where we have written 
M+ 
Hw, => A, {O)w'7?. 
ne 


Thus B,(D,, ’)E,(0, ¢’) is the product of the Lopatinsky matrix and the 
matrix (H,,). We obtain B,(D,,()E,(0,C)=6,,, the Kronecker delta, 
by choosing for (H,,) the cofactor matrix of the Lopatinski matrix, 
divided by L. It follows from Lemma 12.9.11 that the coefficients of 
H,(w, €) are analytic and polynomially bounded when Im ¢’e(y,—1) 
-N’—2. Hence Theorem 7.4.3 shows that E,(x,,0) is the Fourier- 
Laplace transform with respect to x’ of a C® function e,(x,,.) of x, 
with values in Z’(IR"~*) supported by £°. As in the proof of Theorem 
12.9.2 we can improve the information on the support by defining 
e,(X,,.)=0 when x,<0. Then suppe,< H and supp P(D)e, < {0} x 2° 
Since e, = E(P, N)*(P(D)e,) this completes the proof of (12.9.21). 


Corollary 12.9.13. If the mixed problem (12.9.1)-(12.9.3) is hyperbolic 
then it has a unique solution ueC®(H OH’) for all C* data f, 0, 9; 
which are compatible at 6H@H' in the sense that a formal power 
series solution exists at every point there. The solution is determined at 
xéH OH’ by the data ¢, in R, =GH' n({x} —I°°(P, N)—Z°) and the data f, 
@ in {x} UR. —-T°o(P, N). 


Proof. We can extend f and @ to C™ functions F and @ in R” and 
find a solution uy of the Cauchy problem (12.9.1), (12.9.2) in H with 
these data. (See Theorem 12.5.6.) With u=u)+v the mixed problem is 
then reduced to 


P(D)v=0 in HAH’, D*v=0 in A’NOH, lal<m, 
B(D)v=$;—B,(D)uj=¥;,  j=l,...,m,, on HGH’. 


gtth 


All derivatives of v must then vanish on GH 0H’ for a formal power 
series solution so the compatibility conditions mean that , vanishes 
of infinite order at 0H’ AGH since they are preserved by the reduction. 
We extend y, to a C® function on GH’ equal to 0 in GH’n fH. Now a 
solution of the mixed problem is given by 


U= » e,* Wy 
with the convolution taken in the x’ variables only. 

By Theorem 12.9.7 the solution constructed is the only solution of 
the mixed problem. We have v=0 at xeHOH’ if ¥,=0 in R,, which 
follows if ¢,=0 in R, and the data F, @ of the Cauchy problem 
vanish in R,—I°(P, N). For a suitable choice of the extensions F, ® 
this is true if f and @ vanish in a neighborhood of R,—I°(P, N). 
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Since uy vanishes at x if F and ® vanish in {x}—I°°(P, N), we have 
proved that uw vanishes at x if the data vanish in a neighborhood of 
the listed sets. The statement in the corollary follows if we apply this 
result to u(x—eN) and let e— 0. 


The existence proof here is of course applicable also when the data 
are distributions. The fundamental solution E(P, N) is a C® function 
of x, with values in Z’(IR"~') for x, 20 and for x, <0. Let f be a C™ 
function of x,20 with values in 9’(IR"~'), supported by the half 
space H, and let ¢,¢%'(0H'), supp¢;c HCH’. Then the proof of 
Corollary 12.9.13 shows that there is a unique solution of (12.9.1), 
(12.9.3) which is a C® function of x,20 with values in @’(IR") and 
support in H. (It is easier to pose zero Cauchy data in the case of 
distribution solutions.) 


Example 12.9.14. For the wave operator P(D)=D?+...+D?_,—D? 
(n= 4) we shall determine when the oblique derivative boundary oper- 
ator B(D)=) b,D,; gives a hyperbolic mixed problem (b,=1). We 
have 1 , 
L()=) bo, GP-S. SP 
1 


where Im, >0 and Im’ is in the backward light cone, and 
Lo(E)=)> b)6,-(G-G--- - GF 


when ¢’ is in the forward light cone. The non-characteristic condition 
is therefore b, +1. If we set €°=(€,, ..., €,_,) and 


wl’ by; ein} 


which is either an ellipse (possibly degenerate) or the closed interior of 
an ellipse, the other condition for hyperbolicity is that 


F(z)=(z*—1)? +b,z 


takes no value in W when Imz<0. Here F(z)=2(b, —(1 —277)*), |zi>1, 
so F is analytic and odd outside (—1,1); thus F must not take any 
value in W when Imz+0. 

1) If Reb,>O then 0 is in the range of F(z) when Imz<0O unless 
0<b,<1. Then we must have WCR, that is, all 5, are real. 

2) If b, =0 then {F(z),Imz<0} is the upper half plane apart from 
[0, i]. Thus WCR, that is, all b, are real, or Wc[ —i, i], that is, all 5, 

n—1 


are purely imaginary and ) |b,|°<1. 
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3) If Reb,=0 and Imb,+0 then all b; must be purely imaginary 

and 
Ib4|? +... 4]b,_,/? S|b, +1, 
which also covers the second case in 2) when Imb, becomes 0. 

4) If Reb, <0 then the range of F when Imz+0 is the exterior of 
the ellipse E={b,x+iy; (x, y)eS'} apart from the curves +F([1, oc]). It 
follows that W is in the closed interior of E unless b, is real and WCR. 

Summing up, we have two main cases. 

a) All b, are real and b,<1. The principal symbol vanishes at a 
point ¢’ in the forward light cone if 


n n 
satisfies €, =} b,é,, that is, Y b,¢,>0 and 
2 5] 


Thus ; ses 
Baltse> (G++ at (max (0.5:8,4,)] yt 
2 


The propagation speed described by 2° is increased in all directions if 
(b,,...,5,) 1s in the interior of the forward light cone and in no 
direction if it is in the backward light cone. When it is twice the speed 
of light Fig.5 shows the outer boundary of the support of the solution 
of the mixed problem for the wave equation with f=0, 5, and ¢=0, 
for fixed integer x3. 

b) A calculation which we leave for the reader shows that if we 
write (b,...,5,_,, —b,)=F+iE with F and E real, then 1+[E, £]20, 
F is in the forward light cone and with [,] denoting the Lorentz 

scalar product (as in Section 12.1) 


: [EF SLF, F](i+L(E, E)). 


This sums up the remaining cases and the propagation speed is un- 
changed in view of the Lorentz invariance of the conditions. 


xy 


X2 
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Notes 


Section 12.1 is devoted to the explicit formulas of M. Riesz [1,4] for 
the wave equation in R°**. The formula (12.1.13) here differs from 
that of Riesz by containing the Gaussian curvature rather than a 
mean curvature related to the embedding of X in R*. The two 
formulas are related by a degenerate form of the Gauss equations. 
The asymptotic expansion of the solution of the oscillatory Cauchy 
problem discussed in Section 12.2 has a long tradition in optics at 
least for the leading terms. (See for example Sommerfeld [1] on the 
phase shift at the caustics.) The asymptotic behavior at simple caustics 
goes back to Airy [1] and was made precise by Ludwig [2]. For the 
case of more general caustics the reader should consult Duistermaat 
[1] and Guillemin-Sternberg [1]. 

It was already emphasized by Hadamard [1] that in the C™ case 
as opposed to the analytic case of Cauchy-Kovalevsky the solution of 
the Cauchy problem need not depend continuously on the data. (In 
the terminology of Hadamard, the Cauchy problem need not be 
correctly posed.) In view of the closed graph theorem this means that 
solutions need not exist for arbitrary C® data. Petrowsky [2] essen- 
tially characterized the operators for which the Cauchy problem can 
always be solved in ¥ or #’. (His condition is the inequality (12.3.5) 
here.) By the Holmgren uniqueness theorem this implies existence of 
solutions of the Cauchy problem in 9 and C®™ also. Garding [1] 
showed that (12.3.1), (12.3.2) is necessary and sufficient for uniqueness 
and existence of solutions of the Cauchy problem in C®. The passage 
from (12.3.5) to (12.3.1) required a rather complicated algebraic dis- 
cussion which has now become simple and standardized thanks to the 
Tarski-Seidenberg theorem. (The weaker Petrowsky condition (12.3.5) 
remains interesting though for we shall see in Chapter XVI that it is 
the appropriate condition for convolution operators.) Garding also 
proved the precise properties of hyperbolic polynomials given in Sec- 
tion 8.7 and the beginning of Section 12.4. The description of the 
lower order terms in Theorem 12.4.6 was conjectured by Garding [1] 
and proved by Svensson [1] (see also Chailioun [1] and Munster [1, 2)). 
In the two dimensional case it is due to E.E. Levi [1] and Lax [1]. 

The study of the singularities of the fundamental solution in Sec- 
tion 12.6 has its roots in the work of Herglotz [1] and Petrowsky [4]. 
The general results given here are due to Atiyah-Bott-Garding [1]. 
The reader should turn to Atiyah-Bott-Garding [2] for a study of the 
necessity of the Petrowsky condition and further results. 

The global uniqueness theorem in Section 12.7 is due to John [3] 
in the non-characteristic case and to Brodda [1] in the characteristic 
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case. The existence theorem which follows is proved along lines which 
go back to Cauchy [1]; there is now a vast literature on such 
existence theorems in Gevrey classes for operators with variable coef- 
ficients also. 

The work of Petrowsky [2] was not restricted to the non-charac- 
teristic Cauchy problem. However, a complete study of the character- 
istic Cauchy problem was first given in HOrmander [21]. The passage 
from Jocal to global results relies on an idea of Malgrange similar to 
those used in Section 10.6. Complete results do not exist on the more 
general problem of characterizing operators having a fundamental 
solution with support in a convex cone with an edge of arbitrary 
codimension. The best results are due to Engqvist [1]. The difficulty of 
the problem is underlined by a result of his stating that even if a 
fundamental solution exists with support in I, for every j and I, 
decreases, there need not be any with support in the intersection of 
all Fj. Uniqueness theorems for the characteristic Cauchy problem 
with global conditions can be found in Tacklind [1] and Gelfand- 
Silov [1]. 

General results on the constant coefficient mixed problem were 
first stated by Hersh [1,2]. Sakamoto [1] observed that there are 
“some rough discussions” and completed the argument under some 
additional hypotheses. In particular she assumed that the plane carry- 
ing the mixed data is non-characteristic, and no compelling reasons 
were given for the number of boundary conditions chosen. These 
points were supplemented by Shibata [1]. In addition to these results 
we have added here a fairly complete discussion of uniqueness, com- 
pletely similar to Holmgren’s uniqueness theorem. It should be ob- 
served that the papers by Hersh also contain a study of some mixed 
- problems with infinite propagation speed. The concluding example is 
largely taken from Garding [6]. 


Chapter XIII. Differential Operators 
of Constant Strength 


Summary 


In this chapter we shall study differential operators which in the 
spaces B, , can be considered as bounded perturbations of differential 
operators with constant coefficients. This requires that the constant 
coefficient operators obtained by “freezing” the argument in the coef- 
ficients at a point x, have a strength independent of xy. By means of 
a simple perturbation argument most of the results which we have 
proved for differential operators with constant coefficients can be 
extended locally to differential operators having constant strength in 
this sense. 

After a discussion of local existence theorems in Sections 13.2 and 
13.3 and of hypoellipticity in Section 13.4 we turn in Section 13.5 to 
global existence questions. It turns out that solution exist globally if 
and only if the adjoint operator and its localizations at infinity are 
injective. When the coefficients are real analytic this is always true by 
Holmgren’s uniqueness theorem (see Section 8.6). However, no such 
uniqueness theorem is valid when the coefficients are just in C®. In 
fact, we construct in Section 13.6 a number of examples of non- 
uniqueness for the Cauchy problem including an elliptic equation 
which has a non-trivial solution of compact support. 


13.1. Definitions and Basic Properties 


We wish to consider differential operators which in B, , are bounded 
perturbations of differential operators with constant coefficients. In 
view ‘of Theorem 10.3.6 this leads to the following definition. 


Definition 13.1.1. A differential operator P(x, D) defined for xeX is 
said to have constant strength in X if for arbitrary fixed x, yeX the 
differential operators P(x, D) and P(y, D) with constant coefficients are 
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equally strong, that is, 


PRs eC.- CERe 


y? 
The following lemma puts this condition in a form which is 
usually more convenient. 


Lemma 13.1.2. Let P(x, D) have constant strength. With a fixed x° set 
P,(D)=P(x°, D) and let P,,...,P. be a basis in the finite dimensional 
vector space of operators with constant coefficients weaker than Py. 
Then we have 


(13.1.1) P(x, D)=P,(D) +¥ ¢,(x) P(D) 


0 


where the coefficients c; are uniquely determined, vanish at x°, and have 
the same differentiability and continuity properties as the coefficients of 
P(x, D). 


The proof is trivial. 


We next show that an operator P(x, D) and its adjoint ‘P(x, D) are 
simultaneously of constant strength. We recall that the adjoint is 
defined by 


J v' P(x, D)udx =f (P(x, D)v)udx 
when v or u has compact support. 
Theorem 13.1.3. Let P(x,D) be differential operator of order m with 
coefficients in C®(X) and constant strength in X. Then it follows that 


*P(x, D) is also of constant strength and is as strong as P(x, —D) for 
” every x. 


Proof. Using the representation (13.1.1) we obtain 
"P(x, D)=P(—D) +3 P(—D)c; 
0 


=P,(—D)+¥, Y (Dye) P®(—Dyjat. 


a j= O 

Since c;(x°)=0 we have in particular 
'P(x°, D)=P)(—D)+ YY. (—DFe,(x°)P(— Da. 

a+0 j= 0 


Now we have when «+0 


P(—D)«P,—D)<P,(—D), 
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so it follows from Corollary 10.4.8 that 'P(x°, D) is equally strong as 
P(x°, —D). Since this is true for every x°eX, it is clear that ‘P(x, D) 
is of constant strength. 


Multiplication of operators of constant strength also gives an 
operator of constant strength: 


Theorem 13.1.4. Let P(x, D) and Q(x, D) be of constant strength in X 
and assume that the coefficients of P(x, D) are in C™(X) where m is the 
order of Q(x,D). Then the operator R(x, D)=Q(x, D) P(x, D) is of 
constant strength. Moreover, R(x,¢) is for every x as Strong as 
Q(x, C) P(x, ¢). 

Proof. Using (13.1.1) and Leibniz’ formula we obtain 


(13.1.2) R(x, D)=Q(x, D) P(x, D) 
= Q(x, D)P,(D)+¥. = D*e,(x)O(x, D)P(D)/a!.. 


. a j=O 
Since 


O9’(D)P(D)<Qo(D)P(D)<Q,(D)Po(D), if «+0, 


it follows from Corollary 10.4.8 that R(x°,D) is as strong as 
Q,(D)P,(D). This completes the proof. 


Remark. It is important to note that the class of differential operators 
of constant strength is tied to the vector space structure in IR” and 
therefore not invariant for non-linear coordinate transformations. 


13.2. Existence Theorems when the Coefficients 
are Merely Continuous 


The following result extends Theorem 10.3.7. 


Theorem 13.2.1. Let P{x,D) have continuous coefficients and be of 
constant strength in a neighborhood of x°eR". If X is a sufficiently 
small open neighborhood of x°, we can find a linear operator E in 
L?(X) such that 


(13.2.1) P(x,D)Ef=f,  fel?(X), 
(13.2.2) EP(x,Dju=u, ueCP(X), 
(13.2.3) Q(D)E is a bounded operator in L?(X) if O(D)<P(x°, D). 


13.2. Existence Theorems when the Coefficients are Merely Continuous 185 


Remarks. 1. The interpretation of (13.2.1) requires some comment 
since the multiplication of arbitrary distributions by continuous func- 
tions is not defined. The meaning of (13.2.1) is that, with P(x, D) 
written in the form (13.1.1), we have 


PADVES+Y.c/P(DES =, 


and this has a sense since P,(D)Ef €1?(X) in virtue of (13.2.3). 

2. According to Schwartz’ kernel theorem (Theorem 5.2.1) the 
bounded linear operator E in L*(X) has a kernel E(x, y) which is a 
distribution in X x X. The identities (13.2.1) and (13.2.2) show that E 
is a two-sided fundamental solution of P(x, D), that is, if the coef- 
ficients are smooth enough 


P(x, D,) E(x, y)='P(y, Dy) E(x, y)=6(x— y). 


Proof of Theorem 13.2.1. Let X, be a bounded neighborhood of x°® 
such that P(x, D) has constant strength and continuous coefficients in 
X,. If XcX,, we can apply Theorem 10.3.7 with P=P, and obtain a 
bounded linear mapping E, in L?(X) such that 


(13.2.4) P(D)JEgf=f,  fel’(X), 
(13.2.5) E,P)(D)u=u, ueC®(X), 
(13.2.6) N(P(D)Eo)<C, j=0,...,7. 


Here N denotes the operator norm in L?(X) and C can be chosen 
independent of X when X < X,. The operators P. are those introduced 
in Lemma 13.1.2. We wish to find a solution of the equation 


(13.27) P(x, Dju=P,(D)u + ¥ o(x)P(D)u=feL?(X) 


10) 


which is if the form u=Epg, geL*(X). This means that we want to 
solve the following equation for g 


(13.2.8) £+¥ gPD)Ee=L 
If A denotes the operator 
gD ¢P(D)Eos 
it follows from (13.2.6) that 
N(A)ESC 3 sup |c;|. 
0 Xx 
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Since the coefficients c, are continuous and c,(x°)=0, we thus have 
N(A)<1/2 if X is a sufficiently small neighborhood of x°. Hence the 
operator J+A has an inverse with norm at most equal to 2. (I denotes 
the identity operator.) This means that the Equation (13.2.8) has the 
unique solution g=(I1+A)7'f If we set E=E,(I1+A)7', we have Ef 
=E,g where g satisfies (13.2.8). This proves (13.2.1). From (13.2.6) and 
the fact that the operators P(D), j=0,...,r, form a basis for the 
operators weaker than P,(D), it follows immediately that (13.2.3) is 
valid. Finally, if f = P(x, Du, ueCP(X), the unique solution of (13.2.8) 
is g=P,(D)u. Hence Ef =E,g=u, which proves (13.2.2). 


13.3. Existence Theorems when the Coefficients are in C® 


The aim of this section is to show that Theorem 13.2.1 remains valid if 
I? is replaced by an arbitrary space B,,- In order to obtain such 
results with X independent of the choice of ke X, we shall replace k 
by another function k,¢% chosen according to Theorem 10.1.5. Thus 
we have B,,=B,,,, and the following lemma shows the advantage of 
using the weight functions k, instead of k. 


Lemma 13.3.1. Let keX and let k; be defined as in Theorem 10.1.5. 
For every 6€£ there exists a positive number 5, such that 

(13.3.1) Pull ne SZNGl 1.1 lly ns 

if 0<d<6); ucB, ,=B,,,- 


é 


Note that the norm on ¢ in the right-hand side does not depend on 
k. The number 6, is of course dependent on k but that will have no 
importance in the application below. 


Proof of Lemma 13.3.1. In virtue of Theorem 10.1.15 we only have to 
show that 
NOllym., S20Glli: 


when d<6,. But this is obvious since it follows from (10.1.10), 
(10.1.11) that 


[Ola a, 22)" OOM, (dE > (2n)~" {|G de= lls 
when 6 > 0. 


When using Lemma 13.3.1 we need the following additional infor- 
mation. 
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Lemma 13.3.2. Let weC#(IR") and set w,(x)=W((x—x°)/e). If heC® in 
a neighborhood of x° and h(x°)=0, it follows that ||y,h]|,.,=O(e) when 
e— 0. 


Proof. By Theorem 1.1.9 we can choose h,eC¢ so that 
h(x)= > (x; —xP)Aj(x) 
in a neighborhood of 0. Using Theorem 10.1.15 we obtain for small ¢ 
Wels. Sd Wjlls.s Wj— x9) Mella 
=ey Il lLset ix, Wiis 
which proves the lemma. 
We can now prove the main result of this section. 


Theorem 13.3.3. Let P(x,D) have C® coefficients and be of constant 
strength in a neighborhood of x°eIR". If X is a sufficiently small open 
neighborhood of x°, there exists a linear mapping E of €&'(IR") into 
é'(IR”) with the following properties 


(13.3.2) P(x,D)Ef=f in X if feé'(R"), 
(13.3.3 EP(x,D)u=u in X if ueé’(X), 
(13.3.4) WES Ip Foxe Cult lyn 


if fe€ (ROB, , and keX. 
Here C,, is independent of f, and (13.3.4) means in particular that 


EfeB,p, if feé (ROB, ,. 


Proof. Writing X,={x; |x —x°|<e}, we choose ¢,>0 so that P(x, D) has 
- C® coefficients and constant strength in X,,. Let ~ be a function in 
CFR") such that y=1 in a neighborhood of the ball {x; |x|S2e9} 
and set Fy>=7E, where E,€B°5,(IR") is a fundamental solution of 
P,(D). If suppf <X,,, we then have Fy*f=E,*f in X,,, hence 


EQ? 


(13.3.5) Py(D)\(Fo*f)=Fo*(P (Df) =f 
in X,, if feé'(X,,). Also note that 
(13.3.6) Fy eB oo, By: 


Choose weCP(IR") so that ¥(x)=1 when |x|/S1 and suppy is 
contained in the ball {x;|x|<2}. Writing ¥,0Qd=wW((x—x°)/s), we 
shall prove below that there exists a positive number e, such that the 
equation 


(13.3.7) s+) w.c,P(D)(Fo*xs)=WF 
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has a umique solution geé’(IR") for an arbitrary feé’(IR"), if 
0<e<e,<¢,/2. Accepting this result for a moment we define 


(13.3.8) Ef=Fo+g. 


Since suppw,c X, 


so We have geé’(X,,). Hence it follows from (13.3.5) 
and (13.3.7) that 


P(x, Ef =P(x, PUFard)= RiDNFors) +o FAOM Fors 
=3+¥ W.c,P, j Al D)(Fo*g) = .f=f in A, 


which proves (13.3.2). If ueé(X,), the equation (13.3.7) with f 
= P(x, D)u is satisfied by g=P,(D)u, for then it follows from (13.3.5) 
that Fy+g=u in X,,, and both sides of (13.3.7) have their supports 
contained in X,,. Hence EP(x, Dju=F,*(P)(D)u)=u in X,. 

To prove the existence and uniqueness of solutions of the Equa- 
tion (13.3.7) and to prove (13.3.4), we shall study the mapping 4, 
defined by 


(13.3.9) edhe, P(D)(Foxg), geB'(R’). 
We shall estimate the norm of A, in B,,, when ke and k; is 
defined as in Theorem 10.1.5. First note that (13.3.6) implies that there 


is a constant C such that |P(2)Fo(Q|SC, j=0,...,7. If 6 is sufficiently 
small, it thus follows from Lemma 13.3.1 and Theorem 10.1.12 that 


(13.3.10) lA.gilp, 82 IWecily 1 IPD) Fo*S li cs 


$2C ¥ weer WSllpes § SEBa Eg 
(6) 


Now we see from Lemma 13.3.2 that we can choose ¢, so that 
O<e, <e,/2 and 


(13.3.11) YD Wvecilia<l/4C if O<e<e,. 
(0) 


Note that this choice of ¢, is independent of the function k. From 
(13.3.10) it then follows that 


(13.3.12) lA.8lpngS27 Wiles  geB 


The equation (13.3.7) can be written in the form g+A.g=y, f. Since 
B., ks =B,,, we obtain immediately from (13.3.12) that the equation 
(13. 3.7) has one and only one solution geB,, when feB,,, and 
geé’(R") since w, has compact support. Noting that every finite set of 


Pike” 
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distributions in é’(IR") is contained in B,, for some k, we conclude 
that the equation (13.3.7) has one and only one solution geé’ GR") for 
every feé'(R"). From (13.3.12) we get the estimate |/g/,,,S 
21 F Il p.ngr HENCE 


EF My Boks I Fol cc, Bo lS ll pes S4 Poli co. Fo tS lp.ns ll Wella. 1- 


This proves (13.3.4), for || f'|| and ||f||,,, are equivalent norms. 


Bike 
The following corollary extends Theorem 10.3.2. 


Corollary 13.3.4. Let P(x,D) and X be as described in Theorem 13.3.3. 
If ue&(X) and P(x, D)ueB, ,, it follows that ueB, 5... 


pk? 


In the following corollary it is essential that we could choose the 
same X for every k in Theorem 13.3.3. 


Corollary 13.3.5. Let P(x, D) and X be as described in Theorem 13.3.3. 
The equation P(x,D)u=f then has a solution ueC*(X) for every 
fec™(R”). 


By Schwartz’ kernel theorem (Theorem 5.2.1) the mapping E in 
Theorem 13.3.3 has a kernel e(x, y)e@(IR*xIR"). From (13.3.2), 
(13.3.3) it follows that in X x X 


P(x, D,je(x, yy='P(y, D,)e(x, y)=0(x—y). 


The singularities of e(x, y) are very similar to those of the kernel of a 
convolution operator (cf. (8.2.15)): 


Theorem 13.3.6. From (13.3.4) it follows that 
(13.3.13) (x, ¥,6, MEWF(e) => E+n=0 
if e is the kernel of E. 


Proof. By (13.3.4) and Theorem 10.1.14 we have 
KEA DISC. NF llpxlgiy. sax if LeeCo dR’) and kex’. 
If we replace f(y) by f(y)e'™ and g(x) by g(x) and write u= 
(g@f je, it follows that 
(13.3-14) la(E, — MISC, KFC — mize 18(- — 2)/Poklite- 


Since 


(8) f(O—MSk(M\(1+ ClO—n)* FON) 
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and feY, we can estimate the I? norm by a constant times k(n). 
Using a similar estimate for the other norm in (13.3.14) we obtain 


(13.3.15) la(¢, — ml SC, k(m)/K(). 

We shall now show that (13.3.15) implies that u(¢,—¥y) is rapidly 
decreasing if (€, 4) > 00 in the complement of a conic neighborhood W 
of the diagonal in R’x R”. 


We argue by contradiction. Assume that there is a sequence 
(¢;.n,)}€W tending to oo such that for some fixed N 


(13316) 1a, —nJI>U+lgl+ hyd, 71.2, 


Since ke X implies 1/keX, the condition (13.3.15) is symmetric in € 
and 7 so we may assume that InjlSi¢,. We can also pass to a 
subsequence to make sure that the sequence is so lacunary that for all 
z 
(13.3.17) Ieja 11 21GB 214. 
Now we introduce 
k(€)=max (1+|€~¢))-*(1 +164) 

which is obviously a function in %. We have k(€))2(1+1¢,)). Note 
that k(€)S2 unless |€ -—2,|<[€,{/2 for some i, thus 

|€,\/2 <j] <3)G,|/2. 
Since |, Sj Sl¢,, ,/2| it follows that 

k(n) Smax 2, (141€;_,), 0 +1E NG +12;—0))- 

By hypothesis (¢,,4,)€W so |€;—n,|>c\|€,| for a fixed c>0. Hence 


kin)JSC,A+18;_ )S2C,0 +18)? 


by (13.3.17), which implies k(q )/k(€) <2 C,(1+ lepr*. If we now apply 
(13.3.15) with k replaced by k?%** we have a contradiction with 
(13.3.16) which completes the proof. 


We know from Theorems 12.4.6 and 12.8.17 that P(x, D) is hyper- 
bolic (resp. an evolution operator) for every fixed xeX if X is con- 
nected and this is true for x=x°. The Cauchy problem can then be 
solved as in the constant coefficient case: 


Theorem 13.3.7. Assume that the hypotheses in Theorem 13.3.3 are 
fulfilled and in addition that P(x°, D) is hyperbolic with respect to N 
(resp. an evolution operator with respect to the half space H 
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={x; «x, N> 203). Then it follows that 


(13.3.18) suppEfcI°(P,N)+suppf resp. suppEfcoH+suppf 
if feé’ and E is the mapping constructed in Theorem 13.3.3. 


Proof. This follows by inspecting the proof of Theorem 13.3.3. First 
the convolution with F, has the required properties if we choose a 
fundamental solution E, with support in r'°(P,N) resp. H. (Actually 
we must use Theorem 12.8.13 and the comment after it.) It follows 
that A, also has the property (13.3.18), and so has the inverse of (J 
+ A,) since it can be expressed by the Neumann series. This completes 
the proof. 


13.4. Hypoellipticity 


The results of Section 11.1 are now easily extended to operators of 
constant strength: 


Theorem 13.4.1. Let P{x, D) be an operator of constant strength with 
coefficients in C*(X). Assume that the operator P,(D)=P(x°,D) is 
hypoelliptic for some x°eX. If ueY'(X) and P(x, D)ueBys(X), it fol- 
lows that ue BPs ,(X). In particular, P(x, DjueC®(X) implies that 
ueC™(X). 


Note that by Theorem 11.1.9 the hypotheses in the theorem are in 
fact fulfilled for every x°eX. 


Proof of Theorem 13.4.1. In view of the previous remark and Theorem 
10.1.20 it is sufficient to prove the statement in a neighborhood of x°. 
To do so we first decompose P according to Lemma 13.1.2. If d(é) is 
the distance from €eIR" to the zeros of P,(f), we have d+leX% in 
virtue of (11.4.10), and Theorem 10.4.3 gives 


D PP Or a+ IP FSCS PP Ore) + Se Picy, 


where the last estimate follows from Lemma 11.1.4, and C, C’ are 
constants. With the notation 


PHeP = SPO? 
we thus have with a constant C 


(13.4.1) P(QSCP(2)/(a(g) + V. 
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Let Y be a neighborhood of x° such that YEX and Theorem 
13.3.3 applies in Y. Then we have weBies.(Y) for some ke. Repeat- 
ing the proof of Theorem 11.1.7 we shall prove that 


(13.4.2) ueB' (Y), v=0,1,... 


Poky 


where k,=inf(P,k, (d+1)’k’). Since it follows as in the proof of Theo- 
rem 11.1.8 that BOS, = Bis, for large v, this will prove the theorem. 
(13.4.2) is trivial when vy=0 since ky Sk’. Assuming that (13.4.2) is 
proved for one value of v we shall now prove that v can be replaced 
by v+1. Thus take PEC (Y) and set C;=c, when j+0, Co=cy +1, 
where c, are the coefficients in (13.1.1). Leibniz formula then gives 


P(x, D)(@u)= 0 P(x, D)ut ay y (D* 6) C;P.?(D)u/a!. 
j=Oa=0 
The terms in the sum are in 


pekvs 1/Po for kay PPS, 


by (13.4.1). Since @P(x, DjueB,, and ke Peek it follows that 
P(x, D)(dueB, ,. .p,. We now only have to apply Corollary 13.3.4 to 
conclude that @ueB, ,,,,. Hence (13.4.2) is valid with v replaced by v 
+1. The proof is complete. 


Be uyiP, CB 


It follows immediately from Theorem 10.4.9 that elliptic operators 
satisfy the hypotheses of Theorem 13.4.1. For elliptic operators Corol- 
lary 8.3.2 already gave a stronger result than the last statement in 
Theorem 13.4.1. It is valid in general: 


Theorem 13.4.2. If P(x, D) satisfies the hypotheses of Theorem 13.4.1 
then 


(13.4.3) WF(u)=WF(P (x, D)u), uEeP'(X), 
(13.4.4) sing supp u=sing supp P(x, Dju, ueG’(X). 


Proof. (13.4.4) is a consequence of (13.4.3) and was also proved in 
Theorem 13.4.1. To prove (13.4.3) we first choose an arbitrary x°¢X 
and then an open neighborhood YEX of x° where Theorem 13.3.3 is 
applicable. We may assume that ueé’(Y). If (x°, &)¢ WF(P(x, D)u), we 
can choose ¢€C2(Y) equal to 1 in a neighborhood of x° so that Y 
x {€°3 does not meet WF(pP(x, D)u. Hence Y x {€°} does not meet 
WF(E(¢ P(x, D)u)) by Theorem 13.3.6, and E((1~¢) P(x, D)u) is in C” 
in the open neighborhood of x° where ¢=1, by Theorem 13.4.1. Since 
u=E(P(x, D)u) in Y, it follows that (x°, €°)¢WF(u). This proves that 


WF (u)< WF(P(x, D)u) 


and the opposite inclusion is always true. 
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The following terminology is clearly consistent with Definition 
11.1.2. 


Definition 13.4.3. A differential operator P(x, D) with coefficients in 
C”(X) is called hypoelliptic if (13.4.4) is valid; it is called micro- 
hypoelliptic if even (13.4.3) is fulfilled. 


The following theorem combined with Theorem 13.4.2 shows that 
these notions coincide for operators of constant strength. 


Theorem 13.4.4. If P(x, D) has constant strength in X and coefficients 
in C®(X), then P(x,D) is hypoelliptic if and only if the constant 
coefficient operator P(x°, D) is hypoelliptic for every fixed x°eX. 


Proof. (13.4.4) remains valid when X is replaced by an open set YEX 
where Theorem 13.3.3 is applicable. If x°<Y then 


U=Eb,.€B’’s (Y), P(x, D)u=d,o. 


co, Po 
If (13.4.4) is valid it follows that ueC(Y ~ {x°}). Let Q, be a localiza- 


tion of Py at oo. As in the proof of Theorem 10.2.12 we can choose a 
sequence 4; 00 such that 


Pg (é +n)/P,(n)) > Q,(¢), 
and since P, is weaker than P, the limits 
O,{¢) = lim Rlge+ n)/Poln;) 
joo 
also exist after we pass to a suitable subsequence. From the proof of 
Theorem 10.2.12 we know in addition since ue B's, that the limit 
v=limuBR(nje*< T 2°01? & BUCS 


exists if we pass to a suitable subsequence, and v=0 in Y~{x°} since 
ueC® there. From the equation P(x, D)u=6,» it follows that 


(Qo(D) + 3" c(x)Q,(D))v = 5,0 


sO v is not equal to 0. If d€C%(Y) is equal to 1 near x° then w=@z is 
supported by x° and not 0, so W=e'@" 5 W(é) where w is a non-zero 
polynomial such that ¥Q, is bounded. Hence w and Q, are both 
bounded, so all localizations of P, at infinity are constant. In view of 
condition (iv) in Theorem 11.1.1. this means precisely that P, is hy- 
poelliptic. 


However, we wish to emphasize that there are large classes of 
hypoelliptic operators which are not of constant strength, and that 
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Theorem 13.4.4 is not applicable to them. For example, the Kolmo- 
gorov Equation (7.6.13), corresponding to —D?+x,iD,—iD3, is easily 
seen to be hypoelliptic by using the fundamental solution constructed 
in Section 7.6. However, for fixed x, it operates only along a two 
dimensional plane so it is not hypoelliptic when the coefficients are 
frozen. 


13.5. Global Existence Theorems 


In this section we shall examine when it is possible to remove the 
hypothesis in Theorem 13.3.3 that X is small. We must then consider 
the localizations at infinity of an operator P(x,D) of constant 
strength. These occurred implicitly already in the proof of Theorem 
13.4.4; modifying Definition 10.2.6 we shall say that Q(x,D) is a 
localization at infinity if Q is not identically 0 and 
O(x, )= lim a;P(x, E+¢)) 
j-70o 
for some sequence ¢,€IR” tending to co and some sequence a;>0. 
Note that 
O(x, 0)=lim a; P(x, &)). 

jroo 
Writing Po(E)=P(x® ,€) for some fixed x° we have in particular 
~ O(x® 0), and O(x°,0)>0 since otherwise 


lim a; P(x, €;)=lim a; P(E) P(x, EMP(x® 6) 


x 


would be 0 for every x. Thus we only change Q by a positive factor if 
we take a;=1/P)(¢,), thus 
(13.5.1) O(x, )= lim P(x, E+ ¢)/P,(E). 

j-~o 
This makes Q normalized by O(x°,0)=1. It is clear that Q is also of 
constant strength. From (13.1.1) we obtain at least for a subsequence 


Q(x, D)=Q,(D)+¥_ ¢;(x) Q,(D), 
0,@)= lim P(E+¢,)/P, Bz.) 


so the ‘coefficients of Q(x, D) are also in C™. 

In the following theorem we denote by Baal X). the set of re- 
strictions to X of elements in B that is, B, .(X)=B, ,/N, .(X) 
where 


pik? 


N,.(X)={ueB, ,; u=0 in X}. 
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If p<co and k’(¢)=1/k{(—¢) then Theorem 10.1.14 identifies the dual 
of B,, with B, ,, so the dual of B, ,(X) is the annihilator B? ,.(X) of 
N,i(X) in B,, ,. Its elements have support in X; on the other hand 


(13.5.2) Bo (X)DE(X) OB, py. 


In fact, it follows from Theorems 10.1.16 and 10.1.17 that every 
uéN, ,(X) is the limit in B,, of a sequence u,e¥ vanishing on any 
compact subset of X for large j. 


Theorem 13.5.1. Let P(x,D) be an operator with C™ coefficients and 
constant reg in the open set X CIR". Let p+co and assume that 

P(x, D)B, .@,(Y) has finite codimension in B,. .(Y) for all keX and all 
YEX. Then ‘ole D) is ne eire on & (X) if Q is any localization of P 
at infinity. If P(x, DB, 45,(Y)=B pik ® for allkeX and Y GX then'P 
is also injective on &'(X). 


Proof. We start with the last statement. If the continuous operator 

P(x, D) from B,, up(Y) to B,,(¥) is surjective, kp=kP, then the ad- 
joint 'P: Bo .(Y)>Be .(¥ 7) is injective. Thus (13.5.2) shows that 'Pu 
=0 implies u=0 if "1d Y) and ueB,,. This is true for every 
ucé'(X) if we choose Yosuppu and k(é)=(1+!€|)§ with sufficiently 
large s. 

Now assume only that P(x, D)B, , (Y) has finite codimension N in 
Bre(T). Since / is dense in B, , it ‘follows that C*(¥) is dense in 
B,.(Y). We can therefore choose Pyy-12y PNECW(Y Y) so that they span 

a supplementary space of P(x, D)B, (2) i in B, ,(Y). Then 
N 
T(v, @,,-..,dy)=P(x, D)v+ ¥ 4,6; 
jel 
is a surjective map from Biup(Y)@C™ to B, AY). Hence the adjoint 
‘T is an injective map with closed range, so the closed graph theorem 
shows that it has a continuous inverse. Thus 


(1353) Jollee SC(I"Polipa,t Y Ke dp!) veB2(P, 


If Q is a localization of P at infinity given by (13.5.1), we have 
‘O(x, €)=lim P(x, €-€))/Py(E}). 
Now apply (13.5.3) to v(x)=w(xje7"*, weC%(Y), and let j 00. 
Then the sum in (13.5.3) tends to 0. If 
(13.5.4) lim k(€+¢))=ko(¢)>0 


Joo 


196 XIIL Differential Operators of Constant Strength 


exists then w(E/k(-E+E,) = W()/ko(—@) in L’ norm because 
T/k(~E+ ENS (1+ ClENM/K(E)). 
Hence the left-hand side of (13.5.3) converges to ||wl|,,,.. We have 
PolE)Kp(E—E) = PoE MME - Po (Ej- 9) > Wko(- 90-8) 
so (13.5.3) implies 


(13.5.3) lw SCFOW pans weC8(Y). 


Ip ko 


For any s we can choose k so that k,(€)=(1+1€)*, at least if the 
sequence ¢, is so thin that |€,—¢,|>j if j#k, as we may assume. It 
suffices to prove this when s=1 and then we just have to take 


k(¢)=min(1+|é—<¢,\). 


The triangle inequality gives k(E+n)S(i+|y|) k(O, so kex#. We have 
k(E+E)=L+iel if lel<j/2, for |¢+¢,-¢,/21¢;—¢,|—j/2>j/2 then, 
k+j. Hence (13.5.3)’ is valid with k,(2)=(1+1é|)°. The injectivity of ‘Q 
now follows as in the beginning of the proof if we extend the validity 
of (13.5.3) to all we@'(Y) OB, ,,3 if p' = 00 we require that ky(¢) w(¢<) +0 
as €- 0. Then the regularization w*@, in Theorem 10.1.17 converges 
to w in B,. 4, ROTM as é— 0. Since (13.5.3) is valid for w+, when 2 is 
small, we ‘obtain (13.5.3) for w when ¢ > 0. The proof is complete. 


If P(x,D) has constant strength and analytic coefficients then 
‘P(x, D) is injective on &. In fact, assume that O+ueé’ and that 
‘P(x, Dju=0. If €EIR"~0 and xesuppu is chosen so that <x, ¢> is 
maximal, it follows from Theorem 8.6.5 that (x, €) is in the characteris- 
tic set of 'P. Hence it follows from Theorem 13.1.3 that the principal 
part of P, vanishes at ¢ for every & which is impossible. Since the 
localizations of P at infinity also have constant strength, the con- 
clusions in Theorem 13.5.1 are therefore valid. However, we shall see 
in Section 13.6 that even elliptic equations with C® coefficients may 
have solutions of compact support. This makes the following converse 
of Theorem 13.5.1 interesting. 


Theorem 13.5.2. Let P(x,D) be an operator with C™ coefficients and 
constant strength in the open set X <IR". Assume that 'Q is injective on 
&'(X) if Q is any localization of P at «. Then 


(13.5.5) R(Y)={weé'(Y); 'Pw=0} 


is a finite dimensional subspace of CX(Y) if Y is any open set GX, 
and for every feB, ,(Y) with <f,@>=0 for all OER(Y) the equation 
P(x, Dju=f has a solution ueB nee) 
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Note that <f > is defined since Theorem 2.3.3 shows that <F, o> 
=0 for every Fe@Y'(IR") vanishing in Y. 

For the proof of Theorem 13.5.2 we need two lemmas. The first of 
them shows that the Fourier transforms of arbitrary non-smooth 
distributions of compact support can be localized at infinity; the 
second expresses B, , in terms of spaces B,, ,-. 


Lemma 13.5.3. For every ueé’(R")\ CP one can choose a sequence 
€;7>00 in R" and constants t,eC such that t,exp(—i<., ¢;>)u has a limit 
Uy +0 in & as j +00 with supp uy, Csing supp u. 


Proof. We must choose ¢, and t, so that 1,u(€+¢,) > uw in #’. To do 
so we first observe that for some positive constants C and M 


la(SCU+le)’, EeR*. 
Since u€CZ we can also choose 4,00 in IR” so that for some other 
constants 
a(n Ze +|n,|". 
We shall choose €, fairly close to 7; so that a(¢,) is not accidentally 
small. To do so we set 
. k()=ky(H=1+ley-” 
where N>M so that |u(@)|k(€—7,) + 0 at oo. Let €; be a point where 
|u(S)ik(E —n;) 
attains its maximum. Then 


c(i +lyjl)* Slay) SAE )kE;—n SCA + 1G" k(E, 07) 

=C(A+|n)”*U+16-—0)"~*, 

hence 
(1+]é—njl)" “SC + | yy" 
If N>2M~—p it follows that |€,—7,|/In,| ~ 0 as j +00. In particular, 
¢; 70. Since 
ju(SK(E —n,) Sla(E)iK(E,;—n,) 
we have 
(1 SAE F1E-E,)%, 

that is, 

ELEM MAE NSA+1EY", GER". 
Now a sequence of distributions with support in Y which is bounded 


in Bx, iS precompact in B,,,,., (Theorem 10.1.10). Passing to a 
subsequence we may therefore assume that we~‘‘%?/i(é,) has a limit 
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Uy in B 
give 


. We have u,+0 since u,(0)=1. The estimates above 


OO.KN 41 


(EMSC (241), C, =e |u(¢)| > 0. 


If p€C% and dueC?F it follows that 
(ue /A(E), > =(US)EN/MEJ7O as j 00, 


which proves that suppu, csing suppu. The proof is complete. 


Remark. We do not really need the last part of the lemma but have 
included it to remind the reader of the similar proof of Theorem 10.2.12. 
If @ is in the set X(u) defined as in Section 8.1, that is, (x, JeWF(u) 
for some x, then we can choose y, in any given conic neighborhood of 
#. The constructed sequence ¢, will also belong to any conic neigh- 
borhood of @ when j is large. 


Lemma 13.5.4. Let ke X and define k,eX for neIR" by 
(13.5.6) k(Q=UA +E)“, EER", 
where M>n and 

(13.5.7) kK(\)SC1+|Z-4)" KO); &, OER”. 


If K is a compact set in R" and 1\Sp<co it follows that |ul,, is 
equivalent to the norm 


Heel =O Welle, @))? 
for ue€(K)OB, ,. 
Proof. Since lA(mMk( Sllull.,, we have lei oe Slluil,... TO prove an 


estimate in the opposite direction we choose yeC? with y=1 in a 
neighborhood of K. Then i=(2z)~"uxy if ueé’(K). Since 
k (QS CU+/E— OPM RA + (0-4) 
it follows in view of Holder's inequality that 
[k, (Qa SC WZ +1)? IL, CF a(O)K (OV +18 — |)“ 1 de)?” 
Hence 
ete a, SCs | ACO)K(O)L +10 —nl)- "17d. 


Integrating with respect to 7 we now obtain [{lul2,SC., uj? , which 
completes the proof. 
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Proof of Theorem 13.5.2. If weR(Y)~ CX we can by Lemma 13.5.3 
choose ¢; > 00 in R" and 1,¢€ so that 


wy=twe 6S? > wo +0, 
Now the equation ‘Pw=0 gives ‘P(w,e'<-4”)=0, hence 
*P(x, D+ ¢,)w,=0. 
Passing to a subsequence we may assume that the limit 
O(x, &)= lim P(x, €-)/P,(—E) 
joo 
exists. As in the proof of Theorem 13.5.1 we have 
‘P(x, E+E)/Py(—E,) > 'O(x, ©. 


Hence ‘Q(x, D)w)=0 which by hypothesis implies Wo =0. This is a 
contradiction proving that R(Y)< Cx(Y). Now R(Y) is a Banach 
space with the maximum norm for example, and by the closed graph 
theorem the C! norm is an equivalent norm in R(Y). Thus the unit 
ball is compact, so R(Y) is finite dimensional. 

To prove the theorem it suffices to show that with the notation 
used in the proof of Theorem 13.5.1 we have the estimate 


(13.5.8) livlly a SCItPol if veC%(Y) and vi R(Y). 


Np kp 


In fact, then we obtain 
(1359) [KKfO1SCISIpxlPolpe, if veCS(¥) and vL R(F). 


Since f is orthogonal to R(¥) this inequality is in fact valid for all 
veCe(¥) for v can be written v=v,+v, with v, LR(Y Y) and v,€R(¥). 
The estimate (13.5.9) is ee to the same estimate with v re- 
placed by v,. The linear form 


‘Pus fiw, veC%(Y), 


is thus continuous on a subspace of B,,.. By the Hahn-Banach 
theorem it can be extended to a Sanhnoue ‘faear form u on B,,. 
such that 
tu,'Pvy=Cf,v>, vEeCPy). 

This means that P(x,D)u=/f in Y and ueB ees) if p+1; as in the 
proof of Theorem 12.8.13 the conclusion remains valid when p=1. 

First we shall prove (13.5.8) when p’=oo. If (13.5.8) were not true 
then, we could find v,eC(Y) orthogonal to R(Y) so that 
(13.5.10) eioow = bP Mow, <1 


INS 
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Choose ¢, so that ld(E) k'(¢;) > 1 as j +00 and define w, by 
WE) = (6 + €)/8(C;). 

Then 

(135.11) WWAOISK (EK E+E ple (EK (E)) <2 + ED" 

for large j so there is a subsequence which has a limit w in &’ with 


w(0)=1. (See the proof of Lemma 13.5.3.) As at the beginning of the 
proof we may assume that 


‘P(x, E+€)/P.(—€) > (x, 8). 
Since w,=v,e7*S-+?/8,(2) we obtain 
‘Q(x, D)w=lim e~!§ +5? *Pv (Py (—€)6,(E,). 


If we now use the second part of (13.5.10) we find that the Fourier 
transform of the right-hand side at € is bounded by 


Ijkp(E+ E)Po(— ENE (EM HI" Rp (E pe + EMK (ED EEN 


which tends to 0 as j-+00 uniformly on compact sets since kpeX. 
Thus ‘Q(x, D) w=0 so by hypothesis Q is not a localization at oo. This 
means that €, has a finite limit point €), and therefore that 


‘O(x, €)='P(x, E+ Eo)/B(— Fo), 
Hence ‘P(x, D)(weis-50?) = 0, 
Vo =wel-F0 = lim v,/8,(E)Je€ (¥) 


satisfies the equation ‘P(x, D)v,=0, that 1s, Vp ER(¥). On the other 
hand, vo is orthogonal to R(Y) since this is true for every v,, sO vp =0 
which is a contradiction because #)(¢,}=1. This proves (13.5.8) with p’ 
=o. 

The proof also gives that 


(13.5.8) Uellew SC. MP elon, — if veC2(¥) and vLR(Y), 


00, k= 
for every ke. such that (13.5.7) is valid with fixed C and M. In fact, 
we would otherwise obtain (13.5.10) for some k,e% satisfying (13.5.7). 
The estimate (13.5.11) follows as before and the rest of the proof is 
unchanged. In particular, we can apply (13.5.8Y to 
k,(2)=(1 + )é + yl)” k(€). 
Then ki()=(1+]€—ml)-“k' (8). Since (13.5.8) gives 


(1.5.12) Llhooe SCy KP oI 


Co. (kn, PY 


13.6. Non-uniqueness for the Cauchy Problem 201 


if veC2(Y) and v1. R(Y), where C, does not depend on 7, we obtain 
(13.5.8) if we take M large enough, raise (13.5.12) to the power p’, and 
integrate using Lemma 13.5.4. The theorem is proved. 


We have already observed that the hypotheses of Theorem 13.5.2 
are fulfilled and that R(Y)=0 if P has analytic coefficients (and 
constant strength). Another case where the hypotheses are fulfilled is 
when the localizations of P at infinity are all hyperbolic. This follows 
from Theorem 13.3.7. In particular, Theorem 13.5.2 is therefore appli- 
cable to operators of real principal type with variable coefficients only 
in the lower order terms. However, we shall show in Section 13.6 that 
the hypotheses of Theorem 13.5.2 are not fulfilled in general and that 
R(Y) may have positive dimension even in the elliptic case. 


13.6. Non-uniqueness for the Cauchy Problem 


If the boundary of the half space 
Hy={xeR"; (x, N> 20} 


is characteristic with respect to P(D) we know from Theorem 8.6.7 
that the equation P(D)u=0 has a solution with support equal to Hy. 
This is quite obvious if P(D) is homogeneous, for then we have P(D)u 
=0 when wu is any function of <x, N)>. In this section we shall con- 
struct examples which show that the uniqueness theorems of Sec- 
tion 8.6 for the non-characteristic Cauchy problem break down com- 
_ pletely for operators with C® coefficients. This may seem rather 
surprising at first sight but might be suspected because of the vital 
role played by analytic continuation in Section 8.6. 
In this section we shall use the notation 


(13.6.1) BQ) =(YIDLP(O)*, Dy =<D,N), 


which means that we consider the restriction of P to lines with 
direction N. As usual we denote by P, the homogeneous part of P of 
order m. 


Theorem 13.6.1. Let P(D) and Q(D) be two differential operators with 
constant coefficients of order <m such that P.(N)+0 and 


(13.6.2) sup Oy (2)/Bi(E) = ov. 
IR" 
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Then the equation 
(13.6.3) (P(D) + a(x) O(D)) u=0 


has a solution ué€C”(R") with suppu=H, for some aeC*(R") with 
suppac Hy. 


The hypothesis that the degree of QO is at most m could be dropped 
here but this would lengthen the proof. Before giving the rather long 
proof we note some consequences. 


Corollary 13.6.2. Let P(D) and Q(D) be two differential operators with 
constant coefficients such that the order of Q is at most equal to the 
order of P but Q is not weaker than P. For any NeIR"~0 one can then 
find ueC*(R") with suppu=H, and aeC*(R”) with suppacHy, so 
that (13.6.3) is fulfilled. 


Proof. Let m be the order of P. If P,(N)=0 we can take a=0 by 
Theorem 8.6.7. If P,(N)+0 the statement follows from Theorem 13.6.1, 
for if Oy(€)S CBS then |Q(2|< C’ P(2). This implies that Q is weaker 
than P (Theorem 10.4.3) which is a contradiction. 


Theorem 13.6.1 also gives examples of constant strength: 


Example 13.6.3. Let P(2)=&?+é3~—€3 and N=(0,1,0). Then B(4)S 
[€?—€3|+2 when €,=0. If Q is linear and (Q(2)|/P,(S) is bounded, it 
follows that Q(€,,0, +¢,)=0 so Q is a linear function of €, only. If 
QO(é) is a linear function which is not independent of (€,, €,) it follows 
from Theorem 13.6.1 that we can find a with support in the half space 
x,20 such that (13.6.3) has a solution with support equal to that half 
space. 
The following is just a more general version of this example: 


Corollary 13.6.4. If P(D) is homogeneous of degree m and k 20, then the 
conclusions of Theorem 13.6.1 are valid for some homogeneous Q of order 
m—k unless 


ceR", (D,N>/ P(Z)=0, jSk => ¢=0. 


Example 13.6.5. There exist functions u and a in C®(IR”) such that 
D,u+aD,u=0 


and suppu={x;x,20}>suppa. 
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Here we could replace D, by any differential operator which does 
not contain D,, in particular any positive power of D,. This example 
can be given a more spectacular form: 


Corollary 13.6.6. Let Q(x, D) be a differential operator of order m with 
coefficients in C°(X), X open in IR", and let WeC*(X) be real valued 
and satisfy the characteristic equation 


(13.6.4) O.(x, grad W)=0. 


Let @E€C*(X) be real valued and assume that grad@ and gradw are 
linearly independent at a point x°€X. Then there is an open set Y with 
x°€YCX and a differential operator P(x,D) with coefficients in C*(Y) 
whose principal part P(x, D) is equal to O,,(x,D) when $(x) 2 O(x°) such 
that the equation P(x,D)u=0 has a solution ueC*(Y) with support 
equal to 


(13.6.5) {x xe¥, $(x) S$(x°)}. 


Proof: The statement is invariant for a change of coordinates so we 
may assume that x°=0 and that 


WxX)=x,,  P(X)=—Xp- 


Then it follows from (13.6.4) that we can write 


~ 


O,,(x, D) = q(x, D)D; 
3 


where q, is of order m—1. Now let u(x)=u(x,,x,) and a(x)=a(x,,X,) 
be chosen according to Example 13.6.5. Then 
0,,(x, D) u=q>(x, D) D,u= —q,(x, D) aD, u. 
Hence the operator 
* P(x, D)=0,,(x, D)+42(x, D) aD, 
has the required properties. 


The preceding corollary is always applicable if @, has constant 
coefficients and is not elliptic. 


Corollary 13.6.7. Assume in addition to the hypotheses of Corollary 
13.6.6 that 
(13.6.6) ¥ OO (x, grad W) 6G/éx=0. 

1 
(This means that @ is constant on the bicharacteristics generating the 
level surfaces of w.) Then there is an open set Y with x°6YCX and a 
differential operator P(x,D) with coefficients in C®(Y) and principal 
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part equal to Q,(x,D) in ¥, such that the equation P(x, D)u=0 has a 
solution ueC”(Y) with support equal to the set (13.6.5). 


Proof. We may again assume that w(x)=x,, o(x)= —x,. The meaning 
of (13.6.4) and (13.6.6) is then that the coefficients of D? and D”™-'D, 
in Q,,(x, D) must vanish. Hence we can write 


Q,,(x, D) = q(x, D) D3 +3.9,{x, D)D; 
3 


where q, is of order m—2 and q;, is of order m—1 when j>2. We now 
apply the observation made after Example 13.6.5 to choose C® func- 
tions a and u of (x,,x,) vanishing for x, <0 such that the support of u 
is exactly the half space x, 20 and 


D3u+aD,u=0. 
Then it follows that 
0,,(x, D) u= —q2(x, D) aD, u. 


Hence the operator P(x, D) defined by 
P(x, D)=O,,(x, D}+4,(x, D)aD, 
has all the required properties. 


Corollary 13.6.7 is applicable if Q, has constant coefficients and 
the surface $(x)=@(x°) is a cylinder with bicharacteristic generators 
conjugate to a characteristic plane different from the tangent plane to 
the surface $(x)=(x°) at x°. In fact, this follows if we replace @ by a 
function whose level surfaces in a neighborhood of x° only differ from 
the surface 6(x)=(x°) by a translation, and let w be a linear function 
which is constant in the characteristic plane. We note that the surface 
(x)= (x°) can be chosen convex in all directions except that of the 
bicharacteristic generator. 

After all these examples of applications of Theorem 13.6.1 we now 
turn to its proof. The first point is to express the hypothesis in a form 
which is more useful in the proof. 


Lemma 13.6.8. Let P and Q satisfy the hypotheses of Theorem 13.6.1. 
Then it is possible to find a Laurent series 
ied . 
Gj= dic, cel’, 
converging for large t, and a positive integer x such that when tc 


(13.6.7) P(E(t) +20" N)t78?)  c(P) 24), 
QLE(E)+ 22 N)t-# — 0(Q) 24 
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for some constants c({P), c(Q)+0 and integers O<g(P)<g(Q), 
d(P)>d(Q) 20. 


Proof. Ox(n)/P,(y) is continuous since Bi(y)2=m!|P,(N)i>0. If we 
apply Theorem A.2.8 to 


E={(R, 5,1); Qy(n)? =SPy(n)*, inl? =R7} 


it follows that the maximum of O,(n)/Py(y) when neIR” and |y|=R is 
attained for 7=7(R) where 7(R) is algebraic for large R. From the 
Puiseux series expansion of 7(R) it follows that ¢(j)=n(v’) has a 
Laurent series expansion of the desired form for some positive integer 
r 

By Taylor's formula we have 


(13.6.8) P(E(t) +20" N) =Y Di P(E(t) (ie Hf. 


Here Di P(E(t)) is asymptotic to a constant times t*’ for some integer 
;, or else Dx P(E(t)) 1s identically 0 in which case we define p,= — 00. 
The sum grows as t raised to the power 


gp(k)=max(kj+u{P)), «20, 
j20 


which is a finite, convex, increasing, piecewise linear function. 

Pi(E(t)) -#? has a limit +0 as t00, so g9(0)>g,(0) by (13.6.2) if go 

is defined similarly. On the other hand, gp{x)2xm since P,(N)+0 so 

SolkK)S gp(x) when x is large. It is therefore possible to find a rational 

number k >0 such that 

Sp{K) < Zolk) 

and gp,8g are linear in a neighborhood of x, with slopes dp and dg 
_ Such that dp>dg. In fact, gp has to increase faster than gg some time 

before catching up. Now we have 


with equality for just one value jy of j, so gp(e)=ojo+y,;,(P) in a 
neighborhood of x. Hence j,=d, and it follows from (13.6.8) that the 
first part of (13.6.7) is valid with g,(x)=g(P) and d(P)=d,=jy). The 
second part follows in the same way. Replacing t by an integral power 
of t we can make x an integer, which completes the proof. 


Proof of Theorem 13.6.1. We shall define a by the differential Equation 
(13.6.3). The problem is to construct u so that a= —P(D)u/Q(D)u is 
smooth. Set b,=1/v, t,=2” and 
(13.6.9) u,(x) = exp i(Cx, C(t,)> + O(<x, N)), 

XX, Nel, =(b,, 1? by_ 1): 
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Here ¢, will be chosen later so that u, satisfies a differential equation 
of the desired form. With some large v, we shall then set 


(13.6.10) ued x,(¢x,N)) u(x), xelR’, 


where 7,¢C7U,) is 1 in a neighborhood of (bi, b,_,); b) =(b, +b, . ,)/2. 
(The first term will be slightly modified.) Then u(x)=u,(x)+u,, (0) 
when <x,N> is close to b!, When <x,N)> is at some distance to the 
left (resp. right) of bi, the function u, (resp. u,,,) will then be cut off 
To make a= — P(D)u/Q(D)u smooth we have to make sure that u,_, 
(resp. u,) is much larger than u, (resp. u,, ,) then. When <x, N> is near 
b’, the two terms must therefore be of the same size, and we shall 
make both satisfy the same differential equation P(D)u+aQ(D)u=0 
with a constant a then. This can be done by choosing ¢, and ¢,_, as 
linear functions with suitable slopes there. Since (13.6.7) gives infor- 
mation on the ratio of P and Q at €(t)+zt*N, it is natural to choose 
the slope of @, of the order of magnitude ¢. 
After this outline we begin the detailed construction. Set 


ols)= tw, (s). 


We shall determine y, so that near b and b 
equal to constants o; and a? satisfying 


(13.6.11) (P/O) (E(t, + hor N)=(P/O)(E(t,, 4th. 1 05. N). 


f 
v— 1? 


respectively, w, is 


With the notation of Lemma 13.6.8 the left-hand side is asymptotically 
equal to 


(e(PYe(Q)) 6-1 M(g5 4-4 
so the Equation (13.6.11) is closely approximated by 
28(Q)—~a(P) (a7 )AP)- 42) =(o7, ot 
If we choose o> =i, it follows that (13.6.11) for large v has a solution 
oF, , with 


(13.6.12) Oy. 472i, yoo. 


Here »=(g(Q)—g9(P))(d(P)—d(Q))>0 so 2’>1. This means that the 
slope —“*.,Imoj,_, of —Im@,_, as a function of <x, N) will be far 
smaller than the slope —t Imo; of —Im4@,, so the ratio |u,. ,/u,| will 
decrease fast when <x, N> increases in a neighborhood of b,. 

Choose B2Imo~y., for every v, which implies that B>1. For 
every M>0 we can choose W,eC(I,) so that for large v the following 
conditions are fulfilled for some constants C,>0 and some compact 
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imy, 


Fig. 6. Rew,, Imw, and 8{Imw,ds/J,j when o,, ,=0.2+2i 


set Kc {ze€, z+0, Imz<B} 


(13.6.13) w(s)=o7 when |s—bij<1/4v, 
W(s)=o7 when |s—bi_,/<1/4(v—1)*; 
w(s)eK when sel,; |W(s)| SC, v?* if sel,, K=0,1,...; 


bye: 
J Imy,(s)ds<—M/v’. 
b 


In fact, it suffices to piece together by a partition of unity the pre- 
scribed values of and o> near b’, and bi_, and a value 1—iA near b,, 
. where A is chosen large. Since the length of I, is 2/(v?—1) it follows 
from (1.4.2) that the derivatives of order k of the functions in the 
partition of unity (with three terms) can be made O(v7"). 
Having chosen w, we determine ¢, successively so that 


(13.6.14) Q=H=lvy, (b= o,. (0). 
In view of (13.6.12) we have for some positive C,, C, when v is large 
(13.6.15) C,2**SIm(9, . (5) — (9) (s—)) 


SC,2"", |s—bi<1/4v?. 


This gives the information about the relative sizes of u, and u,., 
needed to prove that a is smooth. To prove that u itself is smooth we 
must also have an estimate of u,. From the last part of (13.6.13) it 
follows that 

Im($,(b,_ )~ ,(B,)) < —M2"*/v?, 
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that is, 
Im ¢,., :(b{)>Im 6,(b)_ ,) + M2**/v?. 
Hence 
Im $,(b)_ ,) > M2*0-)/y? 


if we make sure that this is true at the beginning of the construction. 
Since Im ¢/, $2*”B, it follows that 


(13.6.16) Imo,(s)22""/v?, bi SsSbi_, 
provided that 
M2*- jy? —2* BO, — YZ’, 


which is true for large v if M>(B+1)2". We fix M now so that this 
condition is fulfilled. In view of (13.6.15) the estimate (13.6.16) is also 
valid with v replaced by v+1 or v—1 in the right-hand side when 
bi —-1/4v? <s<bi or b_,<s<bi_,+1/4(v—-1)’. 

Now choose 7,€C2(b,—1/4 v7, bY_,+1/4(v—1)*) so that y,=1 in 
(b, —1/8v?, b_, +1/8(v—1)) and 
(13.6.17) xs) SC, v7". 
This is again possible by (1.4.2). With some vy so large that the 
preceding estimates and some later ones are valid for v2=v,_ we define 
u by (13.6.10). (The first term will be modified later on.) In view of 


(13.6.13), (13.6.16) and (13.6.17) derivatives of order k of the v™ term 
can be estimated by 


C, exp(— 2° - )/y?) (28 + [E(t 


which converges to 0 very rapidly when v-oo. Since only two terms 
in (13.6.10) are simultaneously different from 0, it follows that ueC”. 

We set a=0 when (x,N>SO and a=—P(D)u/Q(D)u when 
<x, N>>0. In the slab where 


|Xx, N>—bi |< 1/8v? 


the construction has been made so that u=u,+u,,, and —a is the 
constant (13.6.11) which tends to 0 when v-oo in view of (13.6.7) 
since ¢(P)<g(Q). The derivatives of a are all 0 in this set. Now let 


bi +1/8v2<<x,N) <b + 1/4v?. 


In this slab u, is a pure exponential and is much larger than u,,,. We 
therefore write u=u,(1+R,), 


RO) = X21 (OG ND) exp UGe S(t, 1) S(t,)> 
+ by 1(C%ND)— (Cx, ND). 
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If g2x and €(1)=O(t’) it follows from (13.6.15), (13.6.13) and (13.6.17) 
that 
(13.6.18) |[D* R(xSC, 2'*!*" exp(—c2**/v?) 


for some positive constants C, and c. Since u, is a pure exponential, 
we have 
(Q(D) u)/u,=Q(S(t,) + oy N+ D)A+R,) 
Os(t,) +o YN) +S,) 


where for some constant C 
(13.6.18Y ID*S, OLS C, 2lele¥ exp(Cv~c2**/y?), 


In particular, |S,|<1/2 when v is large. Replacing Q@ by P we also 
obtain 
(P(D) u)/u,=P(S(t,) +o, LN) + T)) 


where T, also satisfies estimates of the form (13.6.18)’. Thus 


a=—(P/A(Et+o, BN)I+T)/1+S,), 


so it follows from (13.6.7) and (13.6.18) that @ and all its derivatives 
have bounds converging to 0 as v-+0o. The same argument is appli- 
cable when 


bi, ~1/A(v—1)? < <x, N> <b,_, -1/8(00-1)*. 


It remains to consider the set where 
(13.6.19) bi ti/4vi<<x,N> <b’ _ 1 1/41). 


There we have u=u,, and (13.6.7) gives 
Q(D) u=c(Q) 18 fo,(<x, N>) u 


false PO g(D Jee eo, 
q(2) = O(E(t,) + 2 08 N)/(e8' c(Q)). 
Here g,(z)—z*®@ is a polynomial with coefficients which are O(t;'). 
Recalling that @//t*=wW,, we obtain 
fos) =W,(s)(1 +19,(5)) 


where rp,(s) 1s a polynomial in y,, w>' and the derivatives of w,, with 
coefficients O(1/t,). Since t, grows exponentially it follows from 
(13.6.13) that rp,(s) and every one of its derivatives +0 as vo. If rp, 
is defined in the same way, we have in the set defined by (13.6.19) 


= —P(D)u/Q(D) u= —(e(P)/c(Q)) 8-8 YAP-4 Od. + rp, +79,) 


where 
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where the argument is x on the left and s=<x, N> on the right. Since 
g(P)<2(Q) it follows that the right-hand side and all its derivatives 
tend to 0 exponentially when yv-o. In view of Corollary 1.1.2 it 
follows that aeC°when <x,N> <b, _, if vo is chosen large enough. 

Now change the definitions of 7,, and ¢,, when <x,N>>b{,_, so 
that y,,=1 and @,, is linear in (b),_ , -1/4(v)— 1)?, oc). It is then clear 
that uveC*(R"), and aéC(IR") since a is constant when 
<x,N>>bi_ , —1/4(v)—1). The proof of Theorem 13.6.1 is now com- 
plete. 


Remark, The proof shows that sup ja] is as small as we please if v, is 
chosen large. Thus the perturbation of P in (13.6.3) can be made small 
in the whole space. For any compact interval JcIR we can construct 
u and a satisfying (13.6.3) and 


suppu=suppa={x; (x, Nel} 


by making the same construction as above near the two boundaries of 
the slab. 

If P is hyperbolic with respect to N and Q is weaker than P, it 
follows from Theorem 13.3.7 that u must be equal to 0 identically if 
(P+aQ)u=0 and suppucHy,, provided that sup|a| is small enough. 
Corollary 13.6.2 can therefore not be improved when P is hyperbolic. 
On the other hand, Theorem 13.6.1 fails completely when P is elliptic. 
Much greater care must then be exercised in the construction of 
examples of non-uniqueness for the Cauchy problem. In the proof of 
Theorem 13.6.1 the functions (13:6.9) were chosen rather arbitrarily. 
We just had to make sure that Im¢, and $/ were of the right order of 
magnitude and that Img¢,—Im@¢,,, changed sign from — to + at 
the point b’, where a switch was made from u,,, to u,. The exponen- 
tial increase of t, took care of the errors introduced. However, in the 
case of complex characteristics we cannot use such large frequencies. 
Instead the analogue of the function @, has to be chosen so that it fits 
an initial analytic perturbation of the operator P(D). To do so we 
shall use asymptotic expansions close to those of geometrical optics. 
(Cf Section 12.2.) 


Theorem 13.6.9. Let P(D) and O(D) be differential operators with con- 
stant coefficients and the order of P(D) at least as large as that of Q(D). 
Assume that there exists a sequence C,éZy, 


Zy={E+isN; EER", s<0}, 
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and sequences T,,K., of positive numbers such that 


(13.6.20) P+ ZN YPC) oh 

OC, + T,2N)/QC,) > 1, zeC, 
(13-6.21) P(C/O(E,) > 0, 
(13.6.2) K (PUL, + Tz N)/P(C,) 

-OC.+T, zNVOC)-r(z),  zeC, 
(13.6.23) T/K,>0, T,.K,/1+|Im{))>0. 


Here r is a polynomial in one variable and we assume that 
(13.6.24) Imr(z)<0 for some z. 


Then one can find a¢C*(R") vanishing of a given, arbitrarily high order 
when <x,N>=0, such that (13.6.3) has a solution ueC”(R") with suppu 
=Hy. 


Note that (13.6.23) implies that 


(13.6.23) T2/(1+lIm£,))\>o0, thus T.> 00. 


If the conclusion of Theorem 13.6.9 is not already contained in Theo- 
rem 13.6.1 we have 


Ox(E)SCPS), EER” 


This will be assumed from now on. By Theorem 10.4.3 and Lem- 
ma 10.4.2 this implies that 


VKD,NY OO] TSC VCD, N>! POI T!, 

féZ,, TZ Im gj+1. 
Thus the conditions (13.6.20), (13.6.21) require that Im ¢,- co and that 
(13.6.25) T,/\Im ¢,|9, 


so T, will have to be somewhere between [Im ¢,|? and |Im ¢)J. 

The condition (13.6.20) just means that T, is much smaller than the 
distance from ¢, to the zeros of P and @ in the direction N. The 
condition (13.6.24) is of course fulfilled unless r'(z) is a constant r, 
with Imr, 20. Since r(0)=0 this means that r(z)=r, z. Thus (13.6.24) is 


equivalent to 
(13.6.24Y r(z) is not of the form r, z with Imr, 20. 


Choose z, so that Imr’(z))<0, and replace ¢, by ¢,+ T, z) N. Then the 
conditions (13.6.20), (13.6.21) are still fulfilled, and ¢,+7,z,.NeEZ, by 
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(13.6.25) for large v. Since 

P(C,+ 7, 2N)/P(C,+ T,Z.N)— OC, + T, 2N)/QC, + T, 20N) 

=(Q(6,)/O(C, + T, ZoN)) (CPUC, + 1 2N)/PCC,)) 1 + M,) 
— (+ T,2N)/O(C,)) 
where 
K.M,=K(P(C,) OS, + T Zo NAP, + T, ZN) O(6,)) — 1) > — 7 Zo), 

it follows that (13.6.22) remains valid with r replaced by r(z+2Zp) 
—r(Z9). Hence we may always assume that Imr’(0)<0. If T, is now 
replaced by ¢,T, and K, is replaced by K,/e, where ¢, is a sequence 
converging to 0 so slowly that (13.6.23) remains valid, then r is 


replaced by zr’(0). One can therefore assume in the proof of Theo- 
rem 13.6.9 that 


(13.6.24)" r(zj=r,z where Imr,<0. 


Before giving the very long proof of Theorem 13.6.9 we shall 
discuss some examples. 


Example 13.6.10. Let P(é)=(&? + €3+€3)"~— 74/2 and Q(é)=& 5 where 
a>i and bS2a. Choose (,=(€,,,€,,, ~iv) where ¢,,,¢,, are real and 
&2,+€2,=v*. Then we obtain for N =(0,0, 1) 


P(C,+T,2N)=(T? 27-2iv Tz —7/2, OC,+TzN)=fp. 
Thus (13.6.20), (13.6.21) are fulfilled if 
BYE, 90, yT/E, 70. 
With K,=€74(vT,)-* we obtain r(z)= —2(—2iz)*. Condition (13.6.23) 
becomes 
(WEYL, St Tv) “v9 00. 
Summing up, we have the conditions 
E22/y?_0, v7,/€2, 9, 
Te? Sigs 0, Tes 1 oe aha!) 


Since |Z,,|<v, the last condition implies the second one. The last 
conditions are satisfied for an appropriate choice of T, if and only if 
(cs yo 1 a ae 1 {cn a a iy co, 


so Our remaining conditions are 


ae y7$/2a_) an y~ Bat 1V4a_, gn 
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These are compatible if and only if (3a+1)/2<b, that is, 
b>2a—(a—1)/2. 


When a=2 we can take b=4 so Q is of the same order as P. Starting 
with a=4 we can choose Q of lower order than P. The case a=2, b 
=4 is also contained in the following 


Corollary 13.6.11. Let P a homogeneous polynomial, and assume that 
P()=0 for some C0 with Im proportional to N. Unless P has a 
polynomial factorization 


P=PIP,; Dy P(Q=0, P,()=0, 


one can for every homogeneous Q with degQ=deg P, O(Q+0 and 
O(E+z2N)=O(E) find ueC”(IR") and aeC™(IR”) such that (13.6.3) is ful- 
filled, suppu=H, and a vanishes of any prescribed order when <x, N> 


Proof. We choose the coordinates so that N=(0,...,0,1) and set & 
=(f5,29), &yeIR"~'. In view of Corollary 13.6.4 we may assume that 
ImA,+0, hence that Im4,<0, for ¢ may be replaced by —¢. Since 
O(f)=O(E5) #0 we have &+0. Let 4, be a zero of multiplicity y of 
P(&,4) as a polvnomial in /. Then the equation P(é,#)=0 has yp 
roots, and the equation oP(é’, 4\/é4=0 has w—1 roots close to A, if ¢ 
is close to >. If P=0 at all such zeros of @P/é/, then there can only 
be one, for a zero of P is a zero of 6P/G/ of multiplicity decreased by 
one. If we consider the decomposition of P in a product of irreduc- 
ible polynomials, it follows easily that P= P#P, with P,+0 and D,P, 
+0 at (&5, 4). In what follows we exclude this case. 
Thus we have 6P(é’, 4)/64=0 but P(é’,2)+0 for a sequence (¢/,, 4,) 
in Zy converging to (€5, 49). With POE, 4) = 0! P(%’, 4/67 we have 
PEAT S,2= FPPC ADS Za. 
j#l 
If S, is sufficiently small, then 
P(E, A, +S, 2)/P(S,, 2,) —1 = O(S, v—*(lzl? +... +|z/")). 
Now we set (,=9,(&,4,), T.=p,5S, where 9,2 + 00. Then 
P(E,+T, 2zN) =p" P(E A, +8, 2). 


Since P(¢),,4,)0 but Q(€,) > Q(&) £0 it is now clear that (13.6.20) and 
(13.6.21) are valid. We obtain (13.6.22) for some sequence K, with 
K,2v/S, and some r of degree 22. The conditions (13.6.23) can be 


written 
p,S,/K,70, S,K,7 0. 
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The first is valid if p, is sufficiently rapidly increasing, and the second 
follows since S$, K,2v. The proof is complete. 


Example 13.6.12. Let P(€)=(€,—-i¢,)*-@-', (D=, N=(0,1). With 
€,=(v, ~iv) we have 


P(C,+T.2N)=(-iT,7°-v-3, Ot, + T,zN)=v. 


Hence (13.6.20) and (13.6.21) are fulfilled if T? v'~°-0. Then we obtain 
(13.6.22) with K,=v’-1T-? and r(z)= —(—i2z)*, so (13.6.24) is valid if 
a> 1. All the required conditions are then 


1-b s--1)a+i —(-2)/(a-1 
T, v' a0) T.v (b- Dia 5 00, T,¥ ( W@-1) 9, 


These are compatible if and only if (b—1)/(a+1)<(b—2)(a—1), that 
is, a<2b—3 or 
b>a—(a— 3)/2. 


Note that the multiplicity a@ has to be two units higher than in 
Example 13.6.10 if the order of Q shall be (strictly) smaller than that 
of P. There is of course no difficulty in extending the example to the 
general exceptional case in Corollary 13.6.11. When we have a factor- 
ization with j>3 an example of non-uniqueness is obtained which 
also contains a lower order term corresponding to D{~' in the exam- 
ple above. 

We shall now pass to the proof of Theorem 13.6.9. The first step is 
to rephrase the hypothesis by means of the Tarski-Seidenberg theo- 
rem. 


Lemma 13.6.13. Assume that the hypotheses of Theorem 13.6.9 are ful- 
filled but not (13.6.2). Then there exist rational functions {(e), T(e}, K(e), 
b(2), c(e) such that C(e)eZy, T(e)>0, K(e)>0, for small e>0, and for 
é-0 


(13.6.20Y c(e) P(f(e)+ Tle) zN) ~1 = O(8), 

b(z) O(C(e)+ T(e) 2N) — 1 =O(8), 

(13.6.21Y b(e)/cle) = O(e), 
(13.6.22y K(e)(c(e) P(C(e) + T(e)z.N) 

— b(z) O(C(e) + T(e) 2N)) —r(z) = Of), 

(13.6.23y K(e)/T(e) = O(e), 

(1+ [Im C(e))AT(¢) K(e)) = O(e), 

(13.6.25Y (1+ T(e))/lIm C(e)| = Off). 


One can choose c(e) and b(e) so that b(e)/c(e) is analytic on R. 
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Proof. Let E be the set of all (1/e, ¢, T, K, c, b) with €€Z,, T>0, K>0, 
0<ée<1, ce, be, such that 


Ibi? Sleci?, KSeT, 14+T?Se?\Im@P, 1+[Ilm¢/?S(eTKY’, 
and the coefficients of the polynomials in z 


cP(f{+TzN)—-1, bO(E+TzN)-1, 
K(cP(f+TzN)—bO(E +TzN))—r(2) 


have modulus <e. This is a semi-algebraic set, and by hypothesis it 
contains points with l/e arbitrarily large. Hence it follows from 
Theorem A.2.8 that there are Puiseux series C(e),...,b(e) converging for 
small ¢ such that (1/e,...,b(e))EE. Choose an integer k so large that 
C(e*), ..., b(e*) become Laurent series. Sufficiently high partial sums of 
these series will then have all the required properties except that 
b(e)/c(e) may have a finite number of poles on R~0. However, if v is 
sufficiently large we can replace c(e) by c(e+he). If h is purely 
imaginary it 1s clear that c(e+he") cannot have a real zero e+0 except 
for finitely many values of h so this permits us to choose b/c analytic. 


To avoid an interruption of the proof later on we give a version of 
the expansions of geometrical optics which will be needed. (See also 
Sections 7.7 and 12.2.) 


Lemma 13.6.14. Let 1 IR be a compact interval and let 
G,(S,Ds)=)_ g{S,5)Di, Dg ,=—id/dS, 
i) 


be an ordinary differential operator with C® coefficients when Sel and 
- 6ER is small. Assume that there exist positive integers my, and m, such 
that 
6" G,(S, 67° 2)=H,,(S, z) 


also has C™ coefficients and H, #0. Assume further that 
(13.6.26) H,(S,z}=0, ¢H,(S,2)/@z=0 when z=¢,(S), 


where 5: 1-€ is a C® function. Then there exist C” functions $(S, 6) 
and W(S,6) when Sel and |6| is small, such that 


(13.6.27) $(S,0)=¢(S), W(S,0)+0; Sel; 
(13.6.28) exp(—iG(S, 6) d-”") G,(S, Ds) (W(S, 6) 
- exp(i @(S, 0) 0°) = R(S, 6) 


where R(S,6) is a C® function vanishing of infinite order when 6=0. If 
I, and I, are C® curves in the (S, 4) plane intersecting I x {0} transver- 
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sally at different points, and if g,,(S, 0) does not vanish of infinite order 
on any one of them when 6=0, then W can be chosen so that R van- 
ishes of infinite order on I, and I, also. 


Proof. Since H,(S,z) is a polynomial in z, thus analytic in z, it follows 
from the implicit function theorem and (13.6.26) that the equation 
H,(S,w(S,6))=0 has a unique solution weC* when Sel and 6 is 
small, such that w{S,0)=,(S). Choose @ with é¢(S,6)/6S=wW(S, d), 
$(S,0)= b0(S). 

The equation (13.6.28) can be written 


5" G,(S, Ds + b5(S, 5) d-™) W(S, d)=5™ RIS, 5) 
Or 


(13.6.29) 5 ~"°(H,(S, 6° D+ 5 (S, 5)) — H(S, O5(S, 5))) W(S, 6) 
= 6™—™ R/S, 6). 

When 6=0 the left-hand side reduces to LW(S,0) where 
L=6H)(S,2)/0zD,+B, z=)(S), 


for some BeC*®. By hypothesis the coefficient of D, has no zero in J. 
Introducing the formal Taylor expansion 
W(S,d)~¥ WS, 0) d4/)! 
0 
in (13.6.29), we find that (13.6.29) is valid for some R vanishing of 
infinite order when 6=0 if and only if a sequence of equations are 
satisfied, of the form 


LW(S,0)=0,...,. LWXS, 0) +E,=0,... 


where E, is determined by W,...,.W9-". These can be solved suc- 
cessively, and W(S,0) can be chosen with no zero in J. By Theo- 
rem 1.2.6 there exists a C®” function W(S,5) with these derivatives 
when 6=0, which proves the first part of the lemma. 

To prove the last assertion we have to find a function VeCc™ 
vanishing of infinite order when 6=0 such that (13.6.28) is valid with 
W replaced by V apart from an error vanishing of infinite order on 
the curves I; and I x {0}. The difference W—V will then have the 
required properties. The condition on V is that 


5™ G,(S, Ds + $5(S, 5) 6-"°) V(S, 5) — R(S, 6) 5" 


shall vanish of infinite order on the curves I. The differential opera- 
tor has C® coefficients and the coefficient of the highest derivative is 
og (S,6), which vanishes at most as a power of 6 on I, when 6=0. 
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Now we require that derivatives of order <m of V with respect to S 
shall vanish on J;. Using the equation we can then (see Section 12.1) 
compute DgV on I;, which yields a function vanishing of infinite 
order when 6-0. Repeating the argument we find that V has the 
desired properties if the derivatives with respect to S on Ij are certain 
C® functions vanishing of infinite order when 6-0. We extend them 
so that they vanish when 6<0. By another application of Theo- 
rem 1.2.6 we can then find V so that V vanishes when 6<0 and V has 
the required derivatives with respect to S$ on the transversal curves I’. 
This completes the proof. 


Remark. It is obvious that the lemma remains valid if the coefficients 
g; are singular when 6=0 but 6" g,e¢C® for some integer N>0. We 
may also replace 6"° by a C® function of 6 vanishing precisely of 
order m, when 6=0. 


Proof of Theorem 13.6.9. With the notation of Lemma 13.6.13 we set 
A(e) = b(¢)/c(e). 
A js a rational function vanishing at 0 and with no poles on R. With 
a sufficiently large integer o we shall take the coefficient a in (13.6.3) 
as —A(<x, N°) apart from a term vanishing in fH v- For small 6>0 
we set in analogy to (13.6.9) 
Ug(x) = U3(<x, N>) exp i<x, C(67)). 
The differential equation (P(D)—A(<x, N>°)Q(D))u,;=0 can then be 
written 
-(13.6.30)  (P(¢(6°) + D, N) — A(s’) Q(C(5") + D, N)) v3(s) =0, 


and we shall solve it approximately using Lemma 13.6.14. To be able 
to use (13.6.20)’, (13.6.22)' we multiply by c(6°) and obtain the equiva- 
lent equation 
(13.630) — (c(6") P(¢(6°) + D, N) — b(d°) O(C(6°) + D, N)) 

+(1— A(s’)/A(5*)) b(6°) Q(E(6") + D,N)) v9s) =0. 
The difference 1—A(s*)/A(6°) vanishes when s=6, and the first order 
term in the Taylor expansion at s=6 is 


—A'(5°\/A(8") p 5°~ }(s—5) = — pjo(1 + 06°) (s — 0)/6, 
if A has a zero of order j, at 0. To balance the two terms in (13.6.30)' 


we therefore want (s—6)}/d and 1/K(6") to be of the same order of 
magnitude. Since K(e) may be replaced by the leading term in the 
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Laurent expansion at 0, we may assume that K(e)=e~* where x is a 
positive integer. Thus we wish s—6 to be of the order of magnitude 
6****. To be able to apply Lemma 13.6.14 in a fixed interval we must 
now introduce a new variable S through 


g=0+S 0°". 
With the notation v,(s)=V,(S) the equation (13.6.30) becomes 
(13.6.30)"  (K(6*)(c(5°) P — b(6*) Q)(£(6") + 5-*?-* D,N) 
+ C(S, ) b(5") O(C(5") + -*?~ * Dg N)) V;(S) =0. 


Here 
C(S, 6) = K(6")(1 — A(s°)/A(6°)) > — pjpS, 6-0. 


It is clear that C(S, 6) is analytic for small 6. 

The coefficients of (13.6.30)” become smooth after multiplication 
by some power of 6. If D, is replaced by 6*°~* T(6°)z we obtain a 
polynomial converging to 


(13.6.31) r(z)—pjoS 
when 6-0. Note that if p>1, as we assume from now on, then 
(13.6.32) 5X? T(S°\=ST(6")/K(6"%)> 0, 60, 


by the first part of (13.6.23)’. This allows us to apply Lemma 13.6.14 
and the remark following its proof. In doing so we may assume that r 
is given by (13.6.24)". Then the polynomial! (13.6.31) has the unique 
zero 2(S)=pj,5/r,. Note that 


Imdz/dS=pj,Im1/r,>0. 


With I=[—2,2] we now choose @ and W by applying Lem- 
ma 13.6.14 with 6,(S)=j)S?/2r,. For small 6 we then obtain 


(13.6.33) éIm O(S, d/@S2Zc,>0, Sel. 


The choice of the curves I; in Lemma 13.6.14 is left open for the 
moment. Returning to the original variables we define 


Us(x) = exp i(<x, €(d°)> + O(S, 5) d*°~ * T(?)) WIS, 6), 
r5(x) = R(S, 6)/(K(0?) c(0°) W(S, 6)) =R,(S, 0), 


where S=(<x,N>—6)67*’~4el. Here R, is also a C® function 
vanishing of infinite order when 6=0 and on the curves Ij. We have 


(13.6.34) (P(D) — A(<x, N>*) O(D)) u;=75 U5 
if (<x, N>—6)6~-*"-' ef. Furthermore, 
(13.6.35) O(D)u;=M ,u; 
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where 
M (x)= m(S, 6)/b(6");  meC® and m(S,0)=1. 


Following the proof of Theorem 13.6.1 we shall now piece together u 
by means of the functions u;. 
For v=1,2,... we put 6,=6, v7” where 6,>0 and y>0O. For the 
interval 
= {seR; (s—6,) d7*" tel} 
the length |J,| is 4(6, v-")*?*', and the distance 6,—6,,, between the 
centers of J, and J,,, is asymptotically 6, yv~’~’. Choose y so that 


yk p+l=7+1, that is, y=I/xp, 


and choose 6, so that 

5, y= 2dier?. 
For large v the end points of I, are then close to the centers of J,,, 
and of I,_,. We shall switch from one u, to the next when <x, N> is 
near the center of the interval where they are both defined. The center 
of the left half of J, is 

B,=6,— 66?7), 
For large v the center of the right half of I, is close to B,_,. To 
confirm this we set B,_, =6,+S6*°*' and obtain 


S=(6,_ 1 6,)/05?* + (d,_ foyer? =f(6,) 


where f is a convergent power series in 1/v, hence in 6%*, with f(0)=1. 
We choose the curves I; in Lemma 13.6.14 as S=—1 and S=f(6). 
This guarantees that the right-hand side of (13.634) vanishes of 
infinite order where the switch over occurs. 
When <x, N>eél, we set 
U2) = C, us, (x) 


where C,>0 is determined successively so that with the notation in 
(13.6.35) we have 


(13.6.36) IM, (x)UM=|IM, (x) U,_,(x)| when <x,N>=B,_,. 


Note that the two sides are constant in this hyperplane. Choose 
ye CF (— 3/2, 3/2) equal to 1 in (—5/4, 5/4), and set 


u(x)=P UL) 100), ~0) =7(Kx.N> -6,)67"?~?). 
vO 
When vo is large and the first term is appropriately modified we shall 
see that weC*(R") and that (13.6.3) is satisfied with a C” function a 
such that a(x)+.A(<x, N°) vanishes outside H,. 
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The first step is to study F,=|M, (x) U,(x)| as a function of s 
=<x,N). Apart from a constant term log F,(s) is equal to 


log |m(S, 5,) W(S, 5,)| +s|Im C(d%)| — Im (S, 6,) df? * T(6%). 
Here S$ =(s—6,)5>*"°~*. By (13.6.25)’ we may assume that 
T(dyy/iIm C(d2)| = O(0%), 
and in view of (13.6.32) this implies that d(log F.(s)\/ds is asymptoti- 
cally equal to {Im ¢(62)|. Moreover, since 
K(e)/{Im f(e)| =(K(e)/T(®) (T(e)/lm €(e))) = Ole"), 
we have 
OoP Elm C00) Sc oo" Oe ae bh? Soe 
For large v it follows that 
FB WF (B,_ 1) < Cexp(—c, v’). 
Since F,(B,) =F, ,(B,) by (13.6.36) we conclude that 
F(B,_.)<C, exp(—c,v’**). 


Hence 
Fs)<C, exp(—c,9""*), B,Ss<B 


v1? 
and (13.6.37) below shows that the same estimate 1s valid in supp x,. It 
follows immediately that all derivatives of u have bounds converging 
to 0 when <x, N>-0, so ueC?QR’). 

To show that a= —P(D)u/Q(D)u is in C® when <x,N><B,,_, we 
first prove for some new constants c,,c, that 
(13.6.37) c, T(d%)S(s—B,)~ | log(F,(s)/F,.. 1(s)) Sc, T(6%), sey. 4- 
Since F,(s)/F,, ,(s)=1 when s=B, we only have to examine the de- 
rivative of the logarithm. Set S;=(s—6) 67 *"?~*, j=v,v+1. Then 

S.1-S,-20 
uniformly when v>oo, so S,,,>S,+1 if v is large. As we saw above, 
the derivative of log(F,(s)/F,. ,(s)) with respect to s is 
(13.6.38) — O(d5*?~*) + [Im C(42)| — [Im £(5%,, ,)| 
+ T(Sh, ) tm $'(S, 2 1,044) — Tf) Im $(S,, 5,). 
Here 67*°-*/T(6")0 by (13.6.32). Since 
T(eje~*/|Im C(e\J> co, e+, 


by the second part of (13.6.23) and since Im {(e) has a pole when e=0, 


we have 
Tlele“*—* Im (ej 00, 3 0. 
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Now 67%*(6@—6?, = dr*"(1—-(6,, ,/6,) py 67" so it follows 
that 
[Im €(6°. :)| [Im C(68)| = of T(68)), = v.90. 


The last two terms in (13.6.38) are therefore dominating. If we recall 
(13.6.33) and that S,_,—S,>1 we may conclude that (13.6.38) is 
bounded from above and below by constants times T(6°), which 
proves (13.6.37). 

Let us now study a in the neighborhood of B, where u=U,+U,.,. 
There we have 

—a=(P(D) U,+ P(D) U,.. )(Q(D) U, + Q(D) U,, 1) 
=A(<x,N>?)4+(75, Ut75,.,U,. JAMs,U+M;,_,U,.,). 

U, dominates when S=(s—B,)d7*°-'>0, so then we divide by 
M,_U,. In view of (13.6.37) we have for some constant c>0 


[l+M,., U,,,/Mz,U|Zcmin(S 5/?** T(5$), 1), 


for 1—e~'2(1~—e7')min(1,1), t>0. On the other hand, r, and r, 
can be estimated by any desired power of 6, and S. It follows that 


a(x)+ A(<x, N°) 


vel 


vel 


in the set now considered can be estimated by any power of 1/v. Since 
the derivatives of r, have estimates similar to those we have used for 
r;,, the same is true for all the derivatives. 

In the part of the left half of J, where y,,, is cutting off U,,,, we 
know by (13.637) that F,. ,(s)/F,(s) is exponentially small, so similar 
estimates are immediately obtained there. The argument is even sim- 
plier than the corresponding point in the proof of Theorem 13.6.1 so 
we omit the details. 
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In the middle of I, where u=U, we have 
~ a= A(<x,N>?)+75,/Ms,. 


and all derivatives of the second term have bounds converging to 0 as 
v>oo. This proves the smoothness of a for <x,N>SB,,_,. We can 
continue a as a function of <x,N> for <x,N>>B,,_, and define u 
there by just solving an ordinary differential equation. This completes 
the proof. 


By modifying the preceding construction we shall now give an 
example which shows that the injectivity assumption in Theo- 
rem 13.5.2 is not automatically fulfilled. 


Theorem 13.6.15. There exists a fourth order elliptic differential operator 
P in R? with C® coefficients such that the equation Pu=O has a non- 
trivial solution ueC® (IR). 


Proof. Let P(é)=(€? + €34 €2)? —&4/2, O(€)=&$, N=(0,0,1) as in Ex- 
ample 13.6.10 with a=2, b=4. Choose €(e), c(e), b(é), K(e), Te) accord- 
ing to Lemma 13.6.13 with r(z)=r, z. Then we have for «+0 
(13.6.39) K(e) cls) P™(C(e) + Te) z N) = O(.), 
(13.6.40) K(e) b(s) O(C(e) + T(e) zN) = O(s). 
In fact, 6P/@é,=4€,(€2+ 23482), P63 =4(2 +23 +323), 50 it fol- 
lows from (13.6.20),, (13.6.22) that 
(13.6.41) cle) P(Cle)J1, — B(e) O(E(@)) 1, 
T(2) K(e) ce) 65(€) (6,8)? + 6(8)? + 634) 74/4, 
T(e)? K(e) cle) (6, (2)? + £2(¢)? +365(2)) > 0. 
By (13.6.21)’ we have P(£(e)) =o(|C(e)|*), hence |C(2)| =O(Im £,(e)) since P 
is elliptic. From (13.6.23) it follows that [{(z)| = 0(T(e) K(e)), so 
ICe)7(C (2)? + C48)? + €3(2)7) = o(f(2)I*) 

by (13.6.41). Thus 

£4(e)* =2(C,(2)? + £5 (6)? + 65(6)7)? — 2PCE(e)) = of C(e)1*) 


which proves that ¢€,(e)=o({f,()), |f.(2I/If,(2)|--1 just as in the dis- 
cussion of Example 13.6.10. Now (13.6.23) implies C(e)= 0(T(e)?) which 
gives K(e)c(e)iC(e\S—-0 by (13.641). Since Tie)=o(|C(e))} and b(e) 
=o(c(e)) we obtain (13.6.39) and (13.6.40). 

It follows from (13.6.39), (13.6.40) that in the proof of Theo- 
rem 13.6.9 we may replace [(6°) by the vector {, where the first two 
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(real) components are replaced by the nearest integer. This does not 
affect the crucial discussion of the size of F, either. (Lemma 13.6.14 is 
applied to equations depending on v in a non-essential way.) Hence 
we obtain functions u and a in Theorem 13.6.9 which are periodic with 
period 2x in x, and in x,. If v, is chosen large enough then P(¢) 
+ Re a(x) Q(€) 1s elliptic, and 


u(x) = eft 817252) v(x.) x, >], 
v(l)=1 say. Here ¢, and ¢, are real. Now 


(P(D) + a(2N — x) Q(D)) u(2N — x) =0, 
u(2N—x) =e 8725 4Q—x,),  x3<1. 
Let weC® be equal to 1 on (— oc, 1) and then decrease to be 0 in (1 
+¢, 00) where ¢ is so small that Rev(x,)> 1/2 when |x;—1}<e. Set 
U(x) =YW(x3) u(x) + (1 — W(x5)) (2 N — x) 
and define A in the same way. Then 
(P(D) + A(x) Q(D)) U(x) = F(x) 
where |x,—1]Se in supp F. Hence F=BU with BeC® so U satisfies 
the elliptic differential equation 
(P(D)+ A(x) Q(D) — B(x)) U =0. 


We have 0Sx, <2 in the support. 
Now consider x as toroidal coordinates, that is, consider the map 


x—((x3-+1)sinx,,(4+(x,+1) cos x,) cos x,, 
(4+(x,+1)cosx,)sinx,)=y 
which in R* modulo 2z in the x, and x, variables is a diffeomor- 
phism in a neighborhood of suppu. Let U{(x)=v(y). Then we obtain a 
differential equation of order four 
R(y, D) v(y)=0 


where R has C® coefficients and ReR,(y,6) is elliptic in a neigh- 
borhood of suppv. Let OSyeECH have support in this neighborhood 
and be 1 in a neighborhood of supp v. Then 


7(y) R(y, D) +1 — xy) 4? 


is elliptic in IR* and annihilates the C% function v. The proof is 
complete. 


Example 13.6.16. Let P(x,D) be the operator in Theorem 13.6.15 and 
set 
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Po(x, y, D,, D,) =D, P(x, D,) + Q(x, D,) 


where xeIR?, yeR and Q is of order <4. Then P, has constant 
strength, the same as D, Az (Corollary 10.4.8), and P(x, D,) is a local- 
ization at infinity. It annihilates the product of the function u in 
Theorem 13.6.15 by any function of y so Theorem 13.5.2 is not appli- 
cable for this operator. 


Notes 


There are classical methods to study an elliptic operator by regarding 
it locally as a perturbation of a constant coefficient operator. They are 
known under several names such as E.E. Levi's parametrix method 
and Korn’s approximation. The precise discussion of regularity prop- 
erties in Chapter X allows one to apply these methods to arbitrary 
operators of constant strength. This was first carried out by Peetre [1] 
and in a somewhat more precise way in the predecessor of this book. 
The results on hypoellipticity in Section 13.4 are due to Malgrange [2] 
and Hérmander [4], apart from Theorem 13.4.4, which is due to Tay- 
lor [1], and the refinements involving wave front sets. Section 13.5 is 
taken from Gudmundsdottir [1]. 

The non-uniqueness of the Cauchy problem for operators with C® 
coefficients caused a great surprise in the 1950's. The first examples 
due to Pli§ [2] and de Giorgi [1] contained already the basic con- 
struction technique which is still used. They were considerably general- 
ized by Cohen [1] and Hérmander [33] to yield Theorem 13.6.1 here. 
An essential new idea was introduced by Plis [1] in his proof of 
what is Theorem 13.6.15 here. The general version of his construction 
in Theorem 13.6.9 is taken from Hormander [33] where additional 
references can be found. However, they do not cover the important 
recent development for which we refer to Alinhac [1,2], Almhac- 
Zuily (13 and Zuily [1]. 


Chapter XIV. Scattering Theory 


Summary 


A partial differential operator P,(D) in IR" with constant real coef- 
ficients defines a self-adjoint operator H, in °(IR"), the domain con- 
sisting of all uel?(R") with P,(D)ueL(R’). In fact, if F is the Fourier 
transformation u-d then FH,F~' is the multiplication operator P,(€) 
defined for all Ue? with P,(é)U(Q)eL’. This is obviously a self 
adjoint operator with absolutely continuous spectrum. The spectral 
projection E, is given by multiplication by the characteristic function 
of {€: P,(@)<A}. (Note that if A4cR is of measure 0 then P51 A is of 
measure 0 since P, can locally be taken as a coordinate outside the 
null set defined by dP,=0. We assume of course that P, is not a 
constant.) 

The purpose of scattering theory is to examine how the spectral 
decomposition of H, is changed if H, is perturbed to an operator H 
which is fairly close to H, at infinity. To find the spectral measure dE, 
of H it is useful to note that in view of Example 3.1.13 the resolvent 


R(z)=(H—z)~*=[(A—2)7 dE, 
determines dE, formally, 
dE, =(2ni)7*(R(A+i0)—R(—i0)). 


It is thus natural to study the behavior of the resolvent near the real 
axis. In the constant coefficient case above we obtain if 4 is not a 
critical value of PR, that is, dR+0 when R=a~, that (R(A+i0)— 
R(A—i0))/2zi is convolution by F~'5(R,—4). Now we know from 
Theorem 7.1.26 that if v= F-'(ué6(P,—4A)), weCF, then 


(14.1) supR7* f[ ju(x)i?dx<o, 
R>l [xf<R 


and Theorem 7.1.28 shows that this is the best possible estimate for 
the growth of v at infinity. This suggests that we should introduce the 
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subspace of L4,.(IR") satisfying (14.1), which is the dual of the subspace 
B of P’ defined by 


(142) Cf eONPAIPAY Of folaPdao? <oo, 
0 


|x] <1 1 <|x/24|<2 


These spaces and some more general versions of them required for 
technical reasons are studied in Section 14.1. In Sections 14.2 and 143 
we then show that the resolvent of P,(D) is indeed continuous in these 
spaces provided that P, has simple zeros in a certain sense. 

In Section 14.4 we begin the study of perturbations 


P(x, D) = P,(x, D) + V(x, D) 


assuming that V(x, D) is of short range which roughly speaking means 
that V as a differential operator is strictly weaker than P,(D) and 
decreases at infinity somewhat faster than 1/lx|. The precise definition 
we give involves compactness in spaces closely related to B and B*. 
We also assume that V(x,D) is symmetric with domain ¥ and show 
that P(x,D) with domain Y has a self-adjoint closure H. As in 
quantum mechanics we then prove that the wave operators 
(14.3) W.= lim ett p-uHo 

to ta 
exist as strong limits. They are isometric operators intertwining H and 
Ho, 


(14.4) HW, =W. Hy. 


In Section 14.6 it is proved that W, and W_ have the same range and 
that apart from the finitly many critical values of P, the spectrum of 
H is discrete in the orthogonal complement. Thus the scattering 
operator S=W* W, is unitary and AH is unitarily equivalent to the 
direct sum of H, and an operator with a complete set of eigenfunc- 
tions. 

The key to the proof of the preceding statements is the study of 
the boundary values of the resolvent of H made in Section 14.5. These 
are proved to exist except at the critical values of P, and the eigen- 
values of H. The main point is the proof that certain eigenfunctions 
of P(x, D) in B* are in P? and in fact rapidly decreasing. This leads at 
the same time to compactness properties which imply the discreteness 
of the point spectrum. It is then fairly easy to show in Section 14.6 
that the range of W, (or W_) is the orthogonal complement of the 
space spanned by the eigenfunctions. 

The scattering operator S commutes with Hy so FSF~* commutes 
with multiplication by P,(¢). In Section 14.6 we show that it induces a 


-1 
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unitary operator S, in 17(6(P,—/)) when 4 is not a critical value of P), 
and that S,—I is compact in L?(|P;\* 6(P)—~4)) for every xe[—1, 1]. 
This is the so called scattering matrix for hie energy 4. In Section 14.7, 
finally, we prove that in the second order case there are no eigen- 
values inside the continuous spectrum. 


14.1. Some Function Spaces 


In the summary of this chapter we have seen that it is natural to 
introduce the subspace B of L°(IR") defined by 


(14.1.1) vil p=> (R; { \v]? dx)? < 00 
i Xx; 
where 
(14.1.2) R,=0, R,=2)7? when j>0, X ;={x; Rj_ 1 <|x|<R,}. 


This is a Banach space with the norm defined by (14.1.1), and C7dR") 
is a dense subspace. Regarding B as a I’ space with Hilbert space 
values we conclude that the dual space B* is the corresponding I* 
space, that is, the set of all we Z4,,(R”) with 


(14.1.3) i ee= SUD LR Rpt uP axe: 


J 


Note that since R, is in geometric progression we have 


wipe S SUP J luj?dx/RS4|lullp. 


Rol |xf<R 


Thus B* is defined by (14.1) as stated in the summary. The following 
result is an immediate but important corollary of Theorem 7.1.26. 


Theorem 14.1.1. Let M be a C? hypersurface in IR" and K a compact 
subset of M. Then the restriction to K of the Fourier transform 


Sav b,eL,(dS) 


extends by continuity to a surjective map T from B to L?,{dS). 


Proof. If i=) dS has support in K, then Theorem 7.1.26 gives 
(ép, Bl = 22)" ((u, v)| S(27) lull p tig SC ldolly2 lvls 
which proves the continuity. Since the adjoint of T 
DP.(dS)3u) > F(uy dS)eB* 
is injective with closed range by Theorem 7.1.28 with @20 and 
$(0)>0, it follows that T is surjective. 


228 XIV. Scattering Theory 


Remark, Note that B is not a reflexive space. In fact, the closure B* of 
¥ in B* is obviously equal to the closure of V,,,, in B* and is 
defined by 


(14.1.3Y { |uj?dx/R>0, Roo. 
Ixl<R 
The dual space of B* is equal to B so the dual space of B* has Bas a 
subspace of infinite codimension. 
The norm in B is a majorant for a mixed L’, I? norm: 


Theorem 14.1.2. Let x=(x,,x') where x'=(x,,...,x,). If ueB and u is 
considered as a function of x, with values in P(R"~') then 


(14.1.4 ) u(x )ip2dx, SV 2 lulls. 
Proof. Let u,;=u in X, and u,=0 elsewhere. Then we have by Cauchy- 
Schwarz inequality 


°° oo + 
Faye ned, SOR)*( J lords dx, | 


—o 


=(2R)* (J \u(x)|? dx). 
x; 
Hence we obtain (14.1.4) if we add and use (14.1.1). 


By duality we obtain from Theorem 14.1.2 that 1°(R,(R"~')) 
< B* and that 


(14.1.4) full SV2suplu(xilp, weL? QR, 2 0R"-*)). 


In the study of the resolvent we shall need a number of properties 
of B and B* which in particular allow us to localize the Fourier 
transforms of these spaces. We shall also need such results for more 
general spaces similar to B and B* defined as follows. Let c,,c,,... be 
a sequence of positive numbers such that for some constant M 


(14.1.5) ¢/Msc,,,8Mc,, jHl,2,... 
We then define B, to be the space of all ve L4,,(R") such that 

ioe] 
(14.1.1) llp.=>.¢,(] lvl? dx)? < oo. 

1 Xx; 
Thus B corresponds to c,=R?. The dual space B* is the set of all 
uel5, (R”) with 
(14.1.3)” | wll e=supe; *([ jul? dx)? <o. 

j>o x; 
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The following lemma will allow us to express the B, norm in terms 
of the norm in the Hilbert space I2,se¢IR, defined as the set of all 
uel, with 


loc 
(14.1.6) ilu? =f (1 + [xl?)* Ju(xl? dx < co. 
Lemma 14.1.3. Let N be the smallest integer with 2’ >M. Then there is 
a constant Cy, such that for all c satisfying (14.1.5) and k=1,2,... 
(14.1.7) Ir p SCyc (Ri ell _ytRe* lolly), veL4,-(R"). 


Proof. Since 


(14.1.8) Ri/4<1+R?_ p<i+|x|?<1+R}S2R;, xEX,, 
we have 

fof _y2CRJ~™ lollpaxy, telly 2(Rj/2)* elle: 
Hence 


2-*jlullp S > R¥cllvll_yt 3 Rp e;llully- 
isk jzk 
Here 
RY C4 (RM c c)=2" c), /e;>2%/M, 
RPM Cin ARFX cj =2-% C4 /¢,< 27" M. 
Hence we obtain (14.1.7) with C,,=2%/(1—_M/2”) if we replace the two 
series by geometric series with the same term for j =k. 


The reason why (14.1.7) gives precise information on the B, norm 
is that the two sides are essentially equivalent when the support of v is 
in X,. This will be exploited in the proof of the following interpo- 
lation theorem. 


Theorem 14.1.4. Let N be the smallest integer >M. Then there is a 
constant Ci, such that. if T is a bounded linear operator P_y>L_y 

which restricts to a bounded operator L,>L, and both have norm s A, 
it follows that T maps B, to B. with norm SCy,A if c satisfies (14.1.5). 


Proof. As in the proof of Theorem 14.1.2 we write u= Su with suppu, 
oX,. Then (14.1.8) gives 
elie =>. Cy lltglle22Z2-— 1 Ye (RY gd ow + Re ltal 
Using (14.1.7) we obtain . 
|Tulls SY (Tulip, S Cu d (RE | Tull y+ Re * | Telly) 
SACy > (RY ley wt Re™ ylly) SAC 2"** elip..- 


This proves the theorem with Cy,=2"*! Cy. 
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Corollary 14.1.5. Let reC%(R") and assume that D*r is bounded when 
lalSN. Then the operator r(D)=F~'rF is bounded in B, and 


(14.1.9) Ir(D)ullp SCy S sup|D*riljullp,  ueB 
| 


alSN 


provided that c satisfies (14.1.5). 


Proof. Since |lul|, is equivalent to 
> (Dri: 
lal SN 
by Parseval’s formula (compare (7.9.2}) it is clear that r(D) is con- 
tinuous in this norm, with norm bounded by a constant times 
R= s sup |D* rl. 
lal SN 


Now L_, is the antidual of Li, which makes 7(D) in L, the adjoint of 
r(D) in L?_,. Hence we have the same norm in L?_, which proves the 
corollary. 


Corollary 14.1.6. Let X, and X, be open sets in IR" and yw a CN*! 
diffeomorphism X ,~X,. Choose 7€C}(X ,) and set 


Tu=F~*(z@oW)). 
Then it follows that T is bounded in B, when c satisfies (14.1.5), with a 
norm which can be estimated in terms of the maximum of the derivatives 
of x of order SN and of w,w7' of order <N+1. 
Proof. The adjoint of T is 
T*v=F- Gow (DW */Dyi dow") 
so it is of the same form as T. As in the proof of Corollary 14.1.5 it is 


therefore clear that T and T* are bounded in Ly, and this proves the 
corollary. 


The following result will allow us to localize Fourier transforms of 
elements in B.. The proof depends on a slight modification of that of 
Theorem 14.1.4. 


Theorem 14.1.7. Let y~eC%(IR") and set 7(D—n)u=F7*7(.—n) Fu, 
ueS’. Then we have 
(14.1.10) JixD—n)ulg.dnSCy lulz, ueB,, 


for all c satisfying (14.1.5). 
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Proof. Let us first prove that for fixed N 
(14.1.11) SllxD—n)ulydnSC?iluly, ue Ly, 
(14.1.12) {g(D—n)ul2vdynSC?lull2y, uel y 
As in the proof of Corollary 14.1.5 it is clear that (14.1.11) is equiva- 
lent to 
{J > ID%yE—n) agi? déansc yl Yo [Daly dé. 
ja] SN lal SN 
This estimate follows if we integrate first with respect to 7 in the left- 
hand side and observe that ||D* y(€—n)i? dy is independent of ¢ To 
prove (14.1.12) we compute the adjoint of the map T defined by 
F(R") su>7(D—n) ulx)e FOR”). 


If ve ¥(R?") and o(€, 7) is the Fourier transform of v(x, 7) with respect 
to x then 
(Tu, v) poe y) u(x) v(x, n) dxdy 
yr" [fxE—n) aS (En) dédn 
so the adjoint T* is defined 


FT* (=f 4(é—n) OE, n) dy. 
Thus 
IT*olzsc > SIPDE( (g(E—n) 6(é, n)) dn|? ae 


lal Sn 


SC’ Y SiiDeeE ni? dndé 


lel SN 
SC" [f(t + [xl?"lo(x, |? dxdn, 
which proves the estimate (14.1.12) of T: 
The proof of Theorem 14.1.7 is now completed by decomposing u 
as in the proof of Theorem 14.1.4. (What is involved is actually a 
vector valued version of that result.) If we set ul=y(D~—y)u, then 
Lemma 14.1.3, (14.1.11), (14.1.12) and (14.1.8) give 
Slut. dn S2(Cyp c,)? [REY Wut + Re lel) dn 
S2(Cyy cy)? C7(RP™ lug ll + Re 7 eel) 
<4 BE e.)° Cc Lul2oey 
Since y(D—y)u=)_u? we obtain using Minkowski’s inequality 
(Viiz(D—n) ullg.an)* > (Mlutlls, dn)? S2*** CCy lulls. 
k 


which completes the proof. 
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If |lzllp2=1 it follows from (14.1.10) that 


\(u, v) =|f(z(D —n)u, 7(D —n) v) dn] 
SJliz@D—n) uly, |z(D—n) vllp.dn 
S$ Ci, I x(D—n) ull2.dn)* Hols, 

O¥' and that t€C3. Hence 


2 


provided that weL,,. 
(14.1.10) ull ge S Cu, I lx(D —m)ullg.dy, uel. FS’. 


loc 


In our applications of the preceding results it will be more con- 
venient to state them in terms of the spaces B.and B* rather than 
having to recall the spaces B, and B*. 


Corollary 14.1.8. Let weC'(R ,,IR..) and assume that 

(14.1.13) (+9 OSNu@, t20. 

If yeCF and |y\\,2=1 it follows that with f(x) = y(|x)) 

(14.1.14) [laQ(D—nwlizdnSCy,\aullZ, ue, 
(14.1.15) [ull SCy J AGQ(D—n)u)lzedn, ueli,.nF. 
Proof. From (14.1.13) it follows that 

(14.116) (L+sy/(1 +o)" Su(uOS(+0/1+5)%,  O<sSt. 


Hence c,=R7u(R,) satisfies (14.1.5) with M=2%*?, and lull, is 
equivalent to ||fiul|,, so the estimate (14.1.14) is equivalent to (14.1.10). 
If instead we take cr'=R>*u(R,) then (141.15) follows from 
(14.1.10Y. 


14.2. Division by Functions with Simple Zeros 


Let p be a real valued function in C*(X) where X is an open set in 
IR". If the zeros of p are simple, the limits 


(p+i0)-1= lim (ptie)~? 
Ea +0 


exist in Y''(X). This follows from the remark after the proof of 
Theorem 6.1.2, for (t+ie)-?-(t+i0)-! in QR) since log(t 
tie)—log(t+i0) in Li,,. Like the Dirac measure 4, the distributions 
(t+i0)~' on R are homogeneous of degree —1, so it is natural to 
expect that (p+i0)—*+ has properties similar to those of the simple 


layer 69(p)=dS/|p'| discussed in Theorem 7.1.26. When proving that 
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this is true we consider first a neighborhood of a point €°eX where 
Gp/é, >0. The inverse function theorem applied to the map 


€~>(p(C), é), g =(€., ne) nbs 


shows that €° has a neighborhood X,<X mapped diffeomorphically 
onto X, x X’ where X, is a neighborhood of p(é°) in IR and X’ isa 
neighborhood of €° in IR"~?. We denote the inverse map by 


(A, S)—>(E(C", 4), ¢'). 
Thus p(E(@, 4), €)=4. 
Lemma 14.2.1. Let peC**?(X 4), choose yeCX(Xq) and define u, by 
(14.2.1) ti.=(p—z—i0)"'(yf), Imz20, 
where feY Then we have for Imz=0, with C independent of f, 
(14.2.2) jury, Jie SCIVSG Mie (A&, —)+(L + it—x,) "dt, 


where H is the Heaviside function. When x, +00 we have 


(14.2.3) flu (2y, Je Au (x5 Ai 2 20, 
where u,,(x’, 4) is O when 1€X, and is defined for AEX, by 
(14.2.4) H(E, A=i(F/(Ep/6é MEE. A), 2). 


Proof. Since u, is an analytic function of z when Imz>0 and 
u(X,,-)z270 as z>00, it suffices in view of the maximum principle 
to prove (14.2.2) when z=/eR. If Ae X, we can write 
x(8) (P(E) —4—ie)7? =(E, —E(€, 2) -ieg (8) * gS), 
gS)=(S1 - EC, A p(d)—4) > 0, 
g(f)=x(S)q(gjeC*?. 
Hence it follows from Lemma 6.2.2 that 
#(Q=(E, — EG, 4-10)? (OFS. 
To determine the inverse Fourier transform with respect to ¢, we note 
that 
s(E\C, — 2-10) = g(E, oC, — 5 — 10) + GE), 
G(f)=(8(0) a(S, CAC, — 4). 
The inverse Fourier transform of the first term is the bounded func- 
tion _ 
ig(Z, fe" H(x,). 
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The inverse Fourier transform of g(€)(¢,-—-2Z-—i0) is bounded for 
\x,|<1 since suppg is compact. We have GeC* and can write G as 
the sum of a function in C} and one with all €, derivatives integrable 
Hence the inverse Fourier transform K(x,.¢’) of G has the bound 


K(x, 6S CU +bx,)-™ 


Moreover, (1+ |x,|)* K(x,,&)}-0 as x, 00 by the Riemann-Lebesgue 
lemma. If U(x,, &’) and F(x,,é’) are the Fourier transforms of u, and 
of f with respect to x’ then 


U (xy, )=] F(t, &V gE, &) elt 2-H (x, D4 K(x, —4, Nat. 
In view of Parseval’s formula the estimate (14.2.2) follows for z=/. If 
p(é)+4 in suppz we have (p—/)~1 yeC4*?, so the estimate (14.2.2) is 
then true with H replaced by 0 and N replaced by N+2, the constant 
C converging to 0 when 4-00. This completes the proof of (14.2.2). 
Since 


[F(t &)iglE, Se #26 A(x, dt if(E, 2) a(E,2), xy >, 


we have also proved (14.2.3) and the lemma. 


Already when N=0 it follows from (14.2.2) and (14.1.4), (14.1.4) 
that 
(14.2.5) Melee SC | fle. 


Although weaker than ee) this estimate 1s more useful because of 
its invariant form. If 6€C3(R") we also obtain from (14.2.3) that 


(14.2.6) [lu,(x)|?b(x/R) dx/R>(2 2)" ’ LF PC J $(s p’) ds) dS/\p'| 
p(ajai s> 
where dS is the surface measure on the surface p(@)=A. In fact, 
(e2@".4y \(—x’, 4) is the Fourier transform of 
e's (20) "(iz f/(Ep/6E ME, & 
by (14.2.4), so Corollary 7.1.30 and (14.2.3) give 
(2n)'-" | |u, (x)? P(x/R)dx/R 


X1>0 


(2n)2-2" J ly Fep/ee ME, EY? O(t, —téZ/ee) dede’. 


By (14.2.2) the integral when x, <0 converges to 0. Since p(5, ¢)=4 
we have St oe , 2p te tag 

(ép/C€ ,)(E, O) CZ/EC’ + Cp/oc’ =0, 
so (14.2.6) follows if we set t=sép/éé, noting that dt’/(dp/eé,) 
=dS/\p'. 
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Theorem 14.2.2. Let p¢C?(X) where X is an open set in IR", and assume 
that p is real valued and that p’+0 in X. If feB and yeCP(X), then 


zou,=F~*\((p—z)"'zf), mz +0, 


can be uniquely extended to C= ={z; +]mz=0} as a weak* continuous 
function with values in B*, and 


(14.2.7) lusip SCIP Ie; feB, zeC*. 
For every 6€CO(R") we have when R> 
(14.2.8) flu; = :0(X)1? O(x/R)dx/R 
(aay f infil J : b(sp')ds)dS/ip'l, 


p=4 as> 


(14.2.9) Juz. io() uz _j9(x) O(x/R)dx/R0. 


Proof. If x has sufficiently small support and feY the estimate (14.2.7) 
for zeC~* follows from the proof of (14.2.5) above after a suitable 
change of labels and signs for the coordinates. We can always write y 
=V%G where the sum is finite and each term has small support, so 
(14.2.7) follows for zeC* and feX Since C* 324, is continuous with 
values in ¥’ and ¥ is dense in B, it follows that C* 32z-u, is weak* 
continuous and satisfies (14.2.7) for every feY Hence there is a 
unique weak* continuous extension of u. to (7% satisfying (14.2.7) for 
every feB. 

In view of (14.2.7) it suffices to prove (14.2.8) and (14.2.9) when 
geCe and fe“ We have already proved (14.2.8) when y has suf- 
ficiently small support. If suppz,;Usupp x, is any aes small we 
obtain by polarization of this result, writing wi=F-}((p—z)—* % ue ), 


(14.2.8) Ju io UE 10 O(-/R) dx/R 
On f uRlfl | a(sp')ds) d5/Ip 


This is also true if supp x, and supp x, are disjoint. In fact, the Fourier 
transform of ui, ,. 6(./R) is equal to 


(2n)""((p—4—i0)~* 7, f)* R" A(R.) 


and it tends to 0 in als supp y,) since @eY, Hence the scalar pro- 
duct with (p—i~—i0)~1 y, f converges to 0. Adding up the estimates 
(14.2.8)' we have proved (14.2.8) with the plus sign, and replacing p by 
—p we obtain (14.2.7) and (14.2.8) with the opposite sign. Now (14.2.9) 
is obvious if y has small support for under the hypotheses in Lem- 
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ma 14.2.1 we have 

U,si9(X1,-)70 in L?(R"~') when x,> Foo. 
(Note that by the Riemann-Lebesgue lemma we can replace the term 
(1+|t—x,)7* in (14.2.2) by o((1+|2—x,|)~*).) The extension to arbi- 
trary supports is done exactly as in the proof of (14.2.8), and it com- 
pletes the proof. 


Corollary 14.2.3. With the notation in Theorem 14.2.2 the following con- 
ditions are equivalent: 
(i) Uz si0 =4s-10 
i) Uy 49 ¢B* 
(ii)_ u,_;9¢B* 
(iii) ~f =0 when p=/. 
Proof. (i) is equivalent to (111) since 
(14.2.10) U;i9 4x19 =2 RIF ~ (x 5(p—A) f). 
(ti), and Gi)_ are also equivalent to (ii) by (14.2.8) with ¢20 and 
(0) >0. 


Remark. Using (14.2.10) and Theorem 14.1.1 it is easy to see that 
(7.1.29) follows from (14.2.8) and (14.2.9) if k=1. We leave this as an 
eXeFcise. 


We shall now prove that u(x) is almost as small as |x| f(x) at 
infinity when condition (iii) in Corollary 14.2.3 is fulfilled. 


Theorem 14.2.4. Let peC?*"(X) where X is an open set in R", and 
assume that p is real valued, p)+0 in X. If feB, yeCP(X), and xf =0 
when p= then 

(14.2.11) u=F~!((p—AFi0) xf) 


is independent of the sign, and 

(14.2.12) | Aull pe SCy lf lip 

if fi(x) = w(\xl) where pu is any increasing function €C' (IR) such that 
(14.2.13) (+)uvOSNu(), t>0. 

Proof. It is sufficient to prove (14.2.12) when the hypotheses of Lem- 
ma 14.2.1 are satisfied. From (14.2.13) it follows in view of (14.1.16) 


that 
u(s)S u(t) (1+ |t—sl)*. 
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Hence 
wx, |) (1+|t—x,)7* Sulit). 


Since u(/x,|)Su(le) if t Sx, $0 it follows from (14.2.2) that 


w(x Dive IMeSC fuels Gdipde if x, S0. 


So far we have just used (14.2.11) with the upper sign. Using the lower 
sign is equivalent to changing the sign of x, so the preceding estimate 
is also valid for x, >0. In view of (14.1.4), (14.1.4) it follows that 


(14.2.14) He(x ule S2C ZS lip. 


Now the hypotheses on p are still fulfilled if we change the coor- 
dinates so that x, is replaced by x,+ex, for sufficiently small « We 
have 

[x] SC max (|x, |, |x, + ex], -.., |x, +ex,]) 


so (14.1.16) gives 


u(|xl)S C¥ max (u(|x,!), u(x, + exQ/), ---, w(lxy +ex,!)). 
The estimate (14.2.12) is therefore a consequence of (14.2.14). 


14.3. The Resolvent of the Unperturbed Operator 


Let R(2) be a real valued polynomial in EIR" such that A(P,)={0} 
(cf. (10.2.8). The set Z(R) of critical values of R, 


Z(P) =U; 4=P(O and dP,(€)=0 for some ER} 


is a finite set. In fact, it is a null set by the Morse-Sard theorem and a 
semi-algebraic set by the Tarski-Seidenberg theorem (Theorem A.2.2). 
A complete proof follows also from Theorem A.2.8 which shows that 
if Z(P,) contains an interval J then there is a semi-algebraic curve 
T3ar-(A) such that 4=R(E(4)) and dR(E(4)}=0, which is clearly 
impossible. When ~¢€Z(P,) the level set 


M,=t R()=4} 


is a C® submanifold of IR". To examine its behavior at infinity we 
note that since P,(€)0o as E00 (Proposition 10.2.9) the localiza- 
tions of P,(¢)—4 at infinity (see Definition 10.2.6) do not depend on 
2. We want them to have only simple zeros. Since the set L(R) of 
localizations at infinity is invariant under translations, apart from the 
normalization, this means that we require that QO(0)=0 implies dQ(0) 
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+0 when QeL(R). Now L(R) is compact, so our condition is that 
isc } ie°O), QeL(R), 
ja] Si 
or equivalently 
PYOSc’ > |R@(®| — when || is large. 
le\ <1 
In a slightly different form, this is the condition in the following 
Definition 14.3.1. P, will be called simply characteristic if 
(14.3.1) B(QSC(Y IROI+1), FER” 
lal 
Examples are all hypoelliptic operators and all operators of real 
principal type (Definitions 11.1.2 and 8.3.5). More generally, (14.3.1) is 


always valid if the localizations of P, at infinity are of first order, that 


is, , 
PS) (€)/P,(E) 70 when €-00 if |a|>1. 


When Imz+0 the notation 
Ro(2)=(K(D)—21)~* 
is usually employed for the L* resolvent. Thus 
(14.3.2) Ro(2) f =F-1(B(.)-2)7? f) 


when fel. If feC% we can extend (14.3.2) to a continuous function 
with values in ¥’ defined in C*~ Z(R) or C7 \ Z(R). Such functions 
f form a dense subset of Y hence a dense subset of B. The notation 
R,(4 £10) will still be used for the limits of (14.3.2) if feCe. 


Theorem 14.3.2. Assume that P, is simply characteristic and let K be a 
compact subset of €* (or C~) containing no critical value of P,. Then 


(14.3.3) OD) Ro(2)flaSCsupO/B ifs: feces, zeK, 
if Q(D) is weaker than P,(D). 


Proof. It suffices to prove that if 0 is not a critical value then (14.3.3) 
is valid for zeK,={zeC* ;|Re z!<6+Im 2}, if 6 is smali enough. The 
polynomials Py,(€)=Po(€+)/Po(m) and their limits as yo form a 
compact set of polynomials either satisfying the hypotheses on p in 
Theorem 14.2.2 with X ={€;|é|<p}, say, or else uniformly bounded 
from below in X. If ~,eCF(X) it follows from the uniformity of the 
proof of (14.2.7) that one can find C and é such that for all 7 


|F~*(Po,—2/Po(m))~* xof le SCS Ils 
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if fe and z/P,(y)eK,. Let 6=emin B, and choose 7, and yeC2(X) so 


that yp =1 in supp y and |yJ,;.=1. Replacing f(¢) in this estimate by 


x(2) O(E +n) f(E +n) we obtain if zeK, 
\\(D—1) Q(D) Ro (2) f lige S C |Q(D) 4(D —n) f p/P) 
SC’ j\x(D—n) f | 2O/F(). 
Here we have used the notation in Theorem 14.1.7. The last estimate 
follows from Corollary 14.1.5, for 
r()=O(8 xo(E—1)/O() 
and its derivatives have bounds independent of Q and y. If we square 


and integrate with respect to 7, the estimate (14.3.3) follows in view of 
(14.1.10) and (14.1.10). 


It follows from (14.3.3) that when feC® the map 
€*~Z(R)sz-O(D) Roa) f 


is not only continuous with values in Y but weak* continuous with 
values in B*. Since CF is dense in ¥ and ¥ is dense in B it follows 
that O(D)R,(z) extends to a continuous map from B to B* which is 
weak* continuous as a function of z. We shall use the same notation 
for the extension. Note that if z=AeIR~ Z(R) we must indicate if 4 is 
considered as an element of C* or of €~, for we have 


(14.3.4) Ro(A+i0) f —Ro(4—i0) f =F 7} (2ni5,(B) f) 
by (14.2.10). This can be used to discuss the homogeneous equation 
P(D)u=0. 


Theorem 14.3.3. If ueB*, A4eKER\Z(PR) and (R(D)—A)u=0 then iu 
=vdS where dS is the surface measure on M, and veL?(dS). Con- 
versely, this implies that ue B*, (P(D)—A)u=0 and 


(14.3.5) Cx lulls J lol? dSSCqllull5e. 
Mz 

We have 

(14.3.6) (2n)-" [ fPdSSCgh fiz, fe. 


Proof. Since (P,(D)—4)u=0 implies (P,(é)—/)@=0, hence suppucM,, 
it follows from Theorem 7.1.27 when ueB* that #=vdS, veL*(M,, dS), 
and that the second part of (14.3.5) is valid) The proof of Theo- 
rem 14.1.1 shows that the first part of (14.3.5) is equivalent to (14.3.6). 
To prove (14.3.6) we note that by (14.3.4) and (14.3.3) we have 


(14.3.7) IF-(0(.)6,(B) Alle SCsupG/Bl fis, feB. 
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Hence the part of (14.3.5) which is already proved gives when Q =P 
FIRPOPIFOPR OFS SC IF 3. 
M; 

If we sum over all « with |x|=1, the estimate (14.3.6) is proved. 


Remark. We could also have proved the first part of (14.3.5) by means 
of Theorem 7.1.26 and a localization based on Theorem 14.1.7. 


It is now easy to describe the asymptotic behavior of the solutions 
in B* of the equation (P(D)—/)u= feB. 


Theorem 14.3.4. Let Q,,Q, be differential operators weaker than P,, let 
J, f,¢B, 4ER~Z(P) and ueB*, (R,(D)—/)u=0, thus i=vdS where dS 
is the surface measure on M,. Then we have for PEC, (R") 


(14.3.8) lim [Q,(D) R(A £i0) f,0,(D) R(Z £10) fy O¢./R)dx/R 
Raw 


=n)" | OF, OF /BPCL deRNRDAD AS, 


a 


(14.3.9) lim { OQ, (D)RU4i0) f, O,(D) RUF i0) f, o(./R)dx/R=0 
(14.3.10) lim fO,(D)R(A +10) f, 7@(./R) dx/R 
R~ow 
= tin)" [ O,fR) a) o@R Ri anas, 
Rt 


Ma 
(14.3.11) - Sul? O(./R)dx/R=(2n)-*" f |ol?(( O(CR/Bl) dt) as. 
0G. X R 

Proof. For f, in the dense subset F-!C of B the limits (14.3.8), 
(14.3.9) were given in Theorem 14.2.2. If veC3}’ we can choose g with 
geCP and v=27ig/|P| on M,, thus u=(Ro(A+i0)—Rp.(A—i0)g. 
Hence (143.10) and (143.11) are then consequences of (14.3.8) and 
(14.3.9). (See also Theorem 7.1.28 and the remark following Corol- 
lary 14.2.3.) By hypothesis we have A. <C|P| on M,, so Q,/\Fo| are 
bounded functions on M,. Hence it follows from (14.3.6) that the right- 
hand sides of (14.3.8)-(14.3.11) can be estimated by If, lel falls, 
Fjilplivlz: and lolz. Since |Q,(D)Ro(Ati0) fil» and |lul|,. can be 
estimated by || fjllp and |lvllp2y,,), the limits (14.3.8)-(14.3.11) are valid 
for general f; and v. 


Intuitively the limits (14.3.8)-(14.3.11) mean that the contributions 
to Ro(A+i0)f which emanate from the point €€M, are mainly con- 
centrated in the direction +P (&) whereas the contributions to u 
spread equally in the directions +R(é). This motivates the following 
definition. 
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Definition 14.3.5. A function ueB* is called 4-outgoing (4-incoming) if 
AER~ Z(A), (R(D)—A)u=feB andu=R(A+i0)f (resp. u=R(A—i0) f). 


(14.3.4) shows that the outgoing and incoming solutions of the 
equation (P,(D)—/)u=feB coincide precisely when f=0 on M,. It is 
particularly easy to recognize such solutions u by their asymptotic 
behavior (cf. Corollary 14.2.3): 


Theorem 14.3.6. Let ueB*, 4EIR\Z(R) and assume that (P,(D)—A)u 
= feB. Then the following conditions are equivalent: 

(a) u is both outgoing and incoming, thus f =O on M,. 

(b) ue B*. 

(c) O(D)ueB* for every O weaker than P,. 


Proof. (c)=>(b) is trivial, and (a)=>(c) by (14.3.9) where we choose ¢20 
with $(0}>0. Assume now that (c) is valid. Choose weC?(R") equal 
to 1 in the unit ball and set 


Ug(x) =W(x/R) u(x). 
Then 


(Fy (D) — 4) ug(x) = W(x/R) f (x) + eet ee W) (x/R) F)? (D) u(x), 


and the sum tends to 0 in B when R- co by virtue of (c). Hence the 
right-hand side converges to fin B. Since the Fourier transform of the 
left-hand side vanishes on M, we conclude using Theorem 14.1.1 that 
f=0on M ,- If only (b) is assumed then y(D)u satisfies (c) for every 
yeF¥, which gives f=0 on M, again. Thus u=u )+R,(4+i0) f where 
Ue B* and (B,(D)—A)u,=0. By (14.3.11) it follows that u,=0, so (c) 
=> (b)=(a). 


The conditions in Theorem 14.3.6 imply that u is almost as small 
as |x| f(x) at infinity: 
Theorem 14.3.7. Let 4eKEIR™~Z(P,) and let weC'(R) be any increas- 
ing function such that 
(14.3.12) 4+ouH)sSNu(t), 120. 
Then there is a constant C independent of 4, u and f such that if jifeB, 
where ji(x)= (|x|), and f =O on M, we have 
(14.3.13) | HOD) Ro(A+i0) fle SC sup O/F | if lie. 


Proof. We just have to repeat the proof of Theorem 14.3.2 with the 
reference to Theorem 14.2.2 replaced by a reference to Theorem 14.2.4. 
The details are left as an exercise for the reader. 


242 XIV. Scattering Theory 


The following result is the main tool in proving that the scattering 
matrix is unitary (see Section 14.6). 


Theorem 14.3.8. Let ueB*, 4EIR~ Z(P,) and assume that (P,(D)—/)u 
= fEB. Then we can write 


u=R(Ati0j)ftus,, ts=v,dS 
where dS is the surface element on M,, v,€L?(M,,dS) and 


(14.3.14) { (v.P -le_ IB] dS =22n)"*? Im(u, fp. 
Ma 


We have P(D)ueB* for all « if and only if |P3|v,€L°(M,, dS). 


Proof. By Theorems 14.3.2 and 14.3.3 we can write 
u=(Ro(4+i0)N+Ro(4A—i0) f/2+uUg, Uy =p dS, 
where v)€L?(M,). Then we have 
Im (u, f)=Im (up, f)=1m (22)-" f v4 fdS, 


for this is true when fe and both sides are continuous functions of 
feB. Since 


(Ro(4+i0)+Ro(A—i0)) f/2=Ro(AF id) f + niF ~\(fdS/\P3) 


we have Vs =Uy+rif /|PI| and jv |? —|v_[?=42 Im vf /\Bi, which 
proves (143.14) and the convergence of the integral there. Since 
P\(D)ueB* for all « if and only if this is true for u,, the last 
statement follows from Theorem 14.3.3. 


Corollary 14.3.9. If (u, f) is real then u is 4-outgoing if and only if u is A- 
incoming. 


Proof. When the right-hand side of (14.3.14) is zero it is obvious that 
v, =0 if and only ifv_ =0. 


Corollary 14.3.10. If feB, 4¢IR~ Z(R,) and u=Ro(4 +i0) f then 


(14.3.15) (2n)'-" f ifP dS/\Bjl= +2 Im(u,f). 
Mi, 


Proof. In Theorem 14.3.8 we have v; =O and v, —v_ =2nif/|Rj|, hence 


le? —lp_?= £227 FPR. 
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14.4. Short Range Perturbations 


In Section 14.3 we have made a rather detailed study of the resolvent 
R,{z) of a simply characteristic operator R(D) with constant coef- 
ficients and A(P,)={0}. We shall now examine when the results can 
be carried over to a perturbation 


P=P,(D)+ V(x, D) 
by a differential operator V(x, D). Since 
P-—z=B-z+V 
we obtain the resolvent equation 
(14.4.1) R,(2)=R(z) + Ro(z) VR(z)=R(z) + R(z) VRo(2), 
where R(z)=(P—z)~', if it is legitimate to multiply left and right by 
R(z) and R,(z). Thus we should have 
(14.4.1y R(z)=Ro(z)(1+VRo(z))7?. 
To be able to justify (14.4.1) and (14.4.1) we need to know that 


VR,(z) is a compact operator in an appropriate space. Now Theo- 
rem 14.3.2 states that R,(z) for every zeC* UC™ \ Z(B) maps B into 


(14.4.2) fu; Q(D)ueB* for all O<P,}. 


It is therefore natural to require that V maps this space compactly 
back into B. We need only take for Q the derivatives of P, so we set 


BE = {u; POD) ueB* for every o}, ile, =) PSD) ullp.. 


Definition 14.4.1. A differential operator V(x,D) with coefficients in 
[j,-(IR") is said to be a short range perturbation of P,(D) if V(x, D) 
maps the intersection of C*(R") and the unit ball in BZ, into a 
precompact subset of B. 


The restriction to C® only serves to make V(x, D) well defined. 
It will be removed in the following theorem. There Q is the unit ball 
in R’. 


Theorem 14.4.2. V is a short range perturbation of P,(D) if and only if 


i) Vix+y, D){ueCH(Q); |P(D)ull.2S1} is a precompact subset of Ve 
for every fixed yelR”. 
ii) With the notation in (14.1.2) we have 


(14.4.3) IV(.+y,D)ulp,SM,\iPo(D)ullp2, weCg(Q), vex; 
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(14.4.4) R}M,<o. 


~P18 


C°nBs5, is dense in B$, so the closure of V(x,D) is then a compact 
operator V from Bz, to B. 
Proof. The necessity of i) is obvious since 

WP (D)uliy2SClP(D)ull2, ueCH(Q), 


by Theorem 10.3.7, for example. Let M, be the smallest constant such 
that (14.4.3) is valid and choose u,eCq(Q) with ||P,(D)u,|p:2=1 and 
VC. +y;,D)ujlp2 > M ,/2 for some y,€X,;. Then the terms in the series 


Mize ere ~ yo) R37, t=) day (-—Yajes Roe 
have disjoint supports. We have u,veBh, since the support of 


u,(.—y,) is contained in X,_, X,UX,,,. If V has short range it follows 
that Vu, VveB, thus 


¥ RIM,Ri<o. 


This proves (14.4.4). 
To prove the converse we use Theorem 1.4.6 and a change of 
scales to choose a partition of unity 


l=) b(x—y;) 


with PECF(Q) and {y/n y,} equal to the set of lattice points in IR”. Let 
ueC” and l4llag. <1. With u,=(. —y,)u we have by (14.4.3) when 
YypEX ; 


|| Vill 72SM7|| YD? b(. —y,) P?(D) w/o Nie. 
Since |Vul? $2") |Vu,j? it follows that 
I VullizeyS CMG, +Mj+Mi.)) IPS?(D) ull fay, ,oxjoxyen 


SC'R(M,_,+M,+M,,,)’. 
Hence 


|VullpsC?t> R(M;_,+M,+M,,,)SC" DRM, 
If U, is the sum of all u, with |y,{/>R,+1 we also obtain 


(14.4.5) [VUjlpSC"LRMj>0 as Joo. 


Now assume that we have a sequence u’eC®™ with ilu lles, <1. It 
follows from i) in Theorem 14.4.2 that we can replace it by a (diag- 
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onal) subsequence such that V(x,D)uj is L? convergent for every k if 
u,=(.—y,)@. In view of (14.4.5) it follows that Vu" is a Cauchy 
sequence in B. This completes the proof of the compactness. 

If ue Bg and e>0 we can for every k choose a regularization 
v,€ C2(Q+ {y,}) such that ||u,—v,llp5, <é/2*. Then v=) v,EC® and 
fu — vil ps by Se which proves that C* 7 BF. is dense in BS,. These proof is 
complete. 


From now on we always assume that V is a short range per- 
turbation of P,(D) and use the same notation for the closure mapping 
By, to B. For later reference we observe that we have in fact proved 
that 


ta 


K 
(14.4.5) {[VullpSC”"D RM, |lullpp, if ueBE, and suppuc eUX,. 
J 


J 


The following lemma also follows easily: 


Lemma 14.4.3. If ue B} is bounded and u*-+u in J’, then ue Bs, and 
[Vuk — Vul| ,>0. 


Proof. The hypothesis means that P®(D)u*—+ P®(D)u weakly in P(X) 
for every j. Thus 


|P(D) ull ag) Slim |P(D) ula) SCRF 


which proves that ueB?,. When proving the remaining statement we 
may therefore assume that u=0. With the notations in the proof of 
Theorem 14.4.2 we have for every k 


|Vuyllp270 as voo 


for a compact operator in a Hilbert space maps weakly convergent 
sequences to strongly convergent sequences. In view of (14.4.5) it 
follows that |Vu"||,~9, which completes the proof. 


Before leaving the discussion of the meaning of short range per- 
turbations we shall give some sufficient conditions in addition to 
Theorem 14.4.2. It follows from Theorems 10.3.2 and 10.1.10 that 


{Q(D) u; ||Po(D) ul} $1, ue Co (Q)}, 
is precompact in L? if and only if 


O()/P(Z) 7-0 as Esco in R* 
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If Q,,...,Q, is a basis in the vector space of such polynomials Q, then 
V(x, D)= a, a,(x) Q {D) 


is a short range perturbation if there is a decreasing function M(t) 
with M(0)<o and 


aXSM(x), | Midr<ev. 
0 


In fact, we have (14.4.3), (14.4.4) then with Mj = CM{(R;_ 2). Note that 
our hypothesis that A(P,)={0} implies that O(€)/P,(2)+0 as E00 at 
least if O(€)=1 (Proposition 10.2.9). 

One can also allow sufficiently mild local singularities. If P, is 
elliptic and of order m, or of real principal type and order m+1, we 
may for example take 

V(x, D)= > V(x) D* 
lal<m 
if for every « we have 
(14.4.6) DR, sup( J [V,(c+y)P dx)? <oc 
yeX; |xl<1 

with p=n/(m—lof) if n>2(m—|al), p>2 if n=2(m—ja|) and p=2 if 
n<2(m—|c!). We simplify the notation in the proof by assuming that « 
=0; the general statement follows at once from this special case. Then 


f [Volt y)uloo)|? dx Sf [Vo + yy dx)?/?(f]u(xpl? dx)? 
2 Q 2 


by Hélder’s inequality if p>2 and 2/g=1—2/p. If n>2m and p=n/m 
then l/g=1/2—m/n, and it follows from Theorem 4.5.8 (cf Theo- 
rem 4.5.13) that 
ubreSC DY |Deulpz, weCH(Q). 
ja| Sm 


When n=2m and p>2 we have 
lulpeSC Y [D*ull,, ueCH(Q) 


Ja| Sm 
where 1/r=1/qg+m/n>m/n, thus r<n/m=2; we may therefore replace 
r by 2 in the right-hand side. Finally if n<2m it follows from 
Theorems 4.5.9 and 4.5.11 that 


suplulSC >) |D*uljp2, ueCH(Q). 
jel Sm 


In all three cases we conclude that (14.4.3) and (14.4.4) follow from 
(14.4.6). We also obtain condition i) in Theorem 14.4.2 by writing VY 
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=W)+W where W'=V, when |V,/<s and W/=0 otherwise. The 
compactness is clear if Vo is replaced by Wy, and if Y% is replaced by 
W.’ we obtain a norm which tends to 0 when s— oo. 


From now on we also assume that V is symmetric, that is, 


(14.4.7) (Vig=(£V3g); fgeCe. 
Then it follows that more generally 
(14.4.7) (Vigsl=(LVg); feeBe,. 


In the proof we may assume that f g¢C*. Choose yeC? with 7(0)=1 
and set when e>0 


FAX)V=ZEX)F(X), Bx) = (Ex) g(x). 


Then f,,g,€Co;f, and g, are bounded in Bj, and converge to f and g 
in @ when e-0. Hence Lemma 14.4.3 shows that Vf>Vf in B, 
Vg,-Vg in B. Since 
(VW 58) =e Sa 
we obtain (14.4.7) when ¢e-0 if we note that say (V£g,)-(Vfg) by 
dominated convergence, and that |(Vf,—Vf,g)|SC|V-Vf ||, -0. 
We shall now prove that P is essentially self-adjoint. 


Theorem 14.4.4. Suppose that P, is real and simply characteristic, A(Pp) 
={0}, and that V is a symmetric short range perturbation. Then the 
operator P(x,D)=P,(D)+V(x,D) with domain ¥& is essentially seif- 
adjoint, that is, the closure is self-adjoint in L?(IR"). 


Proof. Since P is symmetric in Y, it suffices to prove that the range of 
P—z is dense in I? for some z in each half plane, for this means that 
the defect indices of the closure will be zero. Now 


(P—z)u=(I+VR,(z))(Pyo-z)u,  ue¥Y, 


and Py—z is a byection on & if Imz+0. Hence it suffices to show 
that (1+ VR,(z)) ¥ is dense in 7. Since ¥ is dense in B, this follows if 
we show that I+ VR,(z) is bijective on B for suitable z, which is a 
consequence of the following 


Lemma 14.4.5. If V is a short range perturbation of Py then 


IVRoiDiie.g 79 as too in R. 


Proof. Let t;>00 be a sequence in R and choose f,eB with | f||,p=1 
so that 


IVRolit )Mrx.m <2UVRolit) file- 
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Put u;=Ro(it,) fjeBp,. The proof of Theorem 14.3.2 shows that ||u;|| Bb, 
is uniformly bounded. Since 


ile jhp2Sltl-? Wfliaes 1/|t,| 0 


it follows from Lemma 14.4.3 that ||Vu,||,-0. This proves the lemma. 


The arguments which led to the resolvent equation (14.4.1) can 
now be justified. If feY we have 


(P—2) f=(Py—z) f+ Vf. 
When Imz+0 we can set f=R,(z)u with ueY and obtain after 
multiplication by R(z) 
R,(z)u=R(z)u+R(z)VRo(z)u, ueS. 


Both sides are continuous from B to L’ so the identity remains valid 
for ueB. It follows that I1+VR,(z) has kernel {0} on B, so it is 
invertible in L(B, B) by the Fredholm theory. Hence 


R(z)u=R,(z)(I+VR,(z))~'ueBP,,  ueB. 
In the relation 
(P—z)f=(Po—-z)f+Vf feBz,, 
we can now replace f by R(z)u, ueB, and obtain 
us=(P, —z) R(z)u+ VR(z) u. 
Since Imz+0 we have R,(z)(P) —z)=identity on ¥’, hence 
R,(z)u=R(z)u+R,(z)VR(z)u, ueB. 
We shall now prove the existence of the wave operators introduced 
in (14.3). 
Theorem 14.4.6. If V is a symmetric short range perturbation of Py, then 
(14.4.8) W.u= lim e*#e-"#oy ye 17(1R"), 


ao t~ £00 
exist and are isometric operators intertwining the closures H and H, of 
P and P,. 


Proof Since e'™# e-'"¥o is unitary, the existence and isometry of the 
limits W, follows if we prove the existence for u in a dense subset of 
VL. If ue¥, then e~#°y is a C™ function of t with values in ¥, which 
proves the existence of the derivative 


Caan ; ; ‘ : ; 
alee u)=e"" (iH —iH,)e7 Fo usi ett Ve7tHo y 
t 
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in L?. The limits (14.4.8) exist if the norm is integrable, that is, 


(14.4.9) J [Verte ull dr<oo. 


It}> 4 
This will be proved when 
weCe(Q), 2={F; dPo()+ 0}. 


This condition guarantees that there are positive numbers r and R 


such that 
r<(P(ZI<R if Gesuppa. 


We shall now estimate 
e 7 ito w= On) tl eae oy a(é)dé 
by means of Theorem 7.7.1. To do so we observe that we have 
uniform bounds for the ¢ derivatives of (<x, €> —1P,(Q)A|x|+\t) when 
& is near suppw. If |x|<rzr or |x|>Rt we also have a fixed lower 
bound for the differential in a neighborhood of supp w. Hence 
(14.4.10) je~*¥o u(x) SCy(ixl + [el 
N=1,2,...;|x/<rt or |x|>Re. 

Now choose yeCPUR"~ 0) equal to 1 when r<|xl <R and equal to 

Q when |x|<r/2 or [xj >2R. Set 


u(x) = x(x/t)e"Feu(x), v(x) =(1— x(x/t)) e7¥° u(x). 
v(x) and its derivatives can then be estimated by any negative power of 
(|x| +|t}) so 


Veh S Ve, lg SClo, ig, SCylel-* 


lng, 
for any N. For every Q(D) we have 
Q(D)u, => 27! D* y(x/te"¥° QD) u/a!, 
and since rt/2<|x|S2Rt in the support it follows that 
|Q(D) u, | ge Ct-* ]O(D) u, | p2SC't7*. 
(Our constants depend on wu of course.) From (14.4.5)’ we now obtain 


t? |Vullz2 SC, (Vu, llpsCt7? 3 R,M,. 
r[t|/4< Ry <4RIr} 
Hence 
4Rj/r 
{ |Vu,lp2dtS)CR;M, | dt/t=C ) R;M,<o. 
It) >1 R;/4R 
This completes the proof of (14.4.9) and the existence of wave oper- 
ators. 


i) 
a 
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The intertwining property 
(14.4.11) eH W. = W. eH seR, 


follows immediately if we replace tr by s+r in the definition of W,. 
The proof of the theorem is therefore complete. 


(14.4.11) means that H is the direct sum of an operator unitarily 
equivalent with H, in the range of W, and a self-adjoint operator in 
the orthogonal complement. In Section 14.6 we shall prove that W, 
and W_ have the same range and that on the orthogonal complement 
the spectrum of H is discrete except at Z(Po). This will show that the 
scattering operator 

S=Ws W_=Wr'W_ 


is @ unitary operator commuting with H,. The equation Su_=u, 
means that the solution of the perturbed time dependent “Schrédinger 
equation” 

iévjot=Hv 
with v(0)=W_u_=W,u., is asymptotic to the solution e~*#°u_ of 
the unperturbed equation at — oo and the solution e~"¥°u, at +0. 
Thus S describes the asymptotic effects of the perturbation. 

We shall end this section by a very elementary example which 
shows why the short range condition has been so important. Let P,(D) 
=D on R and let V be a smooth real valued function. Then D+V 
with domain C% is essentially self-adjoint; the closure H is 


H=e-* He, 
if F is a primitive function of V. Hence 
eth =e iF eitHo ef. eitHo u(x) =u(x +2). 
it follows that 
etl e7itHo u(x) = e7FO eiFe+ u(x). 
If V is integrable we obtain 
Ww. u(x) = ef FCS 00) — FR) yx) 


where F(x)—F(+00) is the primitive function of V which tends to 0 at 
too. We have S=exp(—ij Vdx). It is clear that these operators will 
R 


not exist under much weaker conditions than integrability of V. How- 


ever. i F : . 7 
lim ett eto -iF() = etx) 


ta t0 
if V-+0 at oo, and this will be the starting point for the definition of 
modified wave operators in Chapter XXX. 
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14.5. The Boundary Values of the Resolvent 
and the Point Spectrum 


Throughout the section we assume that P, is real and simply charac- 
teristic, A(P,)= {0}, and that V(x, D) is a symmetric short range per- 
turbation of P,. By R,(z) we denote the resolvent of P, which is 
continuous from B to BF, if zeC=~Z(P,). It is weak* continuous as 
a function of z. When Imz+0 the resolvent R(z) of P is expressed in 
terms of (14.4.1)’ as an operator from B to Bf,. This was verified after 
the proof of Lemma 14.4.5. We shall now examine the limit of (14.4.1) 
when z approaches a real value. 


Lemma 14.5.1. If feB then 
z->VR,(z) feB 
is a continuous function of zeC*~Z(P)) or zeC- \ Z(P,). If K is a 
compact subset of C= ~ Z(Pp) then 
{VRo(2)f | fllpS1, zeK} 


is precompact in B. 


Proof. By Theorem 14.3.2 we know that 
{Ro(2)f; I fips, zeK} 


is bounded in Bf, so the last statement is obvious. If (~3z, > z€Z(Po) 
and if fe¢B, we know that R,(z,)f— R,(z)f in /’, and the sequence is 
bounded in BE,. Hence Lemma 14.4.3 gives 


IV Ro{z,)f—-VRolZ) f lz > 9 
as claimed. 

In particular Lemma 14.5.1 shows that VR,(A+i0) is a compact 
operator in B if AeIR\Z(P,). As a first step towards the extension of 
(14.4.1) we shall now study the null space of 1+VR,(A+i0). Assume 
that feB and that for example 


f+ VR (A+i0) f =0. 
If we set u=R,(4+i0)f then weB¥,, (P,(D)—A)u= f= —Vu, thus 
(14.5.1) (P)(D)—A+V)u=0. 


By Definition 14.3.5 we know that u is 4-outgoing. However, (u, Vu) 1s 
real by (14.4.7) so it follows from Corollary 14.3.9 that u is also A- 
incoming, thus f/+VR,(4—i0) f =0. 
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Theorem 14.5.2. If A¢IR\Z(P)) and ueBF, is a solution of (14.5.1) 
which is both +-incoming and j-outgoing, then u is rapidly decreasing, 
(14.5.2)  [(L+4|x|?)¥|[P@(D)ul?dx<oo for all N and «, 


and (H—/)u=0. The set A of all 4EIR~Z(P,) for which (14.5.1) has a 
solution +0 satisfying (14.5.2) is discrete in R~ Z(P)), and for A4€A the 
dimension of the space of solutions of (14.5.1) satisfying (14.5.2) is 
finite. 


Proof. With a fixed positive integer N and some ¢¢(0,1) which will 
later tend to 0 we set 
u(gp=1+o%(l+et)-*, 120. 
This is a bounded function, and since 
w(D/LO= NAL +)—e(l+eny=NI (+o +e) 


we have 
0<(14+9OW(O<Ny,(). 


Set fi,(x)=p,(|x]) and 

U, =) lt, )ul| pe 
which is finite since fi, is bounded. By Theorem 14.3.7 
(14.5.3) U.S Clit, Vullp. 


With the notation used in Theorem 14.4.2 we have as in the proof of 
(14.4.5) 


Vullpay ye UR; *u A(R a *(M;_ ,+M,+M,, 1). 
For any 6>0 we have 
x R,(M;_,+M; +M;.1) <)4R,;M,<6 if J>J(6). 
i; 


Hence 
J(6) 


|i. VulipS > w(R)R? |Vuilpy SOC U, +h Hol (RJR? |Vullaaxy- 


If we combine this estimate with (14.5.3) and choose 6 so small that 
dC C' <1/2, we obtain 


J 
U,/2EC > Ho(R)R; ! Vull rx) 
1 


Letting «0 now we have proved that U,<oo. This proves (14.5.2) 
with N replaced by N—1. 
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If P®(D)jveLl? for every x then v is in the domain of H and 
Hv=(P,(D)4+ V(x, D))v, for Py(D)+V(x,D) is symmetric with this 
domain. Hence u is in the domain of H and (H —/)u=0. 

For fixed 4€A the space of solutions ue BF, of the equation 


ut+Ro(4+i0)Vu=0 


is finite dimensional since Rp(A+i0)V is compact in BE,. To prove the 
discreteness of A we assume that for some 1¢Z(P,) there is a sequence 
A;€A, 4,4, such that 4; 4. Choose u,eBe, with norm 1 so that u, 
+Ro(4;+10) Vu;=0. The proof of (14.5.2) gives a uniform bound 


(14.5.2) al 1+|x|?)*|PS?(D)u,|? dx S Cy. 
If eC then ||P, (D)(xu,)i SC, |lu; Bp =C,, so it follows from Theo- 
rem 10.3.7 and Proposition 10.2.9 that’ XU; has a subsequence converg- 


ing in 17. Hence u; has a subsequence which has a limit u in L. Since 
Hu;=2;u; we have Hu=du, so u is orthogonal to u,, hence 


(u, u)=lim (u,, u) =0. 
By Lemma 14.4.3 it follows that ||Vu,||, + 0, so 
IRo4j; +10) Villy, — 0, 
which is a contradiction since ||u,/ ap ol. The proof is complete. 


We can now discuss the boundary values of R(z) by applying the 
following well known result from Fredholm theory: 


Lemma 14.5.3. Let K be any compact metrizable space and let 
Kaz — T(zjeL(B, B), 


where B is any Banach space, be a strongly continuous family of 
operators which is uniformly compact, that is, assume that 


{T(2)u; llullpS1, zeK} 
is precompact in B. Then K,={zeK;I+ T(z) is not invertible} is com- 
pact, and z > (I+T{(z))~* is strongly continuous when ze¢K~ Ky. 


Proof. Assume that K3z,> 2 and that for some u,¢B with |lu;|=1 we 
have 
U+T(z))uj,=f, > 9. 


The sequence T(z,)u, has a convergent subsequence so u, has one. If u 
is a limit we obtain (1+ T(z))u=0 and |lu||=1, so z¢K,. Hence Kg is 
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closed and ([+T(z))~? has locally bounded norm in K\ Kg. If 
z,;72¢K, and (I+T(z,))u,=f then the sequence u, is bounded, hence 

T(z)u, is precompact so u, is precompact. If u is a limit then ( 
+T()u=f thus u=(+TG (z))" +f. Hence (I+ T(z,))- *f—> UI + T(z)" *f 
which proves the lemma. 


Theorem 14.5.4. The map z > (I+VR,(z))"'feB is a continuous func- 
tion of zeC=~(Z(P))U A) if feB. (A was defined in Theorem 14.5.2.) 


Proof. This is an immediate consequence of Lemmas 14.5.1 and 14.5.3 
together with the interpretation of A given in Theorem 14.5.2. 


We shall now identify the solutions of (14.5.1) with the eigenfunc- 
tions of H in L’. 


Theorem 14.5.5. Let ,4c¢IR~Z(P,). If f,,...,f, is @ basis for the so- 
lutions in B of the equation (I+ ve o(A +10) f =0, then u;=Ro(A+i0) f; 
satisfy (14.5.2) and are a basis for he solutions in L? of the equation 
(H —7)u=0. Moreover, the equation 


(14.5.4) (I+VR,(4+ 10) f =geB 
has a solution feB if and only if 
(14.5.5) (g,u)=0, jel,...,r. 


Proof. That u, satisfies (14.5.2) follows from Theorem 14.5.2. Next we 
prove that if f€B and (14.5.4) is valid, then 


(14.5.5y (g,u)=0 if uel? and (H—A)u=0. 
To do so we set v= R,(A+i0) fe BF, and obtain 
(P)(D)—A)v+Vo=z. 


Let yECF(IR") be equal to 1 in {x;|x|<1/2} and have support in the 
unit ball. Set y,(x)=y(x/R,) with R, defined by (14.1.2). Then 


v= x, (xv) 


has compact support, and P(D)v,¢L? for every «. As observed in the 
proof of Theorem 14.5.2 this implies that v, is in the domain of H, and 


(H —A)v,=7,8 +L P(D), z,]et+Vi,-—% Vu 
where 
[P,(D), x,Jo= Y (D*x)(x/R,) Ry |! PS? (D)e. 


ao 
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Since veBZ, and the support is in X,, the factors R;'*! guarantee that 
this commutator tends to 0 in ? when v oo. In addition Vz,v > Vo 
in 7 by Lemma 14.4.3. Hence 
0=(u, (H—4)v,) > &, g 

which proves (14.5.5). By Theorem 14.5.2 u, is in the domain of H 
and (H —A)u,=0, so g is in particular orthogonal to u,,...,u,. By the 
Fredholm alternative the equation (14.5.4) can be solved for all g ina 
space of codimension r. Hence it follows that u is a linear com- 
bination of u,,...,u,, and that (14.5.4) can be solved if and only if 
(14.5.5) is fulfilled. The proof is complete. 


Combining Theorems 14.5.2 and 14.5.5 we have proved 


Corollary 14.5.6. In R\Z(P,) the point spectrum is discrete and of 
finite multiplicity. The eigenfunctions satisfy (14.5.2). 


14.6. The Distorted Fourier Transforms 
and the Continuous Spectrum 


Theorem 14.5.4 enables us to determine the spectrum of the closure H 
of P,(D)+V(x,D) outside the closed countable set A=Z (PUA. We 
shall see that it is absolutely continuous and equivalent to the unper- 
turbed operator H,. The argument starts from the following general 
fact. 


Lemma 14.6.1. If ~€C,(IR) and dE, is the spectral measure of H, then 


(14.6.1) [xA@E, FS) 
= lim +1/n {x4 Im(R(A+ie) f, f)ds, fel. 
10) 


ea > 


Proof. By the spectral theorem the right-hand side is the limit of 
t1/nff yA) Im(t—A Fis)“ 1 (dE, fF fy 
=| (dE, ff) {z(t+es)ds(n(1 +57). 


The last integral converges uniformly to x(t), which proves the lemma. 


When Ansuppy=@ and SB, it follows from Theorem 14.5.4 and 
(14.6.1) that 


(14.6.1) JxAQ@E,F A= t/a J x4) Im(RELIO) Ff fdZ. 
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By (14.4.1), which was justified after Lemma 14.4.5, we have 


R(A+i0) f =Ro(A+i0) fy x i0 
where 


(14.6.2) f,=(1+ VR) 'f 
is a continuous function of zeC*~ A with values in B. Since 
F=fiziot VRoALION Sz si0 
it follows from (14.4.7) and Corollary 14.3.10 that 
2Im(RALO)F f)=2Im(Ro(A+10) f, x10 frzio) 
= (27)! “ted reroll? aSAP(OL  feB. 


Here M,={¢; P,(€)= 7}. Hence 


(14.6.1)" | xAE, SS) 
=(2n)-"Jx@)dd J WfesiolElP ASAP).  feB. 
Ms 
Letting 7 increase to the characteristic function of R~ A we find that 
the equality remains valid for this choice of xy. Note that dé 
=didS/\P5(2). 

The proof of (14.6.1)” shows that the inner integral is a continuous 
function of 4. However, since f,.;9 is only defined almost everywhere 
in M, we have to be somewhat careful about nullsets when consider- 
ing Fro xio(): 


Lemma 14.6.2. If feB there exist measurable functions Ff in R" such 
that for every JEIRNA we have Fi f(Q=fi2iol® for almost every 
€e€M, with respect to the surface measure. F, f are uniquely defined 
almost everywhere with respect to Lebesgue measure in IR". 


Proof. The last statement follows from Fubini’s theorem (recall that 
P,-* A is of measure 0). For every 4¢A we can choose g/ with g1eC® and 


(14.6.3) [Gogo eile se, 


for F~' C& is dense in B. Since f,,;, is a continuous function of 4 we 
can take gi locally independent of 4. Piecing together such choices by 
a sufficiently fine partition of unity in 2 we can make $ continuous 


with respect to 4 also. By (14.3.6) it follows from (14.6.3) that 
(14.6.3) | fixil- BOP ASOSCH2~ 
Ma 
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where C(J) is locally bounded in R~ A. Taking P,(¢) as a local 
coordinate we conclude that if K cCIR"\ P51 A is compact then 


{ WBrccl) Brel? AES Cy2~! 


SpoalS 


Hence F, f(€)=lim Boo) exists almost everywhere in IR”. We define 
F, f(€)=0 when Py(¢jeA or the limit does not exist. Then F, f is 
measurable and (14.6.3) shows that f,,,.(€)=F. f{€) almost every- 
where in M,. 
Definition 14.6.3. If fe¢B then the L’ functions defined by 
Fy f(Q)=FU+VRo(4 £10)" *F(2) 

almost everywhere in M, are called the distorted Fourier transforms 
of f. 

From now on we shall use the notation 


(14.6.4) E*={dE,, E‘= [ dE,. 
A 


RvA 


E*P? is spanned by L’ eigenfunctions of H since A is countable. From 
Corollary 14.5.6 we know that the restriction of H to E°L’ has a 
continuous spectrum. We shall now prove that it is absolutely con- 
tinuous. 


Theorem 14.6.4. For all feB we have 
(14.6.5) JES \2.=Qn)-" {IF fl? a6. 


Thus the maps fF, f can be extended to isometric maps from E°L? to 
L?(dé/(2n)") which vanish on E*L?. They intertwine H and the operator 
P,)=FH,F-' defined by multiplication with P,, 


(14.6.6) FietH=etlor teR. 


Proof. (14.6.5) is the limit of (14.6.1)” when yT1 in ae Next we prove 
(14.6.7) FLAfHPoFef fee. 
To do so we note that (H—2)f =(H,—A)f+VfeB, thus 
(H-A)f=U+VR LOH AL AZ (Py), 
(H~ANsi0=(Ho-DL 4A. 
Taking Fourier transforms we obtain 


P(H-AS(O=(P(Z)-AA/(O=0 when Po(Z)= 
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which proves (14.6.7). For arbitrary f in the domain of H we can 
choose a sequence f,¢¥ such that f, >, Hf, > Hf in L’. Then 


POF. f,= FH, > Fi HS 


so F, f is in the domain of P, and P,)F, f=F.Hf 
Now consider 
g(t)h=e POF, etl f 


where f is in the domain of H. Then e*"f is in the domain of H so 
F, ef is in the domain of P,. Hence differentiation gives 


g (t\)=e"*Poi(F, H-P,F)e"* f =0 
so g(t}=g(0)=F, f This proves (14.6.6). 


Since P, has absolutely continuous spectrum it follows from Theo- 
rem 14.6.4 that the restriction of H to EL? is absolutely continuous. 
We shall now prove that it is unitarily equivalent to H, and at the 
same time show that the range of the wave operators defined in 
Theorem 14.4.6 is equal to E°L’. 


Theorem 14.6.5. W. and F. are unitary operators L?(dx) > E‘L?(dx) 
and E‘L?(dx) > L?(dE/(22)") with composition equal to the Fourier 
transformation F. Thus the scattering operator S=W*W_ is a unitary 
operator in 1? (dx). 


Proof. Let us sum up in a diagram the isometric operators we have 
introduced and the self-adjoint operators intertwined by them: 


Po 
L? (dE (22)") 
(14.6.8) Ps F 
H Ho 
E‘L? (dx) —_—_ (dx) 


(That the range of W, is contained in E‘L’ follows from the fact that 
H, has no square integrable eigenfunction.) Since F is surjective the 
other isometric maps must also be surjective if the diagram commutes, 
as we shall now prove. Take fe¥Y so that feC% and Pj(é)+0 in 
suppf Then we know from the proof of Theorem 14.4.6 that for 
example 


0 
W_f=f- J tive *#ofdr 
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where the integral is absolutely convergent in L?. Since F_ is con- 
tinuous it follows if we use the intertwining property (14.6.6) that 


0 
FLW f=F f= [ eer (ive "*of)de 


0 5 e 
=F_f-lim [ et*#PoF (iVe~®*¥of\dt. 


£—- +0 _o9 


When P,(¢)= the integral here is equal to 


ie} 
F_ f et iVe-*4ofdt= —F_V(Hy+ise—A)" if 


for the integral is absolutely convergent in B. Hence 
F_W_f(Q)=F_U+VR,4-i)f(O=f/() if Po(Q=4, 


in view of Lemma 14.5.1, which proves the commutativity of one of 
the diagrams. For the other sign the proof is of course the same. 


We can sum up our conclusions as follows: L? = E‘L? @ E*L? where 
E*L? is spanned by the eigenvectors of H and the restriction of H to 
E‘[? is unitarily equivalent to the unperturbed operator Hy. In fact, 
both W, and W_ give such a unitary equivalence so the scattering 
operator S=W*W_ commutes with Hy. We shall study its properties 
further which is motivated by the physical interpretation indicated in 
Section 14.4. To do so it is preferable to consider the Fourier trans- 
form (momentum space representation) 


FSF =EWo4 WF SF FE? 


which commutes with P,. Hence it commutes with multiplication by 
the characteristic function of the sets {€¢;a<P,(€)<b} and induces a 
unitary operator in the corresponding JL? spaces. Now dé 
=dSdt/|P5(¢), if t= P(g) and dS is the area element on M,, so it is 
natural to expect that FSF-* even induces a unitary operator in 
D(M,, dS/|P;|). We shall prove this by comparing the 4-incoming and 
A-outgoing representations of solutions of the equation (P —/)u=0. 


Lemma 14.6.6. If ueBt,, 2¢Z(P,) and (P)(D) + V—A)u=0, then 


(14.6.9) u=u,—R,(AFi10)Vu, 
ti,=v,6(Py—A)=v,dS/\Py, v.eL?(M,, dS), 
(14.6.10) f (lel? -le_|?)dS/1Po|=0. 
M. 


A 


If 2€A then 
(14.6.11) (FL fai j=(F_fai_j=2ny"(fu) if feb. 
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Proof. Since (P)(D)—7)u= ~ VueB, the decomposition (14.6.9) follows 
from Theorem 14.3.8, and (14.6.10) is a consequence of (14.3.14) since 


Im (u, Vu) =0 
by (14.4.7). With the notation (14.6.2) we have 
(Fi £Az)=(27)"(fsio. Uz) 
because F,. f = f,+;9 on M,. Since 
(Fzzios I+ Ro(4 Fi0)V)u)=(I+ VRoALI0) f,210.H=(F ¥) 


this proves (14.6.11). (This computation is the reason for the choice of 
signs in Theorem 14.3.8.) 


In view of (14.6.11) it is natural to expect that FSF~!=F, F7! 
induces the unitary map v_—v., in L?(M,, dS/|P5\). However, so far 
we have only proved that this is a partial isometry. To study the 
domain and the range we note that (14.6.9) can be considered as an 
equation for u 

(I+R,(AFi0)Vu=u, 
where R,(A+i0)V is a compact operator in BZ; when (P,—A)u, =0 it 
implies (Py + V—A)u=0. 


Lemma 14.6.7. For any 4ER~Z(P,) the kernel N, of J+Ro(4Fi0)V) 
as an operator in BF, consists of all ueéB}, satisfying the equation (P,(D) 
—V—j)u=0 which are both j-outgoing and j-incoming. The range is 
the orthogonal space of (P,(D)—A)N, =VN, cB. 


Proof. If ueN, we obtain (P,(D)+ V—A)u=0 if we apply Py(D)—A to 
the equation 
(+R (AFiO)V)u=0. 

With the notation in Lemma 14.6.6 we have u, =0, hence also uz =0 
by (14.6.10) so u is both A-outgoing and /-incoming. Conversely, if 
(Po(D)+V—ZA)u=0 and u is both 4-outgoing and /-incoming, then 
u=Ro(Ati0)(P,(D)—Au=—R,4ti0)Vu for both choices of sign. 
Note that V is injective on N, by this formula. In view of the Fred- 
holm alternative it just remains to show that 


(I+R ALiI0O)V)u,v)=0 if ueBF, and veVN,. 


Since veB the scalar product is equal to (u,(I+VR)(2+i0))v), and if v 
= Vw, weN,, then 


(+ VR,(4510))v=(1+VR (45 i0)) Vw =Vw—Vw=0. 


The lemma is proved. 


14.6. The Distorted Fourier Transforms and the Continuous Spectrum 261 


We are now ready for the main result on the structure of the 
scattering operator. 


Theorem 14.6.8. For every 4EIR™~ Z(P,) we set 
u=u.~R(AFiI0)Vu 
when u€B}, satisfies the equation (P)+ V~/)u=0. Then 


i, =v,6(Py—4) where v,€L?(M,, dS). 
The map 
vo, 
is a continuous bijection of L?(M,, dS) which extends by continuity to a 
unitary map X, in L?(M,, dS/\P;}) and can be extended to a continuous 
bijection in L?(M,,daS/|P5\*) for every xe[0,2]. In all these spaces 
I—Z, is compact. The scattering operator S is defined by 2, through 


(14.6.12) (FSF~")fly.=2,f ly, f¢l?(R") 


for almost all 2. One calls 2, the scattering matrix for the energy 2. 


Proof. Given i, =v, 6(P)—A4) where v, €L?(M,, dS) we first prove that 
the equation 
(+R (4—-i0)V)u=u, 


has a solution ue B},. Since u, €B}, it follows from Lemma 14.6.7 that 
we only have to verify that 


(14.6.13) (u,,VU)=0 if UeN,. 


But since (P,(D)—4)U=—VU and U is both incoming and outgoing 
we know that VU=0 on M, (cf. Theorem 14.3.6). This proves 
(14.6.13). Since u_ can be discussed in the same way we have now 
found that 2,: v_>v, is a bijection on L?(M,,dS). Next we prove 
that 2,—I is compact there. To do so we note that 

(2,—-Dv_=v,—-v a, ~a_=(v, —v_)d(P)—A), 


a _? + 


where 
u_—u_=(Ry4—-10)V—R (A+i0)\V)u, U+R,(A+i0Vu=u_. 


Since u_ lies in the range of 1+R,(4+i0)V, which is a Fredholm 
operator, we can choose u as a continuous linear function of u_ in the 
norm of B,, so u_—u,—u_é€B?, is compact. But the Bf, norm on 
u_ (or u, —u_) is equivalent to the L? norm on M, of v_ (or v, —v_) 
(Theorem 14.3.3). Hence ©,—I is compact in L’(M,). The other con- 
tinulty statements on 2, will follow from Lemma 14.6.9 below. 
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To prove (14.6.12) we write (14.6.11) in the form 
(F flags 220), =F Says 0_)a v_€L?(M,), feB, 4€4, 


where the scalar product is taken with respect to the measure dS/|P5| 
on M,. Since 2, is unitary for this scalar product and F. feL’(M,), it 
follows that 


(F Alu, =2,04F A u,- 


Thus we have proved (14.6.12) for the dense subset F_B of L’, and 
(14.6.12) follows in general by continuity. 
What remains is just to prove the following lemma. 


Lemma 14.6.9. Let a be a positive bounded continuous function on a 
locally compact space M with a positive measure du. Assume that T is 
compact in L?(dyu) and that 


(14.6.14) (f+ TfPadu=[ifadp, fel?(dp). 


Then it follows that T can be extended to a compact operator in 
D(a dp) for 0SKS2 and that I1+T is bijective in all these spaces. 


Proof. It follows from (14.6.14) that f+ Tf +0 if 0+ fel? (dy), so I1+T 
has an inverse J/+S in L?(dy) with S compact in L’(dy). Polarization 
of (14.6.14) gives the identity 


{(f+Thlg+Tg)adu=| fgadu; f gel? (dp). 


If g is replaced by ([+S)g we can rewrite it in the form 


[Tfgadu=f fSgadu; f, geV?(dy). 


Now the spaces L?7(du) and L?(a*dy) are dual with respect to the scalar 
product j fZady, and the adjoint of S in L?(a?dy) is then an extension 
of T. Thus T extends to a compact operator in L*(a?dy). If the norm 
of T in L?(dy) and L?(a*dy) is denoted by N, and N,, then the norm 
in L?(a**dy) is at most Nd~*N%. This is another case of the Riesz- 
Thorin interpolation theorem (cf. Theorem 7.1.12). The hypothesis 
means that 


(14.6.15) |Ny*Ng-?(T(fa-*)ga@duls1 if Rez=0 or Rez= 
provided that f vanishes when a is small and that 
f\fP?du=Jigl?du=1. 


In the left-hand side of (14.6.15) we then have a bounded analytic 
function of z when 0S Rez<1, so the Phragmén-Lindel6f theorem 
shows that the inequality (146.15) remains valid when 0OSRezS1. 
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When z=x we obtain 
i TFGdulSN5No-* if {FP a**du sl, fIGPa-**dust 


and F, G vanish for small a Hence the norm of T in L?(a?*dy) is at 
most equal to N¥N57*. 

Let x; be the multiplication operator by the characteristic function 
of the set where a>1/j. Then 7,1 strongly as j->0. Since T is 
compact it follows that |7,;T—T pana, 79 as joo if k=0 or 2. 
Taking adjoints we obtain the same conclusion for Ty,—T, hence for 
4;T4;-T=7,(T7,-T)+z,T-T. From the logarithmic convexity of 
norms proved above it follows that the norm of 7,Ty;—T in L(a* du) 
tends to 0 when jc for every xe[0,2]. But 7,Ty, is obviously 
compact in L?(a“*du) when 0SxS2 for all the 7(a*dy) norms are 
equivalent in the range of 7,. This completes the proof of the lemma. 


Example 14.6.10. It is instructive to make Theorem 14.6.8 explicit in 
the very elementary case of the second order differential operator 
Pus —u’+Vu=D*ut+Vu 


where Vel? é’. When Imz+0 the operator R,(z) is then convo- 
lution with the fundamental solution E.(xy=(/2Y z) exp (i Ixt7/ 2) of D? 
—z, where J/z is chosen in the upper half plane. If now —u”+Vu~—Au 
=Q and A>0 we have 


u(x) = ct eiXVa Cr en ixVi x>0, 
u(xj=Cr eV 4 Cre BVA, x <0, 
where J/ 2 is the positive square root. With z=A+ie we have 
R,(z)Vu=R,(z)(u" + 4u) = —u—ieR,(z)u, 
~igRo(z)u(x)=e/2/z ( elF IVE u(y) dy, 
~ 
For large y>0 the integrand is 
e BVE(Ct ein Vi+ Veg Cz ei'Vs VA), 
The integral of the first term is bounded as ¢ ++0, and since 
eif2Vz(/z-Y a1, 2>+0, 
we obtain after discussing large negative y in the same way 


Ro(A+i0)Vu= —ut Crem PY 4 Ct ee, 
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Thus 
“=e en ixva ct eixvh 
om + _ 5 
A similar calculation gives 
uo=Cr en ixVA ct gixV 


so the scattering matrix maps (C7, C*) to (C~, Cz). The unitarity is 
equivalent to 
iCzP?—[C{P=|CtP—IC_P 


which also follows directly from the fact that the Wronski deter- 
minant of u and @ is a constant. If (C7, C*) is an eigenvector of the 
scattering matrix with eigenvalue e'®, thus Ct =e’C*, Cz =e" Cz 
then u has the same form at +00 as at —oo but with x replaced by 
xt O/V 2. The effect of the perturbation V is thus at infinity only a phase 


shift by 0. 


14.7. Absence of Embedded Eigenvalues 


Theorem 14.6.5 shows that the perturbed operator H is unitarily 
equivalent to the direct sum of the unperturbed operator Hy and an 
operator with pure point spectrum accumulating only at the critical 
values Z(Py) of Py. In this section we shall supplement this infor- 
mation by proving that for second order operators the point spectrum 
must usually lie outside the continuous spectrum except at Z(P)). We 
begin with the elliptic case. 


Proposition 14.7.1. If d=). G7 is the Laplace operator in R” and 2>0, 
t>0, then 


(14.7.1) 2At | lul?|x|'dx<f (4+A)ul*|xl?**dx, ueCP(R*~ {0}). 


Proof. We shall introduce polar coordinates r= |x| and @=x/|x/eS"—}. 
Note that 6/@xj=@,6/er+r-*Q, where Q, is a vector field on grok 
and 

¥@,2;=0, YQ.,=r> éw,/éx;=n-1. 
Hence 


4=) (@,é/6r+r-'Q) =6? er? +(n—Ur- GE /értr-7 4, 


where As=> QF is the Laplace-Beltrami operator on the unit sphere. 
With r=e' we have @/ér=e-'2/ét, 67/@r? =e" *"(67/ét? ~6/6t), hence 


A+Aa=e~*(62/6t? +(n—2)G/et+ 4, + Ae’). 
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The integral on the right-hand side of (14.7.1) is therefore equal to 
M= ff \(6?/et?+(m—2)e/Et+ At ie*)ulreer"- dtd. 


Jol=t 


To remove the exponential we set 


vit, o)=e"ule@), 2a=t+n—2, 
and note that 


(a/6t—a)? +(n~2)(6/6t — a) = 62/8? — 10/60 + (x2 —(n—2)?)/4. 
With the notation 
Ly =67/6t? +(c? —(n—2)*)/4+4,+4e", L,=—-té/ét 
we now obtain with L’ norms 
M=|L,v+L,0|? =||L, 0]? + |Lavl? +((L,, L2}e, ») 


since L, is symmetric and L, is skew symmetric. Now (14.7.1) follows 
since 
[Ly b,|=24re"* 


and |le'u|?={ |u|? |x\"dx. The proof is complete. 

Before proceeding we note that (14.7.1) is valid for every 
uéé’ (R"~ {03) such that (4+A)ueL’. This follows at once if we apply 
(14.7.1) to regularizations of u. 


Proposition 14.7.1 leads immediately to a uniqueness theorem: 


Theorem 14.7.2. Assume that u is a solution of the equation 


(4+4+V)u=0 
where A>0 and V is multiplication by a function V(x) satisfying 
(14.7.2) V(x) S C/xI. 


If (+|xl}D*ueLl? for all t when |a|S1, it follows that u=0. 


Proof. Choose yeC? so that y(x)=1 when |x|<1 and y(x)=0 when 
|x| >2, and set with r small and R large 


U, R(X) =Z(x/R)u,(x), u(x) =(1 — z(x/r)) u(x). 
if 2r<R we have 


(4+A)u, p—(./RYM4+A)u;SC/R S |D*ul 


lal $4 
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and the left hand side vanishes when |x|<R. If we apply (14.7.1) to 
u, p and let Ro it follows that 
2At | fu,|?|xFdx Sf (4 + Au, |? |x|? **dx 
$2 [ |Vu,|?|x|?**dx+C, (27)? 
if 27 <1. Combining this estimate with (14.7.2) we obtain 
2(At— C*) fu, |? |x|Fdx SC, (27)-?. 


Letting t +00 we conclude that u=0 when |x|>27, and since r is any 
small positive number this completes the proof. 


Recall that by Theorems 14.5.2 and 14.5.5 the hypotheses on u in 
Theorem 14.7.2 are fulfilled if V is a short range perturbation of 4 
and uel?, (H+/)u=0 where H is the self adjoint closure of 4+V. 
Thus no eigenvalues are embedded in the continuous spectrum of H if 
V is a short range perturbation satisfying (14.7.2). Similar conclusions 
can be drawn from the following results in the non-elliptic case. 

As in Section 6.2 we now denote by B and A two dual quadratic 
forms and consider the differential operator B(¢)= — B(D) in the cone 
defined by 4>0. We assume now that A is indefinite so this is not an 
empty set. We can introduce polar coordinates corresponding to A, 


r=A(x)*, w=x/r, thus A(o)=1. 
For the sake of simplicity let A(x)=). a,x7. Then 
2rér/éx,=0A(x)/Ox,;=2a;x, 
which proves that 
G/éx,=a,0,6/6r+r-*Q, 
where 22, is a vector field in the hyperboloid A(x)=1. We have 
¥0,2;=0, YQe=r> 6w,/éxj=n—1 
since } a,w? =1 and } x,8/éx,=ré/ér. With b,=1/a, we obtain 
B(6)=> b(a,w,6/ér+r-* OY 
=) a,w? 6? /ér? +r-? Y b,Q? + (n—I)r7 *G/ér. 
Thus we have as before 
B(é)=67/ér?+(n—M)r-'G/ér+r-7 A, 


where 4;=5)b,Q? is the Laplace-Beltrami operator in the hyper- 
boloid A(@)=1. It is symmetric with respect to the natural density dw 
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such that dx=r"-'drdw. Now the proof of (14.7.1) gives with no 
change 

Proposition 14.7.3. If ueCh({x; A(x) >0}) then 

(14.7.3) 2At | |ul?Av?dx<[\(B(e)+ Auli? Att? dx, 1>0, A4>0. 


Again the estimate leads to a uniqueness theorem. 


Theorem 14.7.4. Let B be an indefinite non-singular real quadratic form 
with dual form A, and let u be a solution of the equation 


(B(2)+4+V)u=0 


where ,EIR~ {0} and V is just multiplication by a function V(x) such 
that 


(14.7.4) Vx] CUAQQ +1 +] x)7#. 
If Q+\|x))'DtueL? for all ¢ when |a|S1 it follows that u=0. 


Proof. Changing the signs of B and V if necessary we can assume that 
2>0. Let weC*(IR) be equal to 1 in (2, 00) and 0 in (— 0, 1) and set 

uy R(X)=xX(x/R)u(x), — u,(x) = W(A(x)/r)u(x) 
where r is small, R is large and yeCP({x; |x|<2}), z(x)=1 when 
|x]|<1. As in the proof of Theorem 14.7.2 

(B@)+Au, g—-1(-/R\BO+AulSC/R YL |D*ul 
lajs1 
and the left-hand side vanishes when |x|<R. Furthermore 
(BA) +Au,+w(AVul SC Yo [Deux +1 x)?- 4/7? 
; lal $1 


and the left-hand side vanishes except when r<A<2r. We can apply 
(14.7.3) tou,» and conclude when R — 00 that (14.7.3) is also valid for 
u,. Thus we have when 2r<1 


2LT f ju, |? Av ?2dx <2 f \Vu,[2 Alt? 2dx4 C, (2r)@~ 9/2, 
The hypothesis (14.7.4) implies |A(x)||V(x)|? S C’, hence 
2(4t— C7) f ju,|? Av? dxs C, (2ry- 92, 


As before we conclude that u=0 when A(x)>2r, hence u=0 when 
A(x) >0. 

To complete the proof it suffices to observe that (14.7.4) implies 
that V(x)?.A4(x—y) is bounded for any fixed y. Placing the origin at y 
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we have therefore proved that u(x)=0 if A(x—y)>0, so u=0O every- 
where. The proof is complete. 


Notes 


The subject discussed in this chapter originates from a classical paper 
by Weyl [3]. He proved that for the Sturm-Liouville operator 
—d?/dx?+q on (0,0) with a self adjoint boundary condition at 0 
there is an elgenfunction expansion with eigenfunctions asymptotic to 
those of the unperturbed problem at oo apart from a phase shift, if ¢ 
is an integrable function. A natural extension to several variables 
was made possible by the introduction of the Meller wave operators 
(see Maller [1], Cook [1], Hack [1], Hormander [34], Jauch-Zinnes 
[1], Jérgens-Weidmann [1], Kuroda [1], Veseli¢-Weidmann [1, 2]). 
The asymptotic completeness of these operators, that is, the identity of 
the range with the (absolutely) continuous subspace was first estab- 
lished by Ikebe [1] for the Schrédinger equation in IR* with potential 
O(|x|-?7*) at infinity. The basic structure of his proof goes back to 
Povsner [1] and is still used here although the technicalities are quite 
different. (See also Friedrichs [4].) Singular eigenfunction expansions 
are avoided altogether since they require a rate of decrease of the 
perturbation at infinity which increases with the dimension. It was 
Agmon [2, 3] who showed how scattering theory could be carried out 
for general elliptic operators with perturbations O(\x|~1~°) at infinity. 
(The presence of an obstacle gives rise to a situation similar to that 
when the perturbing potential has compact support. However, it will 
not be considered here since we have not yet developed the basic 
theory of elliptic boundary problems.) Agmon-Hoérmander [1] devel- 
oped the technicalities required to study perturbations of the general 
operators called simply characteristic here. This chapter is a full 
development of those ideas combined with the methods of Agmon 
{3]. Fur further references to the literature and related results the 
reader should consult Reed-Simon [1]. Closely related results are due 
to Deié, Korotjaev and Jafaev [1]. 

The uniqueness theorem in Section 14.7 is essentially due to Kato 
[1]. A difference is that we just require the potential to be O(1/|x|) but 
that the solution is rapidly decreasing. This is natural in the appli- 
cation to scattering theory. However, there is a famous example due 
to von Neumann-Wigner [1] of a potential which is O(1/|x|) but 
for which there is an embedded eigenvalue. The proof used here 
follows that of Aronszajn [2] and Cordes [1] for the unique con- 
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tinuation theorem for solutions of second order elliptic operators. We 
shall return to it in Chapter XVII. Actually it is quite close to the 
proof of uniqueness for certain long range perturbations by Agmon, 
Kato and Simon as presented in Reed-Simon [1]. 

We have followed here the so called stationary method in scattering 
theory. There is also a time dependent method where one works with 
the operator i¢/ét+H instead of the operator H and its resolvent; we 
did so here only in connection with the wave operators. Recently 
Enss [1,2] has made this an attractive alternative to the stationary 
approach. However, the time dependent method does not seem to be 
applicable when P,() does not tend to oo at oo, which has decided in 
favor of the stationary approach here. 


Chapter XV. Analytic Function Theory 
and Differential Equations 


Summary 


If K is a compact convex set in IR” then the Paley-Wiener-Schwartz 
theorem describes the Fourier transform of C?(K) completely, including 
the topology. One can therefore transfer the study of the action of a 
constant coefficient partial differential operator P(D) on Cf (K) to the 
study of multiplication by P(g) on a space of entire analytic functions. 
However, to profit from this we need some technical tools. In particular, 
we want to be able to cut off an analytic function having the required 
bounds in a subset of €" and then modify it to an analytic function 
with the appropriate bounds in all of (". This requires that one can 
solve the Cauchy-Riemann system 


(15.1) GujézZ =f, j=Hl,...,n, 
when f; satisfies the necessary compatibility conditions 
(15.2) Cf, /02, —Cf,/6Z,=0. 


The solution u should have bounds of the same type as f. Such 
techniques will be developed in Section 15.1 with conditions on wu of 
the form 


(15.3) fluPe"*di<a 


where ds is the Lebesgue measure in €” and ¢@ is plurisubharmonic. 
Roughly speaking this means that 2log |u| is bounded by ¢, so assum- 
ing @ plurisubharmonic is quite natural since log|u} is plurisubhar- 
monic if u is analytic. 

In Section 15.2 we discuss the inductive limit topology in BY _,(X) 
=B,,06'(X) which has the dual space BY*, ;(X). When X is convex 
we prove that the topology can be described by semi-norms such as 
(15.3) on the Fourier-Laplace transforms, with @ plurisubharmonic. 
The analogue for C7(X) is proved in Section 15.4. We discuss this 
topic at some length since the literature on it is scant and it has even 
been claimed that it is impossible to take @ plurisubharmonic in 
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general. In Section 15.3 we then prove a theorem on the represen- 
tation of solutions of the equation P(D)u=0 by integrals of exponen- 
tial solutions. As corollaries we obtain some regularity theorems al- 
ready proved in Chapter XI with other methods. If the existence 
theory for the Cauchy-Riemann system is extended to forms of higher 
degree and is combined with some local algebraic geometry, one can 
prove general existence theorems for overdetermined system of differ- 
ential equations with constant coefficients and results on the decom- 
position of solutions in exponential solutions. That is undoubtedly the 
main merit of analytic function theory in this context. However, 
several presentations of this topic are available in monograph form, so 
we content ourselves with references to the literature in the notes. 


15.1. The Inhomogeneous Cauchy-Riemann Equations 


The main result in this section is the following existence theorem. 
We use the notation z,=x,+iy, for the coordinates in C”, write 
0/62,=(/ex,—i1é/Cy,)/2 and dj=dxdy for the Lebesgue measure in C”. 


Theorem 15.1.1. Let 6¢ C?(C€") be strictly plurisubharmonic, that is, 


(15.1.1) (2) =inf ¥ 2? b(2/ez, 62, t;t,/¥ |t,1? > 0. 
For all f,eL?(C",e-*x- ' di) satisfying 

(15.1.2) Cf,/6%,=Of,/0F,  jk=1,...00, 
one can then find ueL?(C",e~° di) such that 

(15.1.3) 6u/6zZ,=f, j=l,....m, 
(15.1.4) (\uPen*dasfifPene no} da. 


Proof. With the notation 
(uv)g=lute-*di; uve, =L(C",e-* dd); 


the equations (15.1.3) are equivalent to 


(de=LGsde=— (WEE). eC 


1 


where we have written 


(15.1.5) d,w=e* G(e"?w)/6z,=Ew/Ez,—Cg/éz,w, j=l,....n. 
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If the theorem were proved it would follow from (15.1.4) that 
(15.1.6) IS @elSTO Oeil lSlostose  g/ECF- 

1 


Conversely, if we prove (15.1.6) then the map 


¥6,2;°—-(eS)e  3,EC?, 


can be extended to a linear form on C$ with norm </if| éslogx With 
respect to the norm || |,. Hence it must be of the form v—(v,u), 


where [july S\lF lg, ioex: Phis will prove the theorem. 


The key to the proof of (15.1.6) is the identity 
(15.1.7) Id 6,843 +3), eg f%,— 68, /8Z,\15 
=) llé2,/22, 13+ [9 9,8, 67 b/62,67,e°9 d7. 
To prove it we expand the squares of norms in the left-hand side. 


Since 7 
(6,8). 8, 8)¢— (¢g,/02,, 6g, /CZ;), =([6,, 6/6Z,] 8} Bie 


we obtain (15.1.7) by computing the commutator 
(15.1.8) [6,,0/€2,]=06,0/C2, —€/€2, 6,= a? p/6z, GF,,. 


If we drop the first sum in the right-hand side of (15.1.7) and estimate 
the other from below by means of ae we have proved that 


(15.1.9)  figPxe-*di S15 6,8,)2 +5 '0g,/6Z,-—2,/67,||3/2 


if g,eCQ for all j. The estimate remains valid for all g, el, with 
ee 8; el? and 6g,/0z,—6,/07,¢L’, for all j and k. If suppg . com- 
pact this tollows i we apply aes ie 9) to gi=g,*wW,, where weC, ydx 
=1 and w,(x)=e7"W(x/e). When e—0 we have with convergence in oe 


B58; Cg5/CZ,—Og,/87,>0g,/02,—62,/€7,, 
¥ 6g%/62z,>) 6g ,/éz,, 
which proves that (15.1.9) is valid for g. If the support of g is not 
compact we apply (15.1.9) to x(ex)g(x) where yeCFP and 7(0)=1. 
Terms where x is differentiated contain a factor ¢ so their os norm is 


O(e). When e>0 we obtain (15.1.9) in general. By Cauchy-Schwarz’ 
inequality it follows that 


(15.110) |(Fa)¢!? 
S{ifire* KT AMID O;8;l6 + D les (EZ, —€ 8, /6 7,15) 
if gel, )6,g,eL, and 0g,/ez,—¢g,/éZ,eL4. 
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Assuming that fel, for all j we shall now prove that (15.1.10) 
implies (15.1.6). To do so we denote by N the set of all g=(g,,...,g,) 
with g,¢Li, such that ¢g,/6z,—ég,/¢Z,=0. Thus feN by (15.1.2), and 
(Gw/éz,,....ew/EZ EN if weC?. If H isin the orthogonal complement 
N+ of Nin ®...OL%, we therefore have 
hence }'6,H,=0. If g,e¢C% we can now write 

g=G+H, GeN and HeNn?. 
Then it follows from (15.1.10) that 


KF MP =UL OP SIS? en? x dA 1N5,G; 15 
={[flen*x7 a2 158,12. 
This completes the proof of the theorem when f,éL%,. 

To eliminate the hypothesis that fel, we choose a positive con- 
vex C? function ® such that 6(z)2|z|logx(z). Then logx(z)—e@(z) $0 
if |ez|>1, hence 

{ISI e7?- 8 di<oo 
for every e>0. If we apply the part of the theorem which is already 
proved with @ replaced by @+e®, then x is replaced by a larger 
function so we obtain a solution u, of (15.1.3) with 


fuged (if Pte nts. 


When e-0 we can take a weak limit u of u, in Li,,(C") and conclude 


that u satisfies (15.1.3) and (15.1.4). The proof is complete. 


The following variant of Theorem 15.1.1 is often more convenient 
to use because it does not assume that ¢ is smooth or strictly 
plurisubharmonic. 


Theorem 15.1.2. Let @ be a plurisubharmonic function in €” and let 
fel (C',e-% di). If (15.1.2) is valid one can find a solution u of 
(15.1.3) such that 


(45.1.11) 2flulte"*(1+]z)2)-7dés fi firen?ds. 
Proof. First assume that @¢€C*. We can then apply Theorem 15.1.1 
with replaced by 6+2log(1+{z|*), for 
Yt, 4, 6*log(1 +|z1?))/2z;6%,=(1 +1217) 2c)? (1 +1217) - 1217) 
Z(letlay) ? lel, 
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and this implies x(z)=2(1+|z|?)-?. Thus (15.1.11) follows from 
(15.1.4). 

If we regularize @ as in the proof of Theorem 4.1.8 we obtain 
plurisubharmonic functions ¢,eC™ decreasing to @ as e>0. From the 
part of the theorem which is already proved it follows that (15.1.3) has 
a solution u, with 

2fju,Pev*(1+|z)7)~*désfl fre *%dis||f Pe edz. 


Hence we can find a sequence <;->0 such that u,, converges weakly in 
L? on every compact set. It follows that the limit u satisfies (15.1.3) 
and that 

2flulren*(t+|z)7)-* dali fire eds 


for every ¢>0. This completes the proof. 


Remark. It is not surprising that 2~' log(1+{z|*) is plurisubharmonic, 
for it is the logarithm of the norm of the vector valued analytic 
function ("3z—(1,zje€"**. 
In what follows we shall use the standard notation 
Gu=)y 6u/0z, dz, 
The equations (15.1.3) can then be written O6u=f where f= ,dz;. 


We set 7 _ 
Of = Cf, Adz,=>) Of,/C2Z,d%, dz, 


with the notations of exterior differential calculus. The compatibility 
condition (15.1.2) can then be written 6f=0, and it just reflects that 
é6=0. 

The following extension theorem gives a simple but typical exam- 
ple of how Theorem 15.1.2 is used 


Theorem 15.1.3. Let ¢ be a plurisubharmonic function in €" such that 
Id(2)-O2)<C if |z-2'|<1, 


for some constant C. Let W be a complex linear subspace of C" of 
codimension k. For every analytic function u in W such that 


f |ulte-FdS<am, 

Ww 
where dS denotes the surface area in W, there exists an anylytic func- 
tion U in €" such that U=u in W and 


(15112) fJUP eM +2} das (ner | jul? en *as. 
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Proof. Since log(1+|z/?) is plurisubharmonic by the remark above, it 
is enough to prove the theorem when W is a hyperplane and then 
iterate this special case k times. We may assume that W is the 
hyperplane z,=0. Then wu is an analytic function of z’=(z,,...,2Z,_4) 
and may be regarded as an analytic function in €” which is inde- 
pendent of z,. We have 


(15.1.13) f juen*disnef [julte-*ds 
w 


lsnj<1 


but when jz,{ is large we can no longer ignore that @ depends on z,. 
Thus we choose a cut off function W(z,) with support in the unit disc 
which is 1 when |z,|<1/2 and 2(1—|z,|) when 1/2Sjz,)<1. Then 
\éw/éz,|S1. Writing 


U(z)=w(z,) uz’) —z, v(Z) 


we have U(z)=u(z’) when z,=0, and U is analytic, that is, éU=0, if 
and only if v satisfies the equation 
(15.1.14) év=zylu(zéw(z,)=27 1 u(z’)@w/éz,dz=f 


It is clear that ¢f=0, and from (15.1.13) we obtain 


[lf en*dis4ne [ult e- 9a. 
Ww 


Application of Theorem 15.1.2 now gives a solution of (15.1.14) with 


f[vj2e®(1 +1227)" 2 dA S27 [ (ul? e~? aS. 
w 
Combining this estimate with (15.1.13) we obtain (15.1.12). 


Corollary 15.1.4. Let ¢ and W satisfy the hypothesis in Theorem 15.1.3 
and let u be an analytic function in W such that 


ju(z)|SC,e°, zeW. 
Then one can find U analytic in (" with U=u in W and 
|U(z)iS C0 4] z)rr*rt ee, ze”. 
Proof. The hypothesis implies that 
J |u(z)|? e-¥© dS(z) <0, 
w 
where W(z)=26(z)+(n—k+1)log(1+]|z|*). Hence we can find U so 


that 
[ays By eee 298) dey ed. 


276 XV. Analytic Function Theory and Differential Equations 


U is a harmonic function in R?" so U(z) is equal to the mean value of 
U over the unit ball with center at z. By Cauchy-Schwarz’ inequality 
this proves the corollary. 


Corollary 15.1.4 allows us to prove the analogue for hyperfunc- 
tions of the Paley-Wiener-Schwartz theorem, mentioned at the end of 
Section 9.1. 


Theorem 15.1.5. Let K be a convex compact set in IR" with supporting 
function H and let ue A'(K) be an analytic functional with support in K. 
Then the Fourier-Laplace transform 


u(f)=u(exp(—i<.,0>)),  feC”, 
is an entire analytic function such that for every e>0 
(15.1.15) lm(O| SC exp(AImg)+elC), Cec". 
Conversely, every entire function satisfying these bounds is the Fourier- 


Laplace transform of a unique ue A'(K). 


Proof. Only the converse remains to be proved. Let K, be the set of 
points in €” at distance Se from K. The theorem will be proved if we 
show that there exists a distribution u, with support in K,<R?” 
which defines u. This is true if and only if for every CeC” 


u(e7 HXz.6)) =y (e~ I(Kx.O>+ FO) 
é 


where we have written z=x-+iy. The condition can be written in the 
form 


(15.1.16) HO=A(i0, CEC”. 
By Corollary 15.1.4 we can find an entire function U in €*" such that 
(15.1.17) UGiN=aO, Cec’, 


1U(C, CSCI +I1C, 1410, )"** exp(A (Im¢,)+e|(Im¢,,Im¢,)), 
c,eC", €,€C". 
By the Paley-Wiener-Schwartz theorem (Theorem 7.3.1) there exists a 


distribution u, with support in K, and Fourier-Laplace transform U. 
(15.1.17) means that (15.1.16) is fulfilled so the theorem is proved. 


In Section 15.3 we shall prove additional extension theorems with 
applications to differential operators with constant coefficients. How- 
ever, we shall close this section by proving a characterization of 
plurisubharmonic functions already mentioned in Section 4.1. (it will 
not be used later.) 
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eee 15.1.6. Let P, be the set of all functions of the form 

N~*log|f(z)| where N is a positive integer and f an entire function 
+0. Then the closure of P, in Li,,(C€") consists of all plurisubharmonic 
functions. 


The following lemma is useful in the proof. 


Lemma 15.1.7. If ¢ is a continuous subharmonic function in X <IR" and 
@, is a sequence of subharmonic functions <@ such that },(x)>@(x) as 
joo for every x in a dense set Ex X, then ,>@ in L,.(X). 

Proof. By Theorem 4.1.9 the sequence ¢, is precompact in Li,, and 
every limit is defined by a subharmonic function w. It is clear that 
Wd, and (4.1.8) shows that w(x)2 (x) when xeE. Hence 


dS J Wo)dy/ { dy, r>0, 
jy-x|<r iyfer 


if xEE. Since both sides are continuous functions of x this must 
remain true for all x. When r-0 we conclude that 6<yW. Hence d= 
which completes the proof. 


To pass from estimates in L? norm to estimates in maximum norm 
we shall also need the following simple lemma. 


Lemma 15.1.8. If uel?(B,), B,={ze€",|z}<r} and GueL*(B,) then u is 
continuous in B, and 
(15.1.18) |u(O)}S C(supr |eul +r" lull y2a,))- 


fa 


Proof. By introducing z/r as a new variable we reduce the proof to the 
case where r=1. Let yeC?(B,), x(z)=1 when |[z]/<1/2. If E is the 
fundamental solution of the Laplacean in IR?" (cf. Theorem 3.3.2) then 


yu=ExA(yu)=4) CE /6z,;* e(yu)/ez, 
O(yu/CZ,=y Gu/ezZ,+u6yz/Cz,. 


Since ¢y/6z,=0 in B, it follows at once that u is continuous there and 
that (15.1. 18) is valid. The conclusion can be applied to a ball BoB, 
with center at any point in B_, which completes the proof. 


Proof of Theorem 15.1.6. If $ is plurisubharmonic and 
OszeCo(€), fxds=1,  x,(2)= 07°" x(Z/e), 
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then «7,(z)+e|z|?>@ in Li,,(C") when 20. It is therefore sufficient 
to prove that the closure of P, contains all plurisubharmonic functions 
geC™(C") such that the Rinction « defined by (15.1.1) has a positive 
lower bound. Let z,, z,, ... be a dense sequence in €”. It is then 
sufficient to construct a sequence of analytic functions /, and integers 
Nj 00 such that 


(15.1.19) [f(2)| Sexp(N,o(z)) when [z|<j; 
|F(2,)|>27* exp(N,O(z,)) if vSj, 


for Lemma 15.1.7 will then show that N~*log|f,|>@ in L,.. 
Set ,=¢6/62z,, b j= C7 /Cz,;0zZ,. Then Taylor's formula and the 
strict plurisubharmonicity of @ gives for fixed v 


O@-Rek@2xe zn Cys Pec lz=z,\, 
in a neighborhood U, of z,. Here 
B(z)=@(2,) )+25°6,(z,) \(Z;,—Zy) + Y. PyalZ) (24 — Zoe) (2, — 2y))- 
Choose ¥,E¢C3(U,), v=1,...,j, so that y,=1 in a neighborhood of z, 
and the supports are disjoint. We set 


f=) (2) exp(NR(z))-0 
1 


where v shali be chosen so that f is analytic, that is, 


j —_ 
(15.1.20) év=) éy, exp(NP(z))=g. 
1 


With positive constants c and C, which may depend on j but not on 
N we have 


Ige"“*|<C,e-%, hence IglsysSC,e°% 
By Theorem 15.1.1 we can therefore choose v so that (15.1.20) is valid 
and 
Vong Cc; eran 


When |z|<j we conclude using Lemma 15.1.8 that 
\u(z)| SC, e7 ON NP. 


We just have to take the radius r so small that the oscillation of ¢ in 
B,+{z} is less than c/2 if |z|<j. Choose N, so that Cye~°%/? <1/3 
and set f,=3f/4 where f is defined as above with N=N,. Then the 
condition (15.1.19) is fulfilled so the proof is complete. 
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15.2. The Fourier-Laplace Transform 
of BS _,(X) when X is Convex 


Let X be an open set in R” and let ke X (Definition 10.1.1). We can 
then introduce in BS ,(X)=B,,€(X) the inductive limit topology 
which makes the dual equal to BY‘, ;(X). This topology is defined by 
means of all semi-norms q in BS ,(X) such that for every compact set 
KcX the restriction of g to B,,0é(K) is bounded by a constant 
times | j,,. If l=) z, is a partition of unity in X, thus 7,eCP(X) 
and no compact subset of X meets more than a finite number of the 
supports, we then obtain 


aMSY AGWEY CZ 4lon ueBs ,(X) 
for some constants C;. On the other hand, when suppucK we have 
eG: IZMllo nS CK lUlle . 


by Theorem 10.1.15 for Kosuppy,=9 except for finitely many j. 
Hence 
u-) oF X;4lon 
is a continuous semi-norm in BS ,(X) for any sequence of positive C,, and 
these semi-norms define the inductive limit topology in BS_,(X). 
If L is a continuous linear form on BS ,(X) it follows that 


IL(w|S¥C; Zj;Ull os ueBs ,(X), 
for some positive C,. By the Hahn-Banach theorem it follows that the map 
{zug > Lu) 


can be extended to a continuous linear form of norm at most 1 on the 
space of all sequences f,eB, ,(IR") with the norm )°C; | fll,,<0. By 
Theorem 10.1.14 this means that 


Lw=)<v;, Xj), ueBy ,{X), 
where v,¢B, ,; and |lv;|,14,5C,. Thus L(u)=<v,u> where 
v=) 71,0;eBS 7(X). 


Conversely, if veBle’, fA) then u-|<v,u>| is a continuous semi-norm 
on Bs, ,(X) by the definition of the topology, so BY’, ;(X) is indeed the 
dual space of BS ,(X). (Note that the preceding arguments are essen- 
tially just a repetition of the discussion in Section 2.1.) 

If X is an open convex set in IR” we can recognize the Fourier- 
Laplace transforms of the elements in B,,0é'(X) by means of the 
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Paley-Wiener-Schwartz theorem. The following main theorem of this 
section describes the topology in a way which is suitable for the 
application of the results in Section 15.1. (This is the reason why we 
only consider the spaces B, , with p=2.) 


Theorem 15.2.1. Let X be an open convex set in IR" and let ke x. Every 
continuous semi-norm in BS ,(X) is then bounded by a semi-norm of the 
form 


(15.2.1) u>(f[a(Q[? e274 d7(O)* 


where @ has the following properties: 
(i) if K is a convex compact subset of X with supporting function 
Hy, then 


e7 9S C, e7 Fxlm) k(ReZ) 

(ii) for every A>O there is a constant C, such that 

k(Ref)SC,e°* = if Ime) <A. 

(iil) @ is locally Lipschitz continuous, 
ldb(QlSC+log(1+{Iml) 

(iv) @ is plurisubharmonic; more precisely we have for every weC" 

c(1+{Im{|?)-* }w? Sy ww, 67 (Q)/6 6,26, 
in the distribution sense. Here c>0. 

The proof starts from the following expressions of the B,, norms 
in terms of weighted L’ norms of the Fourier-Laplace transform. We 
assume that ke.4%, and let N be the constant in (10.1.1). By K we 
denote a convex compact set in R” with supporting function H,. 
Lemma 15.2.2. For every ue€"(K) OB, , we have 
(15.2.2) [ja(0)/? em 27280" (Re C2 (1 + Im E |?) *- "dA(OS Cy , lull. 
If weCe(K) we have for every ue&' OB, , and nelR” 


(15.23) ull pS Cy e*MRm™ (AE + in)? AEE)? aE. 

Finally 

(15.2.4) [ull3,SC, J |aQPk(Ref? dz), ued (R")OB,,. 
lImgj<1 


Proof. To prove (15.2.2) we choose as in the proof of Theorem 7.3.1 a 
function ¥,¢C% equal to 1 in a neighborhood of K and 0 outside a 6 
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neighborhood of K, so that 
IvP(ISC,57 | for alll «. 


Since a(£+in) for fixed 7 is the Fourier transform of ue” x;, we 
obtain using Theorem 10.1.15 


(2x) {|a(E + in)|? K(S? dES lull API Z(E+in i+ Cle) de’. 
From the estimate 
lise + in)|(L+5 1 + inh" 1S Cy etxen aie 
it follows that 
{IZ(Exild Clyde etamreignt—*. geL, 


if we introduce 5é as a new integration variable. When 6=1/\y4|+1) 
we obtain 


lacZ +in)|? kK? dzES Ch ule, e272 ML + [Porm 


which gives (15.2.2). 
If we write pu=wper-<-” eu we obtain by Theorem 10.1.15 


(2n)>" ulld Sf la + in)? k(S)? aE (PWG — in| + CEN aay. 


This gives (15.2.3) if W is estimated by means of Theorem 7.3.1. 
Since |a()|* is subharmonic we have 


fla)? (8)? dos [J AO+O/? KO dOdAH/ | a2) 


Kl<i ISi<k 


SC, ff €(O+ OF k(O+Re0? dada) 


i]<2 


2C, J [aOPk(Red)? dA). 


Img] <1 


This proves (15.2.4) and completes the proof. 


It follows from (15.2.2) and condition (i) in Theorem 15.2.1, applied 
to a neighborhood of K, that the semi-norm (15.2.1) can be estimated 
by jivj,, when veé(K)OB, ,. Hence (15.2.1) is a continuous semi- 
norm in BS ,(X) as soon as condition (i) is fulfilled. From (ii) and 
(15.2.4) it follows that (15.2.1) restricted to &(K)OB,, is in fact 
equivalent to |julj,,. However, to prove the theorem we must also 
show how to replace integrals of the form (15.2.2) by integrals of the 
form (15.2.1) with a plurisubharmonic ¢. 

Let OS7e¢C% have support in the unit ball, [y(é)dé=1. If kex 
we set with a large constant : and M(n,t)=(t? +|y|")? 


(15.2.5) logk,(é,1) = (@)logk(é + M(n, 1) 6) 20. 
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From (10.1.1) it follows that 
(15.26)  @+CLEN-*SK(EFE. MEM SA+ CIE), 
and that 
llogk,(£,n)—logk(é)| SN Jx(8)log(1 + CM(n, 1) 161) d0 SN’ logM (y, 1). 


Hence 
(15.2.7) M(t)’ Sk (En/KOQSM(n,0”. 


The advantage of the regularization is of course that k,eC™ since 
logk,(é,)=fx((O- €)/M (n, t)) logk (8) d0/M (x, 0)”. 


By induction with respect to |8| it follows that DID: logk,(é,7) is a 
linear combination of terms of the form 


J 
M(n, 1° T] DM (n, 1) J((8—4)/M (n, 2)’ 2°" (8 — 2)/M (n, ) logk(@) dé 
1 


where p=) |7,|-—n—|a|—|B|—J. Since [6’7°"”(@)d6=0 if «+0 we 
can then replace logk(6) by logk(@)—logk(é). When «=0 we do so 
before the differentiation, noting that Df logk(é)=0. We have 


ID>M(n,1SC,M(y,9'~" 
in view of the homogeneity. Since 
llogk(#)—logk(¢)|S N log(i+C|é—4)) 
we obtain for every a by returning to the original integration variables 
(15.2.8) [Dz ,logk,(é, nl C,M(q, )~ log M(1, 0). 


Using this estimate for |w|=-2 we shall now show that —logk, can be 
made plurisubharmonic by adding a rather unimportant function of 7. 
If feC?(R) and n=Im¢ then 


Yow, 27 Fini +PV6S 6 =f Uni? +27) w+ Fn? +07) a, w>P?. 
Here 0S|<7, w>|? Sin |? ae It follows that 
—logk,(Re{,Im{)+f(\Im{|? +#’) 
is plurisubharmonic if for a sufficiently large C and s2t7 
f(s\zCs“ logs, f'(s)+2f"(s)(s—17)2 Cs" logs. 


In fact, if s=M(n,t)* then 0<{<n,w>|? <(s—t?)|w|?. The second con- 
dition follows from the first when f”(s)>0, so it may be replaced by 


f'(s)+2sf" (s)zCs7 "logs. 
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Set 


f(s)=177 st—s*, 
Then 
f'(s)+25f"(s)=s~*/82 C7? logs-+s7*/9, 


f'(S)=271 174 574 —4-1! 5-2 34-1's-* > Cs-llogs+s-?/9 
if s=t? and t is large. Hence we have proved 
Lemma 15.2.3. If ke and k, is defined by (15.2.5), then (15.2.6)- 
(15.2.8) are valid and 
(15.2.9) w(Q=—logk,(Rel, ImO+t-? M(Iml,)-M(m¢, 0? 
is strictly plurisubharmonic for large t; more precisely, 
(15.2.10) ¥ w, 8, C7 W(O/6C, EC, 2 lw? Mim ¢, 173/18. 
Proof of Theorem 15.2.1. Let q be a continuous semi-norm in BY ,(X). 


We must construct a function @ satisfying the conditions in the 
theorem so that 


(15.2.11) g(u) S (J |a(QI? e729 dao, ‘ue BS ,(X). 
To do so we first choose a sequence of convex compact subsets K, of 
X with union X so that K, is in the interior of K;_,. Set 

W (0) =A x,(Im 0) —logk, (Ref, Im {) +277 M(Im¢, t,)- M(Im¢, t,)? 
with t; so large that Lemma 15.2.3 gives 
(15.2.12) yw, Cw, (O/6E, 2b, 21w? M(Im t)~ 2/18 


and 2t7* is less than the distance from K, to the complement of 
Revs _We shall prove that sequences G, and A, tending to +00 with j 
can be chosen so that if 


o(C)= max (,(0)—G,) 


1<Sk<j 


we have $,, ,(CQ)=@,(¢) when [Im ¢|<A, and 
(15.2.13) gwMSi/G+Y)C J la@lren?’O axe), 


Hm3|< 4; 


uéB, ,.Aé(K,, 3). 


The functions ¢, will satisfy (iii) and (iv) with constants independent 
of j. If o=lim 4, we have $(Q)=@,(0) when |Im{|<A,;. Hence 


(15.2 2.11) follows ‘from (15.2.13). Condition (i) follows from the fact that 
o(920(O—G, for every j, and (ii)-(iv) will obviously be fulfilled. The 


284 XV. Analytic Function Theory and Differential Equations 


theorem will therefore be proved if G, and A; can be chosen with the 
required properties. 

If f and g are Lipschitz continuous functions then max(/, g) is 
Lipschitz continuous with the same Lipschitz constant. If f and g are 
functions in C with 4f 2m, 4g2m where m is a continuous function, 
then Amax(f, g)2m. In fact, if v is a solution of the equation 4u=m 
then f—v and g—v are subharmonic, so max(f—v, g—v)=max(f, g 
—v is subharmonic (Corollary 16.1.5), which proves the statement. 


Now choose C so that 
lay (QISC. 
Since y, is Lipschitz continuous by (15.2.8) we can then choose B, so 
that 
dW (QiSlog(l+iIm¢]) if {Im{|>B;. 


Similarly we have by (15.2.10) for suitable B, and c>0 
> w 8, Pw (O/eC, 66, 2clw? (1+lIm¢/?)-* if [Im l|>B,. 


We shall choose G, in a moment. If G;—G, is sufficiently large we 
have 


(15.2.14) W(Q-G,<o (9 if Im¢|<B,+1. 

Since $,(Q=$;_1(Q) when |Im¢|<B,+1, and (iii), (iv) are satisfied by 

vj when [Im ¢|>B,, these conditions follow successively for ¢, in €”. 
When j=1 the ‘estimate (15.2.13) is valid if G, is large and A,=1, 

for q(u)SC, |lull,, and the right-hand side of (15.2.13) has a lower 

bound C,e® jjull, , by (15.2.4). Assume now that (15.2.13) has already 

been proved for a certain j. Choose G,,, satisfying (15.2.14) and 


(15.2147 Wy. (9-Gj.,<9(Q when [Iml|<4,. 


We must then prove (15.2.13) with j replaced by j+1 if A is large 
ca 


J+l 
enough. To do so we choose a partition of unity 1=)\y, near K,..4 
0 


so that 7)»€Co(K;. 3 
have 


GMSL aM SIT+ NC § Zul? e- 72# diO)/F 
Imo[ <A; 
+C, 2, WU ox 


SHG+D( J ar e727 dA)/F+ C; >» yl e- 


Jimg|< A; 


) and K;,,chsuppz,=@ when v+0. Then we 


Here we have first applied (15.2.13) to yju and then used the triangle 
inequality and (15.2.2). When |Im¢|<A,; we have $,=@ What 


j+l 
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remains to prove is therefore that 


(15.2.15) Ch > lnvwllaeSlAG+DG+2)( fare 74! day 
v+0 


{Img|<Aj-1 


if A,_, is sufficiently large. 
Recall that we have chosen t,,, so large that 


2073, (Im ¢|+Hx,,,dmQSHx,, (Imo. 
In view of (15.2.7) it follows that 
(15.2.16) $;. (OSH x,, (Im 2) —log k(Re () + Cj. 


Now (15.2.3) gives, if h, is the supporting function of ch supp 7,, 
tulle. C,e7O— | [aE + in)/? k(E)? dé 
SC, exp 2(h,(—n) +x, (a) + Cf) [las + il? em 247 de, 


Since supp %, and K,_, can be separated by a hyperplane we have for 
some 6 
inf <x,0>> sup <x, @. 
xesupp yy xeK;+2 
This means that h,(—@)+Hx,_,(0)<0. Let |@|=1. If we integrate the 
preceding estimate over all 4 with |y—(A,, ,~—1)@|<1, we conclude 
that for some c>0 


Meula gS Cpe? ff a(QyPen PO dA). 


fimo |< Ajsa 


j+l 


When A,., is large enough the estimate (15.2.15) follows and the 
proof of the theorem is complete. 


Theorem 15.2.1 can be restated as a representation theorem for 
By’ g(X). In fact, if ve BY, ;(X) then 
By ,(X)su><v, u> 
is a continuous linear form on By ,(X). Thus 
Kv, w>|S C([[aQ)I? e~ 79 a2(C))? 


for some @ satisfying the conditions in Theorem 15.2.1. We can 
therefore find a measurable function V with 


(15.2.17) FIVOPe4-OdiQsc 
such that 
(15.2.18) (u,uy=[V(-Oa(Odz(), ue BS ,(X). 
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If we introduce the definition of the Fourier-Laplace transform of u 
we obtain formally 


(15.2.18) v(xy=fV(QEI? AD. 


When kel? it follows from condition (i) in Theorem 15.2.1 and 
(15.2.17) that the integral in (15.2.18) is absolutely convergent for 
every xe X, and (15.2.18) follows then from (15.2.18) for every xe X. 
Note that keL* is precisely the condition which guarantees that 
Bet ge (X yo C(X). (See Theorem 10.1.25.) As is customary in distribu- 
tion theory we shall sometimes use the suggestive notation (15.2.18) 
even when it has no pointwise sense so that the interpretation must be 
given by (15.2.18). 

For later reference we shall now prove the converse statement in a 
somewhat more general form. (Compare with the discussion of 
(7.3.14)) 


Theorem 15.2.4. Let & be a function satisfying the conditions (1) and (ili) 
in Theorem 15.2.1, and let p be a measure in C" such that 


(15.2.19) J |dn@l<c, Cec. 


fe-S|<1 
If V is p measurable and 
(15.2.20) fIVOP #9 dul <oo, 
it follows that there is precisely one vé BS ,(X) such that 
(15.221) do, w=JViOW-OdulD, we BS, (X). 
We write formally 


(15.2.21 v(xj=[V (Qe dud). 


Proof. Let ueB,,A&€(K) where K is a fixed compact subset of X. 
The statement means that the right-hand side of (15.2.21) is a con- 
vergent integral which can be estimated by a constant times |u|], ,, $0 
it 1s sufficient to prove that 


Jaen 74 fdu(-OlSC lull, we Bo. VE (K). 
Since |@|? is subharmonic we have 


mOrsc, | |ae+6|? dr(8) 


jOj<1 
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where 1/C, is the volume of the unit ball in €”. Hence 
fla? em 729} du(—O 
SC, ff (aC + Orem 2° dA(O) du(—H| 


fél<i 


SCz [J laQ)P em 74 + [lm C1)? d2(6) idu(O- 9. 

Ol<1 

Here we have used condition (iii) in Theorem 15.2.1. The measure in 
the integral is equal to dA(Q)|du(@—O)| which is perfectly clear when 
du has a smooth density and therefore by continuity in general. We 
can now estimate the integral with respect to @ by means of (15.2.19) 
and obtain 


JJa(Q? e- 7% |du(—QIS C;, f a(S? e= 7F OL + [im E))? da) 
SC, ul] ps uéB,, a (K). 


Here the last estimate follows from (15.2.2) and condition (i) in Theo- 
rem 15.2.1, with K replaced by a compact neighborhood of K. The 
proof is complete. 


15.3 Fourier-Laplace Representation 
of Solutions of Differential Equations 


Solutions of ordinary differential equations with constant coefficients 
can be written as sums of exponential solutions. In this section we 
shall prove a similar fact for partial differential equations. However, 
we shall begin with a weaker result where all exponentials close to 
exponential solutions are allowed, for this permits a stronger state- 
ment from the point of view of regularity. By P(D) we denote a partial 
differential operator with constant coefficients and by N the set of 
zeros of P(g) in €’, 


N(r)={CeC"; |C—O|<r for some JEN}. 


Theorem 15.3.1. Let X be an open convex set in R", keX, and let 
ueBS*, ;(X) be a solution of the differential equation P(D)u=0 in X. 
Then one can find a function @ satisfying all conditions in Theorem 
15.2.1 and for any r>0 a measurable function U, such that 


JIU? e728 Pdd(0)< w 
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and in the precise sense given in (15.2.18) 


(15.3.1) u(x= f U(QESPd(O, xeX. 


Nir) 

Proof. A brief outline of the proof is as follows. Since ueB'?*, ;(X) we 
have 
(15.3.2) {Kup P SCI oOlre 7d, ve BS, ,(X), 
for some ¢ satisfying the conditions in Theorem 15.2.1. In addition 

<u, P(—D)w>=0, weB ,,(X) 
where k,(é)=k(E)P(~2. Thus <u,v>=0 if veBS_,(X) and 6(0/P(-9) 
is entire analytic (Theorems 7.3.2 and 10.3.2). We shall write a general 


veBy ,(X) in the form 
V=U,+U, 


where 6,(0)/P(—{) is entire and v, is constructed from the restriction 
of & to N(r). This will prove the theorem. 


If we regularize the characteristic function of N(3r/4) as in the proof 
of Theorem 1.4.1 we obtain a function yeC*(C"*) with y=1 in N(r/2), 
supp yc Nir), and D*y bounded for every « Set P(—Q)=P(¢) and 


V,=yi-Pw, V,=(1—Dd+ Pw. 

V, and V,/P will be entire analytic functions with V,+V,=¢ if 
(15.3.3) Gw= fi f=bP-"d¥. 
To be able to estimate <u,v,>, where v, is the inverse Fourier-Laplace 
transform of V,, we can use (15.3.2) if we can find an estimate for 

§ IV, (Ol? e779 da. 
Thus we need an estimate of 

She(QP P(— ore 72 dA), 


This we shall obtain from Theorem 15.1.1 with a plurisubharmonic 
minorant of 2(@(¢)—log P(—) instead of @ in the exponent. 

In order to preserve the plurisubharmonicity of @ we must use a 
regularization of P. It could be constructed by means of (15.2.5) but 
we prefer to use the function P(é, M) defined by (10.4.2). Thus we set 


(15.3.4) W(Q=o(0)—log P(—£, M(Im ¢, 2), 
M(n, t)=(t? +|y\7)? 
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where t¢ is a large positive number. Then 
(15.3.5) W(Q+log P(—NSd(NSV(0)+ log P(—D+mlog M(Im £, 0). 
Now it follows from Taylor’s formula that the oscillation of 

2 log P(—E—in, M(y, 2) =log() P®(—& —in) P(—E +in)M(q, 1)7*!) 


is uniformly bounded in a complex ball in €?" with real center (¢, 7) 
and radius cM(y,t) where c is a small positive number depending 
only on n and m. Hence the derivatives are O(M(y, t)7!*). If t is large 
enough it follows from condition (iv) in Theorem 15.2.1 that 


(c/2)0. + [Im £12)-# [WIS > w, 9, 22 WQ/eL, eG. 


Here it 1s important that 3/2 <2. 
If y were in C? it would follow at once from Theorem 15.1.1 that 
the equation (15.3.3) has a solution w with 


c/2 |} |w()Pe das fife 74 OL + [Im C]?)* dA, 


provided that the right-hand side is finite. This is also true if y is not 
in C*; we just have to replace y by a regularization w,2w and let 
é— 0 as in the proof of Theorem 15.1.2, noting that the regularization 
of (1+[Im ¢}*)-* is 2(1 +[Im €|7)-7#(1 — O(e)). 

By Lemma 11.1.4 we have P(QSC,|P(Q)| if CéN(r/2). In view of 
(15.3.5) it follows that 


(15.3.6) fIV(DiPe 2*aQsc J [6(H\?e-7*OM(Im¢, 1™**dA(0). 
-N(r) 


With a change of the constants it is clear that 


$() = $(0)—(m-+ 1) log M (Im, 2) 
satisfies the conditions in Theorem 15.2.1 if is large enough. If V, 
were the Fourier-Laplace transform of a distribution v,¢B_,(X) we 
would now obtain from the arguments at the beginning of the proof 


(15.3.7) KuoyP=Kuvp PSC J (ele 7*Od2O, 
—Nir) 
and this would prove the statement with @ replaced by 9. 

To remove the unjustified assumption on V, we recall from the 
proof of Theorem 15.2.1 that we may assume that ¢ is the increasing 
limit of a sequence of functions ¢, such that 

a) conditions (iii) and (iv) in Theorem 15.2.1 are satisfied uni- 
formly, 

b) condition (i) is fulfilled by , for every convex compact set K in 
x when j exceeds some integer depending on K, 
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c) for fixed j there is a compact subset K of X and some c>0 
such that 
exp (—,(¢))2ck(Re 0) exp(—H,(Im @)). 


For given veBS ,(X) we can apply the constructions above with @ 
replaced by $, when j is sufficiently large. This gives (15.3.6) with @ 
replaced by @,; the choice of V, may of course depend on j. By the 
Paley-Wiener-Schwartz theorem and c) we conclude that V, 1s the 
Fourier-Laplace transform of a distribution in BS ,(X). Hence (15.3.7) 
is valid with } replaced by $, and a constant C independent of j. 
Letting j >0o we obtain 


Ku,oyPSC f léOPe 24d 
—N(r) 


which completes the proof of the theorem. 


The following corollary gives a typical example of the regularity 
theorems which can be derived from Theorem 15.3.1. 


Corollary 15.3.2. Let k,k,eX and assume that for some C and N 
(15.3.8) k(ReQ)SCk,(ReQ(i+{Imé)*, if PO=0. 


If X is an open set in IR" and ueBys, (X) satisfies the equation P(D)u 
=0 it follows then that ueB5,(X). 


Proof. (15.3.8) remains valid with another constant C when ¢ is in the 
set N(1) of points at distance at most 1 from the zeros of P. Assuming 
as we may that X is convex we use Theorem 15.3.1 to write u in the 
form 

u(xy= f Ue? da(K) 

N(1) 

where 

J [UP e2-HdaQ <n. 

N(1) 
Here @ satisfies condition (i) in Theorem 15.2.1 with k replaced by 
i/k,. By (15.3.8) it follows that 


§ [UO e24-9di(Q <0 
N(1) 
where 


eF(—9) = eh(-O(] = Hm Cf) -Nk(Re O/k, (Re 0). 
By condition (i) of Theorem 15.2.1 with k replaced by 1/k, 
is Ce? Balak (= Re g) 
= Ce? Hem (1 + 11m CI)/k(—Re &), 
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for an arbitrary compact set Kc X. Hence condition (i) in Theorem 
15.2.1 is satisfied by @ with k replaced by 1/k. Condition (iii) is 
obvious for @ since |k’/k| is bounded for every ke %. By Theorem 
15.2.4 it follows that ueB'ss,(X), which completes the proof. 


We leave as an exercise for the reader to verify that (15.3.8) is 
equivalent to (11.1.7). Thus Corollary 15.3.2 is essentially equivalent to 
Theorem 11.1.7 with p=2. It is also an easy exercise to prove Theorem 
11.4.1 using Theorem 15.3.1 and Theorem 11.4.8. 


We shall now prove that the decomposition (15.3.1) of solutions of 
the equation P(D)u=0 can be improved so that the integral runs only 
over the zeros of P(@) and the integrand consists of solutions of the 
equation. However, we must then admit exponential polynomial so- 
lutions and will in general have some loss of regularity in the decom- 
position. 

We write P as a product of relatively prime polynomials which are 
powers of irreducible polynomials 

P(QH)=P, (Cy... BD” 


and denote by N, the set of zeros of P, in ©”. From Theorems 4.1.15 
and 4.1.12 we obtain the estimate 


(13.3.9) {  4S,(0)Sr?"-?C.,_ deg P, 

|@-fJl<r 
for the surface measure dS, on Nj. In particular it satisfies (15.2.19). As 
in the proof that one can approximate by exponential solutions 
(Theorem 7.3.6 and Lemma 7.3.7) we shall only use polynomials in 
one variable <x,t> where teC” is non-characteristic with respect to 
PR. 


Theorem 15.3.3. Let X be an open convex set in IR", ke X#, and let 
ueBs*, ;(X) be a solution of the differential equation P(D)u=0 in X. 
Then one can find a function @ satisfying all conditions in Theorem 
15.2.1, and dS, measurable functions Uj on N,, 0Sk<m,, such that 
(15.3.10) JUZ(QP e7 FO + 1C]7)-* dS (C0) < 00 


and in the sense of (15.2.21) 
romj~l 


(15.3.11) u(x)=> SY <x, t>* J Ue dS (0). 
1 k=0 Ny 7 
Here x depends only on the dimension n and the degree of P. 


Roughly speaking the result means that the decomposition in 
exponential solutions succeeds with a loss of « derivatives. This result 
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is not very precise but some loss cannot always be avoided since at 
infinity the polynomials P, may be close to having multiple or com- 
mon factors. 

The proof of Theorem 15.5.3 is to a large extent parallel to that of 
Theorem 15.3.1. Thus we consider the form 


BS ,(X)av > <u, v> 


and wish to show that <u,v> can be estimated using only the restric- 
tion to —N, of <D,t>*d when k<m,, j=1,...,r. To do so we must 
first modify @ locally by means of an interpolation formula; we can 
take t=(1,0,..., 0). 


Lemma 15.3.4. Let t,,...,t, be complex numbers in the unit disc with 6 


={1 |t;—t,| 0, and let Hy,---,H, be positive integers with sum p and 
ies 
maximum jt. If q is a polynomial of degree u—1 then 


(15.3.12) 628- ‘ sup Iq(nlsc, y Y lel 


jal kep; 


Proof. Using an expansion in partial fractions we can write 
a=). 4p),  PO= i ((—t,)™, 


where q,(t) is a polynomial of degree <y;. Taylor expansion of q/p; 
gives 


a= D Faieyk! LY F/ppeye-tyyn. 


ken; l<epy—k 
Here @'(1/p,)(t) is a sum of terms of the form Ti (t;-t,)"“ where 


d;Su,+1S2fi—1. Hence there is a bound for the product bye ?, 
which proves the lemma. 


Lemma 15.3.5. Let Q,,...,Q, be polynomials of fixed degree in €" and 
principal part equal to i at (1,0,...,0). Let m,,...,m, be fixed positive 
integers and denote by m the degree of O=Q7'...Q7" while m 
=maxm,. Assume that with a fixed constant M 

Q0(0)SM a OC), OI, 

Mal<d 

and that the discriminant R{C') of Teo as a polynomial in C, is not 
identically 0. Then there are constants c, C, k depending only on n,m, M 
such that every analytic function f in {f;|C|<1} can be written 


F(MHQEsy+h(d), [el<e, 
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where g and h are analytic when |f|<c,h is a polynomial in ¢, of 


degree <m, and 


(15.3.13) ROVE sup |hOS COO Y Xf lepecias,. 


il<c j=lkem; |fh<1 


Here dS, is the surface measure in QO; * (0). 


Proof. We shali essentially just have to elaborate the proofs of Theo- 
rems 7.5.1 and 7.5.2. Since O(£,,0)/O(0) belongs to a compact set of 
non-zero polynomials of fixed degree m we can choose p,, depending on 
Q, with 1/3<p,<2/3, so that for some constant C independent of QO 


OOMSCIOE,,O,  [sl=r- 
We can then choose o'<1/3 so that 
(15.3.14) OO)S2ClO(G,,.0) if El-pil<p’ and [o'l<p’. 


This implies that the equation Q,(¢,, ¢)=0 has a fixed number of 
roots €, =1,(¢) with [¢,|<p, if |C|<p’. We set 


al, =TTE,-n), I<, 


with the product taken over these roots, and we set q=T] qr*. Since 
16Q,/€6,|AQ;|S(degQ,)/p’ when |f,|=p,, it follows from the proof 
of Theorem 7.5.1 that there are uniform bounds for the coefficients 
of q; when |¢’|<p’, and that they are analytic functions of ¢. 

As in the proof of Theorem 7.5.2 we now obtain the required 


decomposition of f with 


h({)=(Q2zni)~* at F(z, ONG (z, OV— 91, OWE Sa, Caz. 


- 


This is a polynomial in ¢, of degree less than the degree yu of q. The 
discriminant R(¢’) is the product of the discriminant of I1¢ j(Q) and 
certain squares of differences of zeros of Q(¢,,¢'). These can all be 
estimated by CO(0) since the coefficient of fT in Q is 1 and the other 
coefficients can be estimated by CO(0). Hence the hypothesis of Lem- 
ma 15.3.4 is fulfilled if R({)+0, and 


IR(C)S CHOCO *27%-Y 


for some x. It follows that 


vr 


sup [AUR *s COOK Y Yd 1a (O/ecI. 
il<er j=lkemy qj()=0 

We integrate this estimate for |{’|<p’ recalling that d/(¢’)<dS, (see 

the proof of Theorem 4.1.12). In view of Lemma 7.3.12 it follows that 

(15.3.13) holds. 
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Proof of Theorem 15.3.3. Since ue BY},(X) we know that for some ¢ 
satisfying the conditions in Theorem 15.2.1 we have 


(15.3.15) [<u v>P? SC [f8(Q e772 dAQ, ve BS, (X). 


Our problem is to write v as a sum v,+v, where 7, is divisible by 
P(Q)=P(—O and v, can be estimated in terms of @*é/@f* restricted to 
N, when k<m,. 

For any 6e@" we can apply Lemma 15.3.5 to 


O(=P(O,+6,,07+(1+|a)-70) 


where m is the degree of P. In fact, the coefficient of CT in Q({) is 
equal to that in P(¢) which may be assumed equal to 1. Hence 


sup |O(¢,,0)/=max {44 Q(O)/j!Z1 


ial<1 


by Cauchy's inequalities. On the other hand, 0(0) has a uniform 
bound if «+0 for differentiation gives some factor (1+|@})'~™ then. 
We define Q; in the same way by means of P.. The discriminant R of 
[4 is not identically 0 since P are irreducible and relatively prime, 
so some coefficient of the disctiminant R(@+(14]0)'- 70) of 112; 
can be bounded from below by a power of (1+ |6))~'. To ie to the 
original variables we set 


B,(0)= {€5 16,8, 1? +10 — 071 + 16)?" - 7 <r}. 
Lemma 15.3.5 then gives for every 0 a decomposition 
(15.3.16) B()=P(—Ogel+h(,  CeB,(A), 


and for some new constants x and C the estimate 


(15.3.17) sup [hyl S C(1+/0)" ¥ Sf jaeyatklds,. 


j=lk<m; Nj0B,(8) 


Note that 4,=0 if N,OB,(0)=0 for every j. 

Using Lemma 1.4.9 and Theorem 1.4.10 we can choose a partition 
of unity 1=) 7,(Q) where zy, has support in B,,(6,), at most a fixed 
number of balls B,(6,) can overlap and 


[6/8 ,|+ 16x, /E01(L +10)? “SC. 
V, => yh, -Pw 


where w will be chosen so that V, is analytic, that is, 


(15.3.18)  édw= fs f=) (hy /P)6x,=> rho, —Io,)/PIOx. 
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Here we have used that } 6y,=0 and that )'y,=1. By (15.3.16) we 
know that . 

(hg, hg WP =86,— So, 
is analytic in B,(0,)B,(8,). A bound for hg —h,, in this set is pro- 
vided by (15.3.17). By Lemma 7.3.12 division by P(—¢) does not in- 
crease the bound by more than a constant factor in B,,.(9,)0B,/2(@,). 
Hence 


(15.3.19) F lzulle, —Me,)/PI71ex,/?d2(OSM,+M,, 


M,=Ca+la2e 5 Tf leteleckieas, 


j=ilk<m; Nj0B,(8y) 


by the Cauchy-Schwarz inequality for we have a fixed bound for the 
mass of dS; in NOB, (8). (The constants may be changed of course.) 
Similarly 


(15.3.20) Sze, PAA M,. 
From the proof of Theorem 15.3.1 we know that (15.3.18) has a 
solution w with 
(15.3.21) JJ w(Q|? P(—0)? e728 dA(Q) 
SCIif(OlPe7 7% P(— FP (1 + [Im Ly"*d A4(D), 
provided that the right-hand side is finite. To estimate it we use that 


[FIP SN? Y Ize, ~ Mo, /PI Ex? 


if N is an upper bound for the number of B,(6,) which can have a 
point in common. It follows from (Gu) in Theorem 15.2.1 that we can 
insert a factor P(—{)?e-?*®) in the integrals in (15.3.19) if x is in- 
creased by 2. For every mw (resp. v) the left-hand side of (15.3.19) 
vanishes except for at most N values of v (resp. u). Hence the right- 
hand side of (15.3.21) can be estimated by 


CD) y d | \ee/egre e799 P(— C71 + |C/?)*dS (0) 
foal k<m; Nj 


for some new constants C and x. By (15.3.20) we have a similar 
estimate for ¥) y,h,,. Hence 


(15.3.22) {lV (OP e722 dr (OS CG, 
G=P Lf iersyackte2C +17 aS (0. 
j=slk«<m; N; 
We have now obtained a decomposition ?=V, + V, where 


V,/P=(€-V,/P=> 4,26, +W 
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is a locally square integrable function, hence analytic. The end of the 
proof of Theorem 15.3.1 can therefore be applied to pass from 
(15.3.15) and (15.3.22) to the estimate 


(15.3.23) l{u, v>|7<C'G. 
Hence 


Cury= > LJ UHH O/ehas,(O, veCH(X), 
jo lk<m; Nj 
where ’ , 
J 1UOP e721 +P" dS (Q) <0. 
Ny 
Here 6*8(0)/@t% is the Fourier-Laplace transform of (—ix,)*v, so we 
have in the sense of (15.2.21)' 


w= SY (ix § be Y(—aS,(-9 
Nj 


J=lke«m; 


which apart from differences in notation is Theorem 15.3.3. 


15.4. The Fourier-Laplace Transform 
of CP(X) when X is Convex 


Let X be an open set in IR”. As in Section 15.2 the inductive limit 
topology in C@(X) is defined by the semi-norms g in C?(X) which 
have continuous restriction to the Fréchet space C?(K) for every 
compact set KX. Equivalently, a convex set Vc C?(X) is a neigh- 
borhood of 0 if and only if VAC3(K) is a neighborhood of 0 in 
C3 (K) for every compact set Kc X. The following theorem is just a 
slight addition to Theorem 2.1.5. 


Theorem 15.4.1. Let K,<K,¢... be compact subsets of X such that 
each K, is in the interior of K;,, and UK,=X. Then the following 
conditions on a convex subset V of C%(X) are all equivalent: 

(i) V is a neighborhood of 0. 

(i) There exist integers N, and numbers ¢,>0 such that V contains 
any finite sum )_u, with u;eCP(Kj) and sup|D*u,|<e,, |a|SN,- 

(iii) There exist functions p,¢C°(X) such that each compact set in X 
meets only finitely many suppp,, and V contains every ueCP(X) 
satisfying the estimate 


(15.4.1) ¥ sup|p,D*u| <1. 
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(iv) There exist integers N,; and numbers &,>0 such that V contains 
all ueC?(X) satisfying 


(15.4.2) |\D*ul| Se, in (K; for |ajSNj, j=0,1,..-. 
Here K, denotes the empty set. 


Proof. (i) => (i). By hypothesis N; and e, can be chosen so that V 
contains every ueC¢(K,) with sup |D*u| <2e, when |a|SN;. Hence V 
contains 2/ u, if u, has the properties stated in ‘Gi, and this implies 


uj,=),2-/2uevV, 


since ) 2~/<1 and 0eV. 

(ii) = (iii). Choose y,eC>(K,) so that y,=1 in K,_,, and set yy 
=%1, Wy=Gr- Gar when. joi. Then u= > u, if uj=W,ju, and the sum 
is finite. We have |D*u,|<e, when |a| SN, if 


[Pw lleul<e, la+BlSN,. 
Set 
PAX= Yo 2b (x)l/e;- 
a+ Bl SN; 
On any compact set the sum is finite and vanishes for large |a|. It 
follows from (15.4.1) that u, satisfies the conditions in (ii). 

(ii) => (iv). Define N, 50 that |«] SN, when suppp, OK +. Then 
it follows from (15. 42) that \o,D*ul <2-"~ tl in K;,,\K, if ¢; is 
chosen small enough. Hence (15.4.1) is valid in K;,,~K;, every j 
and therefore in X. 

(iv) => (i). This is clear since the set of all ue C(K) satisfying (15.4.2) 
is only restricted by bounds on a finite number of derivatives. 


re 


In the convex case we shall now give a description of the neigh- 
borhoods in terms of Fourier transforms. This supplements topologi- 
cally the characterization of the Fourier transform given in Theorem 
7.3.1, 


Theorem 15.4.2. Let X be convex and choose K; as in Theorem 15.4.1 
and in addition convex. Then the conditions (i)-(iv) are equivalent to 

(v) There exist positive numbers 6, and M, such that V contains all 
ueCe(X) such that 


(15.4.3) la(Qls>) 6,1 +10) exp Hx, (Im 0). 


Proof. (v) = (i). The derivation of (7.3.3) from (7.3.1) shows that 
(15.4.3) is fulfilled with just one term in the right-hand side if 
ueCo(K,) and |D*ulj,, is small enough when |a|<M,. Thus the in- 
tersection of C?(K,) and the set defined by (15.4.3) is a neighborhood 
of 0 in C?(K)). 
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(iv) => (v). We must show that (15.4.2) follows from (15.4.3) for 
suitable 6, and M,. To do so we shall use the proof of Theorem 7.3.8 
with the definition of I, modified to 


€ > €+in log (2+|¢|’) 
to make the imaginary part +0 everywhere. If ueC? we have for 
every 7 

u(x) =(22)7 ee (Qe dl, a... Adt,,. 


We shall prove that if 6,,...,6;_1, My,-..-,Mj_; are already fixed then 
(15.4.3) implies (15.4.2) for this particular value of j provided that 6, 
and M, are respectively small and large enough for k2j. This will 
show that 6,, M, can be chosen successively so that (15.4.3) implies 
(15.4.2) and thus complete the proof. 

First we observe that for some c>0 one can for every x€K, find 
HERR” with |y|=1 and 


(x, 1) > Hy,_ (ite. 


jot 


We can take for c the distance from K j-1 to the complement of K;. 
This implies that 


exp(Hx,_,(Im(Q)—<x,Imo>)<2+|é/7)"*%, Cel, 


Hence it follows from (15.4.3) that if |a|SN, and x¢K, then 
[Dru(xiSC Y d,fU +1 +iRn log (2 +E)? 
k=] 


(24167) + RAE, 
c(k, n)= —c+Hy,(n)-Ax,_,(n). 


The terms with k<j decrease exponentially as Roo since c(k,4)<0. 
Fix R now so that their sum is <¢,/2. If M, and 1/6, are large enough 
for k2j then the sum of terms with k2j is also <e,/2. Thus (15.4.2) is 
valid and the proof is complete. 


Condition (v) does not yet: have the appropriate form for appli- 
cations of the estimates in Section 15.1 so we must make some further 
modifications similar to those in the proof of Theorem 15.2.1. 


Theorem 15.4.3. Let X be an open convex subset of IR" and V a convex 
subset of CX(X). Then V is a neighborhood of 0 in C&(X) if and only 
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if V contains all ueCP(X) with 
(15.4.4) f|a(Qire- P'da(O<1 
where & is a function in C” with the following properties: 


(a) For every convex compact set Kc X there are constants Cy, Nx 
such that 


en PO C,(1 ai [e[¥xe7Hxims) 


where H, is the supporting function of K. 
(b) ¢ is locally Lipschitz continuous, 


|do(0)| SC, + log (1 + [1m €)). 
(c) @ is plurisubharmonic; more precisely we have for every weC” 
e(1 + [Im ¢|?)~?}wl? SY" wi, 67 @(D/06;66, 


in the distribution sense. Here c is a positive constant. 


Proof. If K is a compact subset of X and ueC}(K) then 
Cra(O) SeF xO") || Deull ps. 


Hence it follows from (a) that (15.4.4) is fulfilled if ||D*ulj,1 is suf- 
ficiently small when |a|SN,+n+1. Thus the set of all weCF(X) 
satisfying (15.4.4) is a neighborhood of 0. 

Assume now that V is a neighborhood of 0 in C?(X). By Theorem 
15.4.2 we can choose K,, 6, and M, so that (15.4.3) implies ueV. We 
shall construct ¢ so that (15.4.4) implies (15.4.3). Since |%(Q|? is sub- 
harmonic it follows from (15.4.4) and (b) that 

a(QPrants f ja(C+z2)\?dd(z) 


l2zj<1 


(QC ere sere: fuera te ee aie), 


|zl< 


It 1s therefore sufficient to choose ¢@ so that, in addition to (a), (b), (0), 
we have 


(d) Gal/n"yFe? (2+ |e <P} 5,(1 +] 0)" % exp Hy, (Im 8). 
Set 
0 (Q=Hx,(Im ()—27*(M,,., + I log (¢7 +(£1*) 


+07 3(0? +|Im ¢|?)*# -(} + [Im f}?)*. 
Since Hx, is plurisubharmonic and 


¥ w, WH, 6? log (0? +10)? )/6C,60, Swi (te? +1617) 
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we obtain from the computations which led to (15.2.10) 
¥ wy, 2v (0/8 ,8E, 
> — (My, 1 + I lw/?/2(1? + C7) + |w/?(e? + [Im C/?)-2/16 
> |w/?(e? + lm ¢)?)-2/32 
if t}/? 2 16(M j-1 +1). This implies that y, satisfies (c) uniformly when 
[Im ¢|>¢;. If C; is a Lipschitz constant for Hy, we have 


\dw (Q)| S(Mj+ )/t;+ C,+2t7*<logt, 
if t; is large enough. We fix t; now so that the preceding conditions 
are fulfilled and F 
Ay (n)+t7*lnlSAx,_ (9) 
and let C, be a bound for |dw,()|. Then 


W(S)S — (Mj... + I log (2+ 10) 
+Hy,_,(Im{)— C, +3 log (67, ,2"/n!) +G, 


for some G,. We choose G; so large that in addition 


¥()—-G;<¥,()-G,;  |Im¢|<2,+1; 
and set 


@ A) mex (W,(Q—G,). 


Then we have $,(2)=9,_,(¢) when [Im ¢|<t,+1. Since ¥,—G, satisfies 
(b), (c) uniformly for |Im¢|>1t, it follows inductively that 6, does so 
too. We have chosen G, so that (d) is satisfied by , for every j. Hence 
$(g)=lim @,(Q) satisfies (b), (c), (d). Since 6(Q2W,(2)—G, the condition 
(a) follows for K=K,, and this completes the proof. 


Representation formulas for distribution solutions of an equation 
P(D)u=0 can now be proved by repeating the proof of Theorem 15.3.3, 
and we can also prove an analogue of the representation (15.2.18) for 
arbitrary distributions. We leave the details as an exercise for the reader. 


Notes 


I? methods for the study of the overdetermined Cauchy-Riemann 
equations were first developed by Morrey [1] and by Kohn [{]. 
These methods work not only in €” but in arbitrary pseudo-convex 
domains or even in Stein manifolds. The exposition in Section 15.1 is 
mainly taken from H6rmander [19] where the reader can find a 
systematic development of complex analysis in several variables with 
similar techniques and also additional references. 


Notes 301 


The applications to differential operators taken up in Section 15.3 
require that the relevant norm on the Fourier transforms of the test 
functions can be expressed as a 1? norm in €" with respect to a 
weight e~?° where ¢ is plurisubharmonic. Ehrenpreis [3, 5, 6, 7] bas 
studied systematically for which spaces of distributions of compact 
support that the Fourier-Laplace transform can be described includ- 
ing the topology by conditions on the absolute value alone. However, 
he did not examine the possibility of using L’? norms with respect to 
weights e~?° where @ is plurisubharmonic. In his monograph on 
differential operators with constant coefficients Palamodov [1, p. 423] 
dismissed the possibility of using results such as Theorem 15.1.1 
altogether on the ground that the function 


(= —klog(t+|C))+ Hx(im 6) 


which turns up in the description of the Fourier transform of C§(K) is 
not plurisubharmonic. For this reason we have devoted Sections 15.2 
and 15.4 to a perhaps excessively long discussion of how one can 
construct equivalent strictly plurisubharmonic functions. The main 
idea is just that the plurisubharmonicity of H,(Im{) is quite strong 
when Im {=0 and can be spread out so that it overrules the lack of 
plurisubharmonicity in the first term. If the results are combined with 
Theorem 7.6.11 in Hérmander [19] as in the proof of Theorem 7.6.13 
there and also with Theorem 1.5 in Bjork [1, Chapter 8] one obtains 
the complete fundamental principle as proved in Ehrenpreis [6], Mal- 
grange [5], and Palamodov [1]. (See also the third edition of H6rmander 
[19], to be published in 1989). However, in order to avoid a long excur- 
sion into local algebraic geometry and cohomology with bounds for 
forms of higher degree we have just included a study ofa single differen- 
tial operator here. 


Chapter XVI. Convolution Equations 


Summary 


A partial differential operator has constant coefficients if and only if it 
is translation invariant. We have seen in Chapter IV that every 
translation invariant operator is a convolution operator. It is therefore 
natural to examine to what extent the results obtained for partial 
differential operators with constant coefficients can be extended to 
convolution operators. This is the purpose of the present chapter. It is 
natural that we must then drop the finer points and concentrate on 
questions concerning existence and regularity in the spaces Z’, Y, and 
Ce 

The Fourier-Laplace transformation replaces convolution of dis- 
tributions with compact support by multiplication of analytic func- 
tions of exponential type. To take advantage of this we must continue 
the study of (pluri-)subharmonic functions begun in Section 4.1. In 
Section 16.1 we discuss representation of subharmonic functions by 
Newtonian potentials or more precisely by means of Green’s poten- 
tials and the Poisson kernel. The main result is that if a subharmonic 
function is bounded above in the half space x, >0 in IR’, then 


u(tx)/t 


converges in Li, to a linear function of x, as t>+00. The appli- 
cations to plurisubharmonic functions are given in Section 16.2: If u is 


a plurisubharmonic function in ©” such that 
u(ZzySC+AlImz|, zeC’, 

then there is a smallest supporting function H such that 
u(z)SC+H(Imz), zeC’, 


and u(tz)/t approaches H(Imz) as t>oo if zeCR"={wx; we, 
xélR"}. This allows us to give in Section 16.3 another proof of the 
theorem of supports for convolutions. Similar but much more com- 
plex results are also proved concerning the singular supports of con- 
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volutions. In particular we give a number of characterizations of 
distributions weé’ such that 


ueé’, peueC® = ueC™. 
These are called invertible. When y is invertible we always have 
chsingsuppucchsingsupp(u*uj—chsingsuppy, ued’. 


For invertible distributions an existence theory for the inhomo- 
geneous convolution equation pxu=f analogous to that in Sections 
10.6 and 10.7 is given in Section 16.5. However, solutions also exist 
for every w=0 if f is real analytic. This is proved in Section 16.4 
where we also prove a general theorem on approximation of solutions 
of the homogeneous equation wxu=0 by exponential solutions. 

In Sections 16.6 and 16.7 finally we give an analogue for con- 
volution equations of the study of hypoelliptic and hyperbolic partial 
differential equations in Chapters XI and XII. 


16.1. Subharmonic Functions 


As already stated in Theorem 4.1.8 a function u, in an open set 
X <R’ is called subharmonic if it is upper semicontinuous with values 
in [ — 0, 00) and the mean value 


M(x,n= f§ uUg(x+rea)dw/ | dw 


lwl=t fal=1 


is an increasing function of r for xeX and 0Sr<d(x, [ X). When u, is 
not identically ~co in a component of X we proved that u,eLi,, 
and that 4u,20.° Conversely, every distribution with non-negative 
Laplacean is defined by precisely one subharmonic function. 

Let E(x) be the fundamental solution of the Laplacean defined in 


Theorem 3.3.2. If 4 is a positive measure with compact support then 


u(x)= | E(x—y)du(y) 


is a subharmonic function defining the convolution E*dy in the sense 
of distribution theory. In fact, if yw, is defined as in the proof of 
Theorem 4.1.8 then y,*E£=E,|E when <{0, hence 


w.*xExdu(x) | fE(x—y)du(y) when «10. 


Thus u is upper semi-continuous. Since E,#du— E*dy in Li,, it also 


follows that u defines the distribution E*dy, with A(Exdp)=dyuZ0. 
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Since EelZ,, if p<nj/(n—2) (which we read as p<oo when n=2), 
we have E*dyelf,, for such values of p. If feé’ and f*E is a 
continuous function it also follows that f*(Exdu)eC. These obser- 
vations can be carried over to arbitrary subharmonic functions: 


Proposition 16.1.1. If v is subharmonic in the open set X <IR" and not 
identically — oc in any component, then veL’,, if p<n/(n—2). For every 
fe€ such that f*xE is continuous, the convolution fxt is also con- 


tinuous in the open set {x; {x}—suppf <X} where it is defined. 


Proof. Set du=Av which is a positive measure. For every open set Y 
GX we can choose a non-negative y¢C3(X) equal to 1 in Y and 
obtain 

v=E«*(ydu)+w 


where dw=(1—y)du=0 in Y. Hence weC™(Y). Since ydyp is a posi- 
tive measure the statement follows from the observations made before 
the proposition. 


Proposition 16.1.2. If v, and v are subharmonic functions in the open set 
X CR", not identically ~c in any component, and v,—v in D(X), 
then v, > v in Lh, (X) if p<nf(n—2). For every xeX we have 


loc 


(16.1.1) lim v,(x)Sv(x). 


If dv is a positive measure with compact support in X such that dv*E is 
continuous, we have for v almost every xeX 
(16.1.2) lim v,(x)=v(x) > — 00. 


jn 


Proof. Set du,=Av, and du=Av. Then du,;—>du in Y, hence in the 
weak topology of measures (Theorem 2.1.9). Writing 


v,=Ex(ydu)+w;, v=E*(ydu)+w, 
with y chosen as in the proof of Proposition 16.1.1, we have 4w,=0 in 


Y and w,>w in '(Y). By Theorem 4.4.2 it follows that w,>w in 


C“(Y). If E, is defined as in the argument which led to Proposition 
16.1.1, we have E,(x)= E(x) when |x|>ce, hence E,~E —> Qin L’ when 
é— 0. Since for fixed ¢ 


E,*(x(du;—dy)) > 0 
locally uniformly as j > oo and 
I(E—E,)*(x(du;—du))||ppSCVIE-E,|,,70 ase0, 


it follows that v, > v in L4,.(Y) as j +00. 


loc 
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For xe Y we have 


v(x) = E*(ydy,)(x) + w(x) SE, *(zduj)(x) + w;(x) 
> E,*(xdu)(x)+w(x), fo, 

which gives (16.1.1) if we let +0. (This was proved in Theorem 4.1.9 
by another method.) From the mean value property it follows that the 
sequence v, has a uniform upper bound on any compact subset of X. 
Hence (16.1.1) and Fatou’s lemma give 

f o(x)dv(x)2 J (lim c,(x))dv(x) him f v,(x)dv(x). 
The last statement in the proposition will therefore be proved if we 
show that 

fv,(x)dv(x) > [ v(x)dv(x), fj 70. 

If we choose Y so that supp dv c Y, this follows from the fact that 


fQ Ee —y)x)du,0))dv) 
=| (dv*E)(y)z(y)du,(y) > [dv *E\(y) 20) du). 


The proof is complete. 


The representation of subharmonic functions by Newtonian poten- 
tials of positive measures can be exploited for a further study of the 
exceptional set where lim v,(x) < v(x). However, we shall not make any 
use of such refinements here but only of the simple consequence of 
Proposition 16.1.2 that it is of measure 0 in any C! hypersurface. In 
fact, if dv is a continuous density of compact support on a C! hyper- 
surface, the continuity of Exdv is obvious if the surface is a hyper- 
plane and follows by a change of variables in general. 


We shall now elaborate the maximum principle further and show 
that it characterizes subharmonic functions. To do so we shall solve 
the Dirichlet problem in the unit ball using the Poisson kernel 


P(x, yy=(1—|x))lx—yl"/e, if x, yelR’, [x] <1=Iyl. 
Here c, is the area of S"~*. This is a harmonic function of x, for 
P(x, y= —-2 cy, Diz" +12? "Ye, if x=y +z, 


and both terms are harmonic functions of z. Writing x=ra, |w!=1, 
r<l, we have since P, is harmonic 


P,(0, =P, (re, y)do/c, =] Pi(ry, o)da/c,. 
Here we have used that |rw—y|/?=1+r?—2r<a, y>=|w—ry|?. Hence, 
with x=ry, 
(16.1.3) JR(x,e)dw=1 if |x|<1. 


We are now ready to prove 
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Lemma 16.1.3. If h is a continuous function on the sphere S"—*, then 


H(x)= f[ P,(x,@)h(o)do, |x|<1; H(x)=h(x), |x/=1, 
lo}=1 
is a continuous function which is harmonic in the interior of the unit 
ball. 


Proof. That H is harmonic follows from the fact that P, is harmonic 
by differentiation under the integral sign. If r<1 we have by (16.1.3) if 
lyl=1 

[H(ry)—h0) SJ Py (ry, ©) |A(@)—-hldo 
S sup |h(@)—-h(yi+ J Pry, a)|h(o)—h(y)ldo. 


ly-a@l<e ly-w|>e 


The last integral converges uniformly to 0 when r—1, and the other 
term on the right hand side is as small as we please when ¢ is small 
enough. This proves that H(ry)—h(y) uniformly in y when r—], 
which completes the proof. 


The maximum principle shows that H is the only harmonic func- 
tion with the boundary values fh; it is said to be the solution of the 
Dirichlet problem in the unit ball with Dirichlet data h. 

We can now give a number of equivalent definitions of sub- 
harmonicity: 


Proposition 16.1.4. Let u be an upper semi-continuous function in the 
open set X CIR" with values in [—90, 00). Then each of the following 
conditions is necessary and sufficient for u to be subharmonic: 
(i) If xeX has distance >r to ¢X then 
u(x) [| dos f[ u(x+re)do. 
lof=1 lolel 
(1) If xeX has distance >r to fx there is some positive measure 
du on [0,1] with strictly positive mass on (0,r] such that 
u(x) IS dodu(r)S If u(x+ro)dodu(r. 
Jools jol= 
(iii) If K is a compact subset of X and h a continuous function on 
K with uSh on OK, which is harmonic in the interior of K, then ush 
in K. 
(iv) If B is a closed ball <X and h a harmonic function in R” with 
uh on GB then uSh in B. 


Proof. Theorem 4.1.8 shows that subharmonicity is equivalent to (i). 
Integration with respect to du(r) shows that (i) = (ii) for every uw To 
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prove that (ii) => (iil) we shall elaborate the proof of the maximum 
principle in Theorem 4.1.8. Assume that M=sup(u—h)>0. The su- 
K 


premum M is attained in a closed subset F of K since u is upper semi- 
continuous. By hypothesis F has positive distance 6 to GK. Let x be a 
point in F with distance 6 to 6K. Every sphere {x;|x—y|=r} with 
0<r<6 must then contain a point y with distance 6—r<6 to ¢K, and 
then we have v=u—h<M in a neighborhood of y. Hence 


{{o(x+ra)dodu(r)<M ff dwdu(r)=v(x) | f dwdu(r). 
Since 
fh(x+ra)do=h(x) {dw 


if r<6, hence also when r=6, this contradicts (ii). That (iii) = (iv) is 
trivial. To prove that (iv) = (i) we let U be a continuous function 
strictly larger than u defined on the boundary of a closed ball B with 
center x contained in X. Lemma 16.1.3 shows that there is a con- 
tinuous function H in B with boundary values U which is harmonic in 
the interior. H is the uniform limit of H(x+t(. —x)) in B as t//1, and 
this is a harmonic function in a neighborhood of B. Hence it follows 
from Theorem 4.4.5 that H is the uniform limit in B of a sequence of 
functions H; which are harmonic in R”. For large j we have H,;>u on 
6B, so it follows from (iv) that H,2u in B. Hence 
ux)SH()= [ H,(xtro)dw/ | do 
joj=1 joj=1 
> J U(x+re)da/ fj do. 
jaja jol=1 
Taking the infimum of the right-hand side for all U considered we 
have proved (i) since u is upper semi-continuous. The proof is com- 
plete. 


Corollary 16.1.5. If u,, 1€1, is a family of subharmonic functions in X 
and u=supu, is upper semi-continuous and <+0, then u is sub- 
harmonic. 


Proof. Let K be a compact subset of X and h a continuous function in 
K with uSh on ¢K, which is harmonic in the interior of K. Then 
u,<h on GK so u,Sh in K since u, is subharmonic. Hence uSh in K, 
and u is subharmonic by condition (iii) in Proposition 16.1.4. 


If I is finite then u is of course automatically semi-continuous. 
Corollary 16.1.5, which was already used in Section 15.2, is the only 
reason why we had to prove Proposition 16.1.4. 

The main topic of this section is the study of subharmonic func- 


tions v in 
IR". ={xeR"’, x, >0} 
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such that for some constants C, and C, 
(16.1.4) V(X)SCot+C,x,, x, >0. 


Note that it follows from the Paley-Wiener-Schwartz theorem that 
v(z)=log ju(z)| satisfies this condition if u is a measure with compact 
support on R and C is identified with IR* That is the reason for our 
interest in functions satisfying (16.1.4). We shall only need them when 
n=2 but no additional difficulties occur for larger values of n. 


Lemma 16.1.6. If v is a subharmonic function in R", satisfying (16.1.4) 
it follows that 
M(x,)=sup o(x, x, 


is a convex function of x,,. 


Proof. Let 0<a<b and let L(x,) be a linear function with M(a)SL(a) 
and M(b)=L({b). Then the subharmonic function 


v, (x)= v(x) — L(x,)—e(x? +... +x2_, —(n— 1) (x? —b7)) 


n=J 


is <0 on the boundary of the slab {x;aS<x,<b} and ~—o at o. If 
we apply the maximum principle to a large compact subset we con- 
clude that v,(x)SO in the slab. Letting «0 we conclude that 
v(x) SL(x,) when a<x,<b, hence M(x,)SL(x,) when a<x,<b. This 
proves the lemma. 


Since M(x,)SC)+C,x, and (M(x,)—M(1))(x,—1) is increasing, 
the limit 


(16.1.5) y= lm M(&,)/x, 


Xn +00 

exists and —oo<yXC,. From the convexity of M it follows that 
M(x, +9) SM(X,)+I9V—> X,>9, ¥,>0. 

The number y will occur in the Riesz representation formula for v 


which we shall now derive. 
With E stili denoting the fundamental solution of 4 we set 


G(x, y)=E(x~—y)-E(x—y*)=E(x—y)—E(x*—y) for x, yeR’. 


Here y* =(y’, —y,) is the reflection of y=(y’, y,) in the boundary plane. 
G is called the Green’s function of IR”. If x is fixed in IR*, we have 
A,G=06,, G0, and G vanishes when y tends to the boundary. Set 


P(x, Y= — OG (x, yV/EVqly,—0 = 2Xq1¥— YI "/ Cals. 09 
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where c, is the area of S"~*. One calls P the Poisson kernel of R*.. 
Green’s formula gives if ueCP(R") 


(16.1.6) u(x)= J G(x, ydul(y)dyt+[P&, yu, Ody, x, >0. 


n 
yn> 


If x,0 the first integral converges to 0 (by dominated convergence 
after a change of variables for each term in G). If x’=0 the second 
integral is 


2/¢q | Xa(Xq tly)" u(y, Ody’ 
= 2c, | (1+ly'?)~"? u(x, ¥, Ody’ > u(O)2/c, f+ 1yP?)-"? dy’. 
It follows that the last integral must be one, that is, 
(16.1.3) (P(x,y)dy'=1 x, >0. 
If yeC#(R”,) and de CF (R"~'), then 
v(x)=] G(x, yywdyt f P(x, yo) dy’ 


satisfies the equation dv=y in R" and v(.,x,)-¢@—70 uniformly as 
x, ~ 9. To prove the first statement it suffices to note that E(x —y*) is 
a harmonic function of x in R", if yeIR*, and that P(x, y’) is also 
harmonic, for this gives in R*, 


Av(x)=4 J E(x—y)y(y)dy=W(x). 


Since G vanishes when x, =0 the second statement follows by repeat- 
ing the proof of Lemma 16.1.3: 


lf Px, YOO) dy -— 49) 
=|f PO, Lyd’ +x,y)— ody 1S Cx3 


since |O(x'+x,y)—(x')| can be estimated both by 2sup/¢] and by 
x, |y'] sup |grad @|, hence also by the geometric mean of these bounds. 
Finally we note that if x - 0c while y remains bounded then 


(16.1.7) G(x, y= —[x]-"P(x/|xl, Oy, + OZ x41x1 77) = O(x,Ix177). 
This follows from the homogeneity 
G(x, yy=t?-"G(x/t, y/t), >, 


if we take t=|x| and use Taylor's formula. 


We are now ready to prove a representation theorem for sub- 
harmonic functions satisfying (16.1.4). 
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Theorem 16.1.7. Let v be a subharmonic function in IR", satisfying 
(16.1.4) which is not identically —a. Then the measure v(x’, x,)dx' 
converges weakly to a measure do in R"~' as x, 70. If du=Av we 
have 


(16.1.8)  [(l+|y)-"ldeQ)<oo,  fy,(1 tly) "dui <ee, 
(16.1.9) v(xj=fP(x,y)do+ f Glx,y)duQy)+yx,, xe, 
yn>0 


where y is defined by (16.1.5). 


Proof. We may assume that C,=y=0 since we can otherwise just 
subtract C)+yx, from v. Thus vS0. If OSyS1 and yeCP(R*) then 


v(x)=f G(x, yxQ)duly)+v,(x), xelR’, 


where v, is subharmonic and <0. In fact, the integral is the New- 
tonian potential of y(y)du(y)—x(y*)du(y*) so 4v,=(1—y)duZ0. For 
any e>O we can find a compact set K CIR’, such that the integral is 
2—e in R’',\\K. Hence v,Se in [K so v,Se in K by the maximum 
principle. This proves that v, <0. Choose now an increasing non- 
negative sequence 7,¢C>(R",) such that y;=1 on any compact set in 
IR*. when j is large. Then v,, increases and is harmonic on any 
compact set for large j, so v,, converges to a harmonic function v, £0 
such that 
v(x)=0,(x)+02(x),  v2(x)=J G(x, v)du(y). 


If we choose x so that v(x)>—co we conclude that the second 
condition in (16.1.8) is fulfilled. 

We shall now prove that v,(.,x,)->0 weakly as a measure when 
x, » 0. Since v,<0 it is sufficient by Theorem 2.1.9 to prove con- 
vergence in Z’. Take ECF (R"~*) and form 


[Gx VIGO) dx’. 


This integral converges to 0 when x, 0 for every fixed yeR",, and 
by (16.1.7) we have a majorant Cy,|y|~" outside a compact set. Now 
the integral 

F(y)=J EQ’ —x) y,)O(x) dx’ 
is a continuous function of y and so are the derivatives of all orders 
with respect to y’ since we can let them act on ¢. Since 4F =0 when 
y, #0 we also have a local bound for the second order derivatives 


with respect to y, there so F is locally Lipschitz continuous. (See also 
Theorem 4.4.8.) Thus 


JG, x,, VY) )dX' = Fy, x, —Y_) —F (Vs Xp + Vn) = Op), 
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so the integral is uniformly bounded by Cy,/(1+|y)” and -0 as 
xX, 7 0. Hence 


[v(x x,)O(x)dx' =f duly) | GO. x,, Vy )GR)dx’ 0, x, 7 0. 
If e>0 and OS wl, wWeCe(IR"~'), then 
hy x)=v,, x, +e) —| P(x, yw Ie a)dy' 


is a harmonic function when x,>0 and in C® when x,20. The 
boundary values v,(x',e)(1—w(x’)) when x,=0 are $0, and 
lim h,(x)S$0. Hence the maximum principle gives as above that 


hy $0. If we extend the definition of h, to IR" by writing h,(x’,x,)= 
—h,(x. —x,) when x, <0, then 


Shy, =2v,(x', e)(1-W(x’)) o'(x,), 
so h, is harmonic at (x’,0) if y=1 in a neighborhood of x’ (Schwarz 
reflection principle). If we choose an increasing non-negative sequence 
w,éC3(R"~*) which is equal to 1 on any compact set in IR"~’ for 
large j, it follows that hy, increases (decreases) to a harmonic function 
hin R" which is <0 (20) in the upper (lower) half space. We have 
v,(x',x, ta=h(x)+f Pix y)v,Q,ady, x,>0. 
h must be a linear function of x,. To prove this we apply Lemma 
16.1.3 to x > h(Rx) with R large. This gives 
ne= | {  (PO/R, y)—P(X*/R, yh(Ry) dS), [xi<R, 
yl= lyn > 0 
where dS is the surface element on the unit sphere. Since 
I /R—y/?—[x/R-yP=4x,7_/R 
and the derivative of 1-"/? is —n/2 when t=1, we obtain for fixed x 


P, (x/R, y)— P, (x*/R, y)=2nx,y,(1+O0(1/R))/Re,. 
Hence 
h(x)=2nx,(1+0(1/R)) j h(Ry)y, Ro dy. 


lyl=loyn>O 


When R- oo it follows that h(x)=ax, with a constant a. 
Since v(x’, x,+¢)Sax, and a$0 it follows that a=0, for we have 
assumed that y=0. Thus 


(16.1.10) ty(x, x J=f P(x x,-ey)yO addy, x, >e. 
Since y=0 we can for any 6>0 choose x with x, large so that 


v(x’, X,) > — Ox, 


312 XVI. Convolution Equations 


Thus 
2/e, fv, Ox’ —y'P +x2)- "2 dy’ <x, (x, 2). 


If M, is sufficiently large this means that for all small ¢ 


{lv Oo, ally |-"dy' Se,6. 


ly |>Mos 


Hence we can choose a weak limit do of v,(y',e)dy’ when -~ 0 and 
pass to the limit in (16.1.10) in spite of the non-compact range of 
integration. The measure do satisfies (16.1.8) and we obtain 


(16.1.10' 0, (x',x,)=| P(x, y)de(y), x, >0. 


It follows from (16.1.10)' that v,(x’,x,)dx’ converges weakly to do 
when x, > 0. In fact, if ¢¢C%(R"~*) we have 
fo, x,) O()dx'=fdoly){ P(x, y)o)ax. 


The inner integral converges uniformly to (y’) when x, 0 and has a 
uniform bound of the form C/(1+|y’|)". Hence the limit when x, 0 
of the double integral is | #(y’)do(y’) which completes the proof. 


We can now show that v(x) is close to yx, in the mean as x +00. 
This is the main result of the section. 


Theorem 16.1.8. Let v be a subharmonic function in IR", satisfying 
(16.1.4) and define » by (16.1.5). Then we have 
(16.1.11) i) lo(tx)/t—yx,|dx >0 as to, 

K 


if K is a compact subset of the closure of R”.. 


Proof. The statement is valid if v is a constant so we may assume that 
C,=0, hence that do<0. Then we have v(tx)/t—yx,S0 so it is 
sufficient to prove (16.1.11) with the absolute values removed. By 
(16.1.9) we have ; 

| (v@x)/t—px,)dx= | Ky (t, y)do(y)—J K2@ yyduy) 


where 


OSK,(t, y)=r7* f P(tx, ydx=t-" | P(x, y'/t)dx SC" + lye), 
K K 


OSK,(t, yy=t7* ( |G(tx, y)l|dx=t'- [ |G(x, y/tidx 
k kK 


S$Ce-"y,/O +h y/e)-”. 
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The last estimate follows from (16.1.7) when y/t is large and is quite 
obvious when y/t is in a bounded set. In view of (16.1.8) we now 
obtain (16.1.11) by dominated convergence. 

We close the section by giving two examples of applications of 
Theorem 16.1.8 which will not be needed later on but give a good 
idea of the significance of Theorem 16.1.8. 


Theorem 16.1.9. Let u be a measure on R with chsuppu=[a, b]. Then 
A(log|a(tD)/t > (b-—ald(ImQ, too. 
If N(R) is the number of zeros of u with |z|<R, counted with multi- 
plicity, then N(RYR > (b—a)/x when R20. 
Proof. By Theorem 7.3.1 we have 
log la(DisC+bim’, Imf>0, 
and b cannot be replaced by any smaller constant here. Similarly 
log|“(OlseC+aimgG, Imf<0, 


and a is the best possible constant here. Hence Theorem 16.1.8 proves 
that 

t~* log la(t)| > h(Im ¢) 
in Li... where h(t)=br for t>0 and h(t)=at for t<0. We apply the 
Laplacean to both sides and obtain in view of Example 4.1.10 if z, are 
the zeros of i with multiple zeros repeated 


2n/t> 6.44.7 (b—a)5(Im z) 


in the distribution sense, hence also with weak convergence of mea- 
sures. 
If yp, are positive measures converging weakly to y, then 


(16.1.12) L() > HG) 


by definition for all ¢€C,. However, (16.1.12) remains true for every 
Borel measurable @ which is Riemann integrable with respect to uw. In 
fact, if @ is real valued and e>0 we can find ¢,, 6,¢€C,) with 
6,5¢S¢, and | (6,—¢,)du<e. Hence 

lim J édy;Slim j ¢,duj;=| ¢.duS[odute 

lim f ¢du,21im i) b,du,=J o,duz) odu—e 
which proves the assertion. If we take for @ the characteristic function 
of the unit disc, the theorem follows. 


Next we give a somewhat weaker form of Theorem 1.3.8. 
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Theorem 16.1.10. Let ueC3 (IR) and let 
\u®(x))SM,...M,, k=1,2,... 
where M, is an increasing sequence. If u is not identically 0 then 
¥" 1/M,,< 00. 
Proof. Application of Theorem 16.1.7 to log |u| in the upper half plane 
gives if u is not identically 0 that 
flogia(@idz (1 +e?)> —00. 
Now the hypothesis implies 
JW(QNSCM,/El... M/E], k=1,2,.... 


This estimate is favorable in the interval M,<|¢|<M,_,. Hence 


OS oO 


J log |a(@)|dé/E? Slog C)/M, p> EI log (M,/é)dé/E* 
=(log C)/M, YM if og €dE/E?, 


This proves the theorem. 


16.2. Plurisubharmonic Functions 


The notion of plurisubharmonic function was introduced in Theorem 
4.1.11. Since the cone of plurisubharmonic functions is contained in 
the cone of subharmonic functions and is closed in the distribution 
topology, all that we have proved concerning limits of sequences of 
subharmonic functions remains valid for sequences of plurisubhar- 
monic functions. We shall now prove an analogue of Lemma 16.1.6. 


Lemma 16.2.1. Let v be a plurisubharmonic function in C" such that for 
some constants Cy, and C, 


(16.2.1) v{ixtiy)SCyot+C,lyl; x, yelR’. 
If v= — x the function of yeRR" defined by 

(16.2.2) M(y)=sup v(x +iy) 

is convex. The limit ? 

(16.2.3) H(y)= lim M(ty)/t 


t- +0 
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exists and is a supporting function. We have M(x+y)SM(x)+ H(y) for 
all x, yelR”. 


Proof. Since 
M(y+ty,)=sup v(x+i(ytty,)=sup sup v(xt+iy+wy,) 


Imw=t 
and the supremum of a family of convex functions is convex, it 
follows from Lemma 16.1.6 that M(y+ry,) is a convex function of , 
that is, M is convex. Here we have used that M(y)SC)+C,|y|<0o 
and that M is not identically — oc. From the convexity it follows that 
the limit 
A(y= lim M(tyy/t= lim (M(ty)—M(0))/t 

exists, and it is obviously convex and positively homogeneous, 
H(y)SC,|y|. The monotonicity of the difference quotient shows that 
M(y)SM(0)+H(y). Hence 


M(x+y)—-M(x)S lim (M(x+ty)—-M(x)//t 
< lim (M(0)+ H(x+ty)—M(x))/t 


t+ +00 


S$ lim (A(x)+tH(y)/t=H) 


t— 


which proves the lemma. 


We shall call H the supporting function of v. (When v=0 we 
define H = — oc, which is the supporting function of the empty set.) In 
Section 16.3 we shall use the Paley-Wiener-Schwartz theorem to iden- 
tify the supporting function of chsuppu with the supporting function 
of log |ti] when u is a measure of compact support (see also the proof 
of Theorem 16.1.9).°This will justify the terminology. However, for the 
moment we just continue the study of plurisubharmonic functions 
satisfying (16.2.1) in order to determine how well they are approxi- 
mated by H(Im {Z) at o. 


Lemma 16.2.2. Let v be plurisubharmonic and bounded from above in 
C". Then it follows that v is a constant. 


Proof. It suffices to prove the statement whén n=1. Let v(z)SC for 
every z, and let 2) be a point where v(z,.)<a say. Then we can choose 
e>0Q so that v(z)<a when |z—2z,/<e. It follows that 


v(z)Sa+(C —a)(log (|2 — Zo |/2))/log (R/e) 
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in the annulus eS|z—z,)/SR for this is true on the boundary. When 
R-co it follows that v(z)Sa, hence that v(z)<v(z,). Interchanging the 
roles of z and Zz) we obtain v(z)=v(z,) and the lemma is proved. 


Lemma 16.2.3. Let v, be a sequence of plurisubharmonic functions in 
(C" which are uniformly bounded from above on every compact set. If v 
=lim v, is bounded from above in the whole of €", it follows that v(z) 
=supt for almost every 2. 


Proof. If supv= —oo there is nothing to prove. On the other hand, if 
supu>A>—co it follows from Theorem 4.1.9 that there is a sub- 
sequence v, such that lim v,,(2)>A for some z and v, converges in 
Loe: The limit is defined by a plurisubharmonic function V with 


V(z)>A for some z. Since V is a constant by Lemma 16.2.2 this is 
true for every z and Theorem 4.1.9 gives that 


v(z)Zlim v, (2)=V(z)>A for almost every z. 
This proves the lemma. 


Note that the same proof is applicable if k is a real parameter. We 
shall use this in extending Theorem 16.1.8. 


Theorem 16.2.4. Let v satisfy the hypotheses of Lemma 16.2.1 and 
define H by (16.2.2), (16.2.3). If yeIR" we have for almost all CeC" 


(16.2.4) lim f |o({+twy)/t—H (Im wy)idd(w) =0 
z : 


Tm + OO 


if K is a compact subset of C. 


Proof. We may assume that Imw20 in K. If veC® it is clear that 


v,(Q)= J o(C+twy)/tda(w) 
K 


is plurisubharmonic, for the Laplacean along any complex line can be 
applied under the integral sign so it is non-negative. The same con- 
clusion is valid for arbitrary plurisubharmonic v since v is the decreas- 
ing limit of C® plurisubharmonic functions. By hypothesis we have 
v()SH(m 0+ Co, hence 


v(QSm(K)C,/t+ | H(t Imf+Imwy)di(w) { Hdm wy)di(w) 
K K 
as too. In view of Lemma 16.2.3 it follows that there is a constant A 


such that __ 
ASH(y) { Imwda(w), Time, (SA, 
K 
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with equality for almost every ¢. When the function w— v(€+wy), 
Imw>0, is not identically —0o, it follows from Theorem 16.1.8 that 


lim o,(Q)=y(Q) { Im wds(w) 
k 


where »(¢) is defined according to (16.1.5). If we write 
A=y { Im wd/(w) 
K 
we have »<A(y) and y(Q)Sy for every ¢, with equality for almost 
every ¢ Hence 
vf+wysMIm)+7(9OImwsM(ImO+yImw, Imw2o, 


so M(ty)SM(0)+yt. This proves that H(y)S3, thus H(y)=y). Now 
(16.2.4) follows from (16.1.11) when 7(Q=H(y), which completes the 
proof. 


Corollary 16.2.5. If the hypotheses of Theorem 16.2.4 are fulfilled and 
B is a ball in C”, then 


(16.2.5) lim f { jo(C+iwy)/t—-HIm wy)ds(w)da(Q) =0. 
i +00 KxB 
Proof. We can replace B by a larger ball with center at a point ¢) for 
which (16.2.4) is valid. Since 
o(f+twy/t—-A(Imwy)sM(Imf+tImwy)/t—A(mwy) 
=M(im g/t +0 
it is sufficient to prove that 
(16.26) lim Jf @(€+twy)/t—H(Imwy))di(w)dd(Q 20. 
I+~+x Kx B 


But v is subharmonic so the quotient of the double integral by the 
volume of B is at least equal to 


j (u(E, +twy)/t -—H(Imwy))dd(w). 
K 


Thus (16.2.6) follows from (16.2.4). 


Corollary 16.2.6. If the hypotheses of Theorem 16.2.4 are fulfilled and 
B' are balls in €" with fixed center and radius bounded from below by a 
positive constant, then 


(16.2.7) lim m(B)-? ff (o(C-+twy)/t-HOmwy) daw) di(Q 20, 
t— +0 Kx Bt 
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(16.2.8) Tm m(B)-* {f lo(C+twy)/t-H(m wy dada 


Kx Bt 


2 lim 2m(B)~? ff |Hdm Oje- daw) dio. 


t- +00 Kx Bt 


Proof. Since the left-hand side of (16.2.7) increases with the radius of 
B’ the assertion follows from Corollary 16.2.5. To prove (16.2.8) we 
just have to note again that 


v(f+twy)/t -Himwy)sM(Im ts C/+HIm O/t, 
hence that 
jo(¢+twy)/t— H(Im w y)| 
S2(|Clt+|H (im HI/)—(o(E + tw y)/t— H (Lm wy) 
(16.2.8) is therefore a consequence of (16.2.7). 


Remark. If the radius of B’ is o(t) then the right-hand side of (16.2.8) is 
0. Thus v(@) is close to H(Im Q in the mean when ¢ fis in a small conic 
neighborhood of 

CR"= {wy; we, yeR"}. 


However, this is not always true elsewhere as is shown by the exam- 
ple ens 
v(¢) =|Im (<¢, €>*)I 


or if one prefers v(£)=log|cos (<f, O*).. 
The following consequence of Corollary 16.2.5 will be very impor- 
tant in Section 16.3. 


Theorem 16.2.7. Let v,, j=1, 2, 3, be plurisubharmonic functions in C” 
such that v,=0,+0v, and 

vj(2sC,+AjImz, zeC’, 
for some constants C, and A,. If H, is the supporting function of v, 


defined according to Lemma 16.2.1, then 


H,=H, +H). 


Proof. Since for yeIR", (€C", weC, Imw=0 we have 


Im w(H3())~ 4,0) -H2(y)) =H3(im wy) — 0, +1wy)/t 
+0,(f+twy)/t—H,(Imwy) 
+0,(C+twy)/t—H,(Im wy), 


the statement follows immediately from Corollary 16.2.5. 
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16.3. The Support and Singular Support of a Convolution 


If u, and uw, are arbitrary distributions in IR", one of which has 
compact support, we have the fairly obvious inclusion 


(16.3.1) supp (u, #u,) supp u, +supp u, 


(cf. (4.2.2)). In Section 4.3 we proved the far less obvious theorem of 
supports which states that when u, and u, both have compact sup- 
port, then 


(16.3.2) chsupp (u, *u,)=chsuppu, +chsupp u, 


where ch denotes convex hull. We shall begin this section by giving 
another proof with the methods developed in Section 16.2. 


Lemma 16.3.1. If u is a measure of compact support then 
log j&(Q)]SCo+ C, |Im {| 


for some C, and C,. The supporting function of the set suppu is equal 
to the supporting function of the plurisubharmonic function log |i 
defined in Lemma 16.2.1. 


Proof. By Theorem 7.3.1 we have 
log/a(Qi|SCo+H(Im), Cec" 


if e€° is the total mass of u and H is the supporting function of suppu. 
Conversely, if this estimate is valid for the supporting function of a 
convex set K then suppuc K. This proves the assertion. 


We can now prove (16.3.2) as follows. Assume first that u, are 
measures and set u,=u,*u,. If H, is the supporting function of 
suppu; then H, is the supporting function of log|é,| by Lemma 16.3.1. 
Since 

log |#,|=log |#,|+log |a,| 
it follows from Theorem 16.2.7 that H,=H,+H,, and this proves 
(16.3.2). 

To pass to the general case we take $€CP(IR") with support in a 
small convex neighborhood K of 0. Then u;«@eCg% so we have proved 
that 

ch supp (u,*)+ch supp (u,*)=ch supp (u, **u,*¢) 
=ch supp (u3*0*@) 
cchsuppu,+2K 
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where the inclusion follows from (16.3.1). When K shrinks to the 
origin and @ ~ 6 it follows that 


chsuppu,+chsuppu, cchsupp us, 


and the opposite inclusion follows from (16.3.1). 

For singular supports the analogue 
(16.3.3) sing supp (u, *u,) C sing supp u, +sing supp u, 
of (16.3.1) 1s valid (cf. (4.2.3)). The rest of this section will be devoted 
to the study of analogues of (16.3.2). These turn out to be much more 
complicated. The reason for this is that the singularities of a distribu- 
tion uéé’ are reflected by the behavior of the Fourier transform @ at 
infinity in IR", and this depends very much on how one approaches 
infinity. 

When uéé’ we introduce for real ¢ the plurisubharmonic function 
of z defined by 


(16.3.4) L,(z, S)=(log [a(S +zlog|é)iAogiél, — |ei>2. 


If N is the order of u we have by Theorem 7.3.1 for some constants C, 
N,A 
ROlScda gyal 
This gives the estimate 
L,(2,¢)SA|Imz|+(log C+N log(1+|é +z log |¢|)))Aog IC. 


Hence L,(z,é) is bounded from above when €—0o for z in any 
compact set, and we have 
(16.3.5) lim L,(z, &)SAlImz|+N. 

§-m& 
By Theorem 4.1.9 we can therefore from every sequence ¢, 00 in IR” 
extract a subsequence ¢,, such that L,(z,¢,,) converges when k 00 to 
a plurisubharmonic function v with v(z)SN+AlImz|. The conver- 
gence is in L},, if v is finite, and if v= — co identically the convergence 
to —oo is locally uniform. The limit depends only on the class of u in 
&'(R")/CP UR"), that is, on the singularities of u. In fact, if a>v(z,) 
then 

la(é,, +2 log |, DIS1é;,1" 
for all z in a neighborhood of z, and all large k. If u,eC? then 

i, (6, FZ log |e; Di <16;,P 
for such z and large enough k, which shows that 


fim L,,,,(2, Sa 


in a neighborhood of zy. This proves the assertion. 
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According to Lemma 16.2.1 there is associated with every limit v 
an element of the set # consisting of supporting functions of compact 
convex sets, including the empty set with supporting function — o. 
This construction is formalized in the following definition where we 
consider several distributions simultaneously since we intend to study 
distributions satisfying u,*u,=U3. 


Definition 16.3.2. If u,,...,u,¢€' we denote by #(u,,...,u,) the set of 
elements (h,,...,h,)€#* such that there is a sequence €,>00 in R" 
with L, (z,é,) converging to a plurisubharmonic function with sup- 
porting function h, for j=1,...,k. 


We shall see that #(u) gives rather precise information on 
sing suppu. A set #,(u) giving information on WF(u) could also have 
been defined by adding the condition €,/é,| > € in Definition 16.3.2. 
However, in order not to prolong the section we shall leave such 
simple modifications aside. 

If j<k it is clear that #(u,,...,u,) projects into #(u,,...,u,) if we 
drop the last k—j components. The projection is surjective: 


Lemma 16.3.3. If u,,...,u,¢€" and (hy,...,h)€H# (uy, ...,u;) for some 


J 
j<k, then one can choose h,.,,...,h, so that (h,,...,h,) belongs to 
H (Uy, ..., Uy). 


Proof. Let €, be a sequence 0c such that L,(z, ,) converges when 
v-—co to a plurisubharmonic function with supporting function h, for 
every 1Sj. Passing if necessary to a subsequence we may assume that 
the sequences L, (z, €,) also converge when i=j+1,..., k. If we define h; 
for these indices as the supporting functions of the corresponding 
limits, the lemma follows. 


Remark. Working with ultrafilters instead we would not need to take 
k finite. Thus we can define #(€')< #* so that the projection on the 
u,,...,4, coordinates is always #(u,,...,u,). One can regard #(&’) as 
a compactification of R” at 0, but it would take us too far to develop 
this aspect here. 


Theorem 16.3.4. If ueé’ and H denotes the supporting function of 
chsing supp u, then 


(16.3.6) H(2)=sup {h(é); he # (w)}. 


Proof. If singsuppu is empty, that is, if ueC?, it follows from (7.3.3) 
that L,(z,¢)>-—0o uniformly on every compact subset of €” when 
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E>, so #(u) consists of the function —co only. The theorem is 
therefore true in this case. Now assume that singsuppu is not empty. 
By (7.3.9) and the proof of (16.3.5) we have 

(16.3.5) lim L,(z, 2)S$N+H(m2). 

Hence h<H for every he #(u). On the other hand, let -co+H'e#H 
and H’Zh for every he #(u). Then we claim that (7.3.9) is valid with 
H replaced by H’, N replaced by N+1 (N is the order of u) and 
Suitable constants C,,. If this is false we can for some fixed m find a 
sequence €,-— 00 such that |Im¢,|Smlog(\¢,}+1) and 


aC NSA +[C Nh t teh am, 


By passing to a subsequence we may also assume that L,(z, ReC,) 
converges to a plurisubharmonic limit V. Since VSN in R” and the 
supporting function of V is SH’, we obtain (see Lemma 16.2.1) 


V(z)SN+H'(Imz) 


for all z. For large values of v we have [Im¢,|S(m+1)log|iRe{€,|, 
and it follows from Theorem 4.1.9 that 


L(z,Re€,)<N+1+H'(Imz) when |z/Sm+1. 
If we take z=iIm{,/Jlog|ReC,| this gives 
aC ISIC tet ee, 
which contradicts the assumption. Hence (7.3.9) is in fact valid with 


H replaced by H’ which proves that HSH’ and that (16.3.6) is true. 


The second part of the proof can be modified so that one gets 
additional information on singsuppu from #{u), The result is not 
required later on in this chapter except for some refinements but will 
be given for the sake of completeness. 


Theorem 16.3.5. If ue&’ then singsuppu is contained in the closed 
union of the convex compact sets with supporting function in # (u). 


Proof. First we shall prove that for every fixed m we can find h,e # (u) 
with 
(16.3.7) |a@(E+OlS1gI*** exph(Im{), |¢|<mlog/él, 


provided that € is large enough. The proof is again by contradiction. 
If this is false we can find ¢,->0o so that for every he #(u) 


(16.3.8) sup [a(,+O||é|-"~? exp —h(im Q)>1. 


15| <m log |G; 
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This means that for every he #(u) 
sup L,(z,¢)—h(Imz)>N+1. 


[zs] <m 
By passing to a subsequence we can assume that L,(z,¢)) has a 
plurisubharmonic limit V. If h is the supporting function of V we have 
as above 
V(z)SN+hA(Im 2). 


By Theorem 4.1.9 it follows that for large j 
L,(z,é)<N+1+A(Imz), — [z|<m, 


and since he #(u) this is a contradiction proving (16.3.7). 

To simplify notation we assume now that 0 has distance 2r>0 to 
all convex sets with supporting function in #(u) and shall then prove 
that uweC™ in a neighborhood of 0. This hypothesis means that for 
every he #’(u) one can find @eIR” with {@|=1 so that h(O)S—r, for 
disjoint convex sets can be separated by a hyperplane. To complete 
the proof we must localize the second part of the proof of Theorem 
7.3.8 so that near € we can go out into the complex domain in the 
direction @ corresponding to the supporting function h, which occurs 
in (16.3.7). 

Fix a small e>0. The metric 


lAj-=el|fog(2+ic),  elR’, 


is slowly varying in the sense of Definition 1.4.7. It follows from 
Theorem 1.4.10 that we can find a corresponding partition of unity 1 
=) ¢, in R" such that 

(Gi) there is a fixed bound for the number of overlapping supports 

(ii) |€—€,|. <1 in supp @, for suitable ¢, 

(iii) |D* 4, 1S (Ce), |o| Slog (3 +1¢,)). 
Here we have used the remark after the proof of Theorem 1.4.10 and 
chosen d;=1/2log(3+|¢|) when j<log(2+]é]). For large v we choose 
h,eH (u) so that (16.3.7) is fulfilled when €=¢, and m=2/e. Then we 
choose 6,¢RR" with |@,|=1 so that 4,(0,)< ~r. Now we have u=)u, 
where 

u,(x)=(2n)-" fe 6 (yale) dé. 


We shall estimate u, 7 moving the integration into the complex 
domain in the direction 6,. This requires that we extend the definition 
of 6, to C”. 
As in the proof of Theorem 8.4.8 we set 
b(E+in)= d (in)*O*O,()/al; én elR"; 


jalSky 
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where k, is the largest integer <log(3+|&,|)—1. Recall that this 
implies 
26g, (D/EE = 2 (ino, (Cy/a!, C=E+in, 
or if we use (iii) i 
(16.3.9) 166, (Q/EE|S(C, elIm C))/k,!. 
By Stokes’ formula (or as in the proof of (8.1.15) 
u,(x)=(2n)7" fe HStMIO(b GE + ik, /2) dé 


kyle 


+2i(2n)—"f J eS (6G (E+ it), 6, WE +it6,) dé dt. 
0 


In the second integral we estimate the exponential by e!*'' and es- 
timate a(€+it@,) by |€,|%** exp(—tr) which is possible for large v by 
(16.3.7) with h=h, since h,(6,)S —r. In view of (16.3.9) this gives the 
bound [£,!"*? times 


ive) 


2n(2n)-" [ (Cyet)ew""? dt/k,! = C,(2C, e/r)* 
0 


for the integral with respect to t, provided that |x|<r/2 which we 
assume from now on. In the first integral we estimate |¢,| by 


S. Cl#1 lal ap) = enh 
which gives the bound 
er Cky e-rhyl2e (= N= I <eWThyisele \Nod 
for the integrand if ¢ is small enough. Summing up, we have for 


Ixj<r/2 ' 
ju < C51 IP Rem" (2, e/)), 


When ¢ is so small that r/3e>M and 2C,e/r<e~™ this means that 
ju(x)SCyIE,[N7 IW. 


Hence } u,(x) is uniformly convergent when |x|<r/2. Differentiation 
of u, will only cause a factor € to appear, so we also have 


|D*u,(x)]SC, ye [727 
for any M. Hence ueC® when |x|<r/2, which completes the proof. 


It is clear that the sets of supporting functions introduced in De- 
finition 16.3.2 give much more information than the singular support 
alone since they take into account which frequencies give rise to the 
singularities. (The idea is thus quite close to that of the wave front set, 
and the connection could be developed further.) In terms of the 
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quantities in Definition 16.3.2 we can therefore prove a rather precise 
theorem on the singular supports of convolutions from which more 
explicit special cases will be derived later on. 


Theorem 16.3.6. Let ui, ueé', j=1,...,k. Then 


BG 
H (ui eul, ..., uy, * uy) 
= {(h thy, ..., mA); (A, BY, es Me Ay) CF (uj, uy, -.., Uy, U)}- 


Proof. Let e be a sequence oc in R” such that v4 (z,€) converges 
for j=1,. if u,=uj*u;’, Denote the limits by V;. By passing to a 
eae we may assume that L,,(z,¢,) and L,.(z,¢,) also con- 
verge. Denoting the limits by V,’ and v we have 


_Vwiy 
aVi+ Vi". 


From Theorem 16.2.7 it follows now that the set in the left is con- 
tained in the one on the right. The opposite inclusion is proved in 
precisely the same way and is left for the reader. 


Before starting to give weaker but more useful versions of Theo- 
rem 16.3.6 we shall study the convergence of L, more closely. First 
note that if ¢; +00 and L,(z,¢,) > V, then every limit of L,(z,7,) when 
1; —¢;=O(log|€;|) and joo 1s a translation of V. In fact, the limit is 
V(z+8) if (n,—¢))/flog|é,| > 8. A slightly less obvious result is given in 
the following 


Lemma 16.3.7. If ueé’, €; +00 and L,(.,¢;) > V where V is a plurisub- 
harmonic function with supporting function h, then there exist numbers 
fies and C such that if E={€eR"; |€—-¢,|<R,log|é,| for some j} 
tnen as 
lim L,(z,é)<C+h(Imz). 
EBé-o0 

Proof. We assume in the proof that h+= — 00; the case h= — oo can be 
handled in the same way. If N is the order of u we have V(z)SN 
+h(Imz), and it follows from Theorem 4.1.9 that for every k one can 
find j, so that 


L,(z,¢)<N+1+h(mz) — if |z}<2k and j>j,. 


We can take j, increasing. If we introduce the inverse of the function 
k — j, this means that we can find R; >co when j +00 so that 


L,(z,€)<N+1+h(Imz)_ if |z|<2R,. 


We may choose R,; so that R,log|é,j=o(j&,)) when joc. When 
|€-¢|<R,log|é,| we write €+zlog[éj=¢,;+w,log|é,| and find for 
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fixed z that 
lwl=|¢-€;+2 log |él{/log |o,||<2R, 


if j is large. Hence the lemma follows with C=N +1. 


Lemma 16.3.8. Let ¢; and R, be sequences +00 in IR" and in BR, 
respectively, and set E={€eR"; |€—¢,|<R,log|é,| for some j}. Then 
there exists a function ue&’ \C° with singsuppu={0} and u¢C! such 
that 


(16.3.10) Lfz,6é) 7-00 ~=when EXE >, 


with uniform convergence on compact subsets of €", whereas a sub- 
sequence of L,(z,¢,) converges to 0. 


Proof. Let ¥ be the Fréchet space of all weC$ with support in the 
unit ball such that ueC®([ {0}) and 


Px m(u)=sup {la(QEl"; EEE, |C-El<mlog |é}} <0 


for all positive integers N and m. It is clear that the latter condition 
implies (16.3.10). Let 1t, be a positive sequence such that 
logt;/log|é,| > 0 but t;/log |¢;))" >< as j +00. Set 


#, = fueF¥; jim t,\a(¢,)| = 0}. 


We shall prove that ¥,+#. Every ue¥ ~ F, has the required proper- 
ties. That u¢C? is clear since uéC’ implies that |€,||a(g,)| is bounded, 
hence that 1,|a(¢,)| ~0. Moreover, ug# ~ ¥, implies lim L, (0, €)29, 
so the sequence L,(z,¢,) has a subsequence with a plurisubharmonic 
limit V such that V(0)20. Since ueC° and sing suppu={0} we have 
V <0 everywhere, hence V =0 identically by Lemma 16.2.2. 

If # were equal to ¥ we would have a closed map 


F au {t0(E pel. 
By the closed graph theorem it must be continuous, so 


(163.11)  supzJa(é)iSC(suplul+ > sup|D*u|+py.,(W), ueF, 
Jal<Ny 

for some constants N, m, N,, C and some compact set K ef {0}. Let 

X be a convex neighborhood of 0 contained in the unit ball such that 

XK =6, and choose yeC?(X) with w20 and [ydx=1. We define 

u,eCo (X) by 


A(D= (WS —E)/k) 
where k, is the largest integer <log|¢,| and j is large. (This is essen- 
tially the same construction as in the proof of Theorem 1.3.5.) Then 


16.3. The Support and Singular Support of a Convolution 327 


we obtain 
sup |u| Sf ly (E/kldg = Ck? =o(t)). 
The left-hand side of (16.3.11) is at least equal to t, when u=u, so the 
lemma will be proved if we show that p,, ,,(u,) is bounded. 
Let ¢¢E, Ce€” and |{-¢}<mlog|¢j. Then |€¢—<¢,]2R,log{¢,| by 
the definition of E. If z=({—€,)/k, it follows that 
ICIS —E] +10 -—S}+ 1G] Sk, lz]+m log |e| +e"? 
Sklzi+|éj2+C+e*?, 
where C and the following constants depend on m. Hence 
lE1<C,e(1+k,lz/)<(C,(1 +12), 
klzl=lC—-e,l21¢-¢,|-lf -Cl2R, log |¢,|—m log |¢| 
2k(R,—mlog(C,(1+|z)), 
which implies |z|>R,/2 if j is large. Since 
[Im 2] = [Im £|/k; <m(og |é))/k; 
it also follows that 
(16.3.12) em <(C,(1+|z)))™. 
Altogether we have found that 
A (QUEM SUH (I CFA + 12) 
where z satisfies (16.3.12) and |z|>R,/2. Since W is rapidly decreasing 


in the set defined by (163.12) we conclude that py.,,(uj) 70. The 
lemma is proved. 


We shall now examine when a convolution with no C® factor can 
be in C™. 


Theorem 16.3.9. If ue&’ the following conditions are equivalent: 
(i) —wEe#H(u). 
(ii) for every xeIR" one can find we€’ A(C°~ C!) with sing supp w 
= {x} and weueC”. 
(ili) there exists some weé’ such that wxueC® but wéC™. 


Proof. (i) = (ii). We may assume that x=0. Choose €,— 00 so that 
L,{.,€;) > and then choose E by means of Lemma 16.3.7 so that 
L,(..2) 7-0 if Esé +00. By Lemma 16.3.8 we can find weC°~ C! 
with compact support and singsuppw={0} so that L,(.,€)~—< 
when € 00 in [ E. Hence 


Lil JEL, +L Ze—0 if E00 
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so uxweC®. (ii) = (iil) is trivial. (111) = G). We can choose h, + — oo in 
3 (w) (Theorem 16.3.4) and then h, so that (h,, h,)€2#(u, w) (Lemma 
16.3.3). By Theorem 16.3.6 we have h,+h,¢#(uxw) so h,+h,=— 0, 
hence h, = — 00 which proves (i). 


The negation of the conditions in Theorem 16.3.9 will be very 
important: 


Theorem 16.3.10. If ueé’ the following conditions are equivalent: 
(i) — 0¢ #(u) 
(11) there is a constant A>O such that 


sup {la(f)|; Ce”, |C—€|<Alog(2+léP}>(Atlel- 4%, ceR”, 
(iii) for every a>O there is a constant A>O such that 
sup {|a(é+n)|; neR”, |y|<alog(2+|é)} >(A+1E)-*. 
(iv) for every a>O there is a constant A>0O such that 


J logja(é+Cloglé)idi(Q>—Aloglé| if FER”, |é|>2. 
Sl<a 
(v) if we&’ and W/é is an analytic function then it is the Fourier 
transform of a distribution in &'. 


Proof. It is obvious that (iii) = (11) = (@). The implication (4) = (iv) 
follows from Theorem 4.1.9 a). To prove that (iv) = (iii) we assume 
that (iii) is not valid. This means that there is a sequence €,-> 00 such 
that L,(x,¢,)>— 00 if |x|<a and x is real. If yelIR” it follows that 
L,(x+wy,€)—+—oco for all complex w, for by Proposition 16.1.2 a 
subsequence would otherwise have a finite upper limit for almost all 
real w. Hence L,(z, €;)-» — 00 when |z|<a, so (iv) is not valid. 

We shall now prove that {iv) = (v). Let F be the entire function 
w/d. We shall then prove in order that 


(16.3.13) IF (Ol< CeAlé, ceC’, 
(16.3.14) |F(E)}< CA+IE)%, ceR", 
(16.3.15) IF(QI<CA+}epryet¥™ | ce€r. 


By Theorem 7.3.1 the last estimate means that F is the Fourier- 
Laplace transform of a distribution in &’. 

To prove (16.3.13) we use that |a(O)|<exp(A|f|+C) for some A 
and C. Assuming as we may that #(0)+0, the mean value of log|a| 
over the ball |f€|<R is at least log |@(0)| so the mean value of the non- 
negative function A{f|+ C—log|a(Q)| is <AR+C—log|a(O)|. It follows 
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that the mean value of [log |a#({)| is S2(AR+ C)—log |a(0)|. Hence 


sup log|F(¢)|=O(R) 
\el<R/2 
for log |F(Q)| is bounded by the mean value of log|w|—log |é| over the 
ball of radius R/2 and center at ¢. (So far we have proved a classical 
theorem of Lindelof which does not depend on the condition (iv).) 
To prove (16.3.14) we use condition (iv). Since log|F| is subhar- 
monic we can use the mean value property to estimate log |F()|. If m 
is the volume of the ball of radius a in €” then 


mlog|F(é)|S | logiF(é+Clog|é) ids 


Ksi<a 
= | loglw(E+Cloglé)lda(g) 
[g|<a 
— J logla(gé+Cloglé)idr(g 
il<a 
so we obtain log|F(é)i<N log |é| for some N, which proves (16.3.14). 
The proof of (16.3.15) requires a classical case of the Phragmén- 
Lindelof principle. 


Lemma 16.3.11. Let v be a subharmonic function in C such that v0 
on IR, vSC on the positive imaginary axis and v(z)SC+A]}z| when 
Im z20. Then v(z)<0 when Imz2=0. 


Proof. If s>0 the subharmonic function 
v(z)—e Re(ze~™/*)? 


is <0 on the positive real axis, SC on the positive imaginary axis 
and > — 9 at oo in the first quadrant. Hence the maximum principle 
shows that it is SC* in the whole quadrant where C* =max(C, 0). 
When ¢— 0 we obtain v<C7™ in the first quadrant. This is of course 
also true in the second quadrant. Thus the subharmonic function 


v(z)—elog|z+i| 


tends to —co at oo in the upper half plane and it is <0 on the 
boundary so it is $0 in the upper half plane. When ¢-—0 we obtain 
vs. 


End of proof of Theorem 16.3.10. To prove that (16.3.15) follows from 
(16.3.13) and (16.3.14) we consider for €, 7€IR" the subharmonic func- 
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tion 
v(z)=log |F(E+27)|-—N log |2+|2&| —iz|2y||-—Aly| Imz—log C 


in the upper half plane. For real z we have v(z)<0 by (16.3.14), and 
on the positive imaginary axis we have v(z)SAJ|é| by (16.3.13). From 
(16.3.13) we also obtain the general bound required in Lemma 16.3.11 
and conclude that v{i)S0. Apart from the size of the constant this is 
the estimate (16.3.15). 

Finally assume that (v) is valid. Let H be the supporting function 
of suppu and denote by B the Banach space of all entire functions F 
such that 
‘ |F| =sup LF (0) /4(2)| exp(— [Im ¢|- A (Im 2) < oc. 

et 
E,={FeB; |F(S))SN(1 +E)", €eR"}. 


By hypothesis () E,,=B. Since every Ey is closed, convex and sym- 
N 


metric, it follows from Baire’s theorem that E, is a neighborhood of 0 
for some N. Hence 


suplF(Q)\(L+lél)*SChFI, Fes. 


If weé’ has support in the unit ball and wxueC we have |w(Q)2z(0)) 
<C,exp(Im¢|+Hm) by the Paley-Wiener-Schwartz theorem. 
Hence we can take F =W and obtain w(¢)=O(|E|%) as E> 00. If we ue C” 
we can apply this to the derivatives of w and obtain that W is rapidly 
decreasing, hence we C?. Thus condition (ii) in Theorem 16.3.9 is false, 
so Theorem 16.3.9 shows that —co¢é#/(u). We have therefore proved 
that (v) = (i) which completes the proof. 


Definition 16.3.12. The distribution u is called invertible and @ is 
called slowly decreasing if the equivalent conditions in Theorem 
16.3.10 are fulfilled. 


In Section 16.5 we shall see that this property plays an essential 
role in the study of the inhomogeneous convolution equation uxw=f- 
A first example of this is condition (v) in Theorem 16.3.10. Note that 
invertibility of wu only depends on the class of u in &’/C}. More 
generally, if u is invertible there is a number N such that u+v is 
invertible for every véC}. This follows immediately from say condi- 
tion (11) in Theorem 16.3.10. 


We shall now discuss inclusions opposite to (16.3.3). In view of the 
applications to convolution equations it is natural to keep one of the 
distributions u, and u, fixed. 
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Theorem 16.3.13. If ueé’ one can for every he#(u) find weé’ with 
singsuppw={0} so that h is equal to the supporting function of 
chsing supp u*xw. If K and K' are compact convex non-empty sets with 
supporting functions H and H’' then 


(16.3.16) weé’, singsuppuxwcK = singsuppwck’ 
if and only if for every he #’(u) and xeR’" 
(16.3.17) h(O+<x%,SH(E) forall EER" => xeEK’. 


In particular this requires that —.10¢é # (u). 


Proof. If he#(u) we can choose a sequence €; 700 so that L,(.,¢,) 
has a limit with supporting function h. By Lemma 16.3.7 and Lemma 
16.3.8 we can then choose a neighborhood E of the sequence ¢, such 
that __ 
lim L(2,¢)3C+h(Imz) 
E3g—o 
and a function weé’n C° with sing supp w= {0} such that 
lim L,(.,é)=~0 
{ Esé-—00 

but a subsequence of L,,(.,¢,) converges to 0. It follows that #(uxw) 
contains h and otherwise only supporting functions bounded by h, so 
chsing suppuxw has the supporting function A (Theorem 16.3.4). This 
proves the first statement. If h(€)+ <x, €> = H(E) we obtain 


sing supp ux(w*dé,jc K. 


Hence (163.16) implies (163.17). On the other hand, assume that 
(16.3.17) is fulfilled. If h,e#(w) we can find he#(u) so that 
(h,, he XH (w, u). Hence h, +heXH(weu) so h,+hSH if singsuppu*xw 
cK. If h, is the supporting function of the compact convex set k, 
and xék, then 


A(g) + <x, o> Sh(d) +h, (6) SA(¢). 
Hence (16.3.17) gives xe€K’, so singsuppw< K’ by Theorem 16.3.4. 


Remark. Using Theorem 16.3.5 we obtain the stronger result that 
singsuppuxwCK implies that singsuppw is contained in the closure 
of the set of points x such that 


AYQ)+<x%, OSH), ceR’, 


for some he # (u). 


332 XVI. Convolution Equations 


Corollary 16.3.14. Let ueé’. In order that for every ve€' 
(16.3.18) chsing supp (u*v)=chsing suppu+ chsing suppe 
it is necessary and sufficient that #/(u) consists of the. supporting 


function of singsupp u only. 


Proof. We can choose v with singsuppv={0} so that the supporting 
function of the left-hand side is any he#(u). This proves the ne- 
cessity, and the sufficiency is also an immediate consequence of Theo- 
rem 16.3.6, Theorem 16.3.4 and Lemma 16.3.3 


Corollary 16.3.15. Let ueé&’ be invertible. Then we have 


(16.3.19) chsingsuppvcchsingsupp(u*v)—chsingsuppu, ved’. 


Proof. If h is a supporting function + — oo and 
h(Z) + <x, > SH(¢) 
we obtain since h(€)+h(—¢)2h(0)=0 that 
<x, €> SH(¢) + h(—¢). 
Hence (163.17) is fulfilled if K’=K-—chsingsuppyu, which proves 
(16.3.19) 


We shall now discuss some examples. 


Example 16.3.16. If u+0 is a distribution with support at 0, then the 
only limits of L,(.,€) as €-0o are constants €[0,N] where N is the 
order of u. Thus the supporting functions in #(u) are all 0. 


Proof. Since ti is a polynomial of degree N, we have by Taylor's 


formula 
a(¢ + 2 log |f|)=a(¢)p-(z) 


where p; is a polynomial of degree N with })|D*p.(0)|=1 and 
C, Sla(é)|< C, 11". 


It is obvious that (log|p,|)/log|¢|-+0 as €—-0o, and this proves the 
assertion. 


Note that the “localizations at infinity” used in this section are so 
much cruder than those in Section 10.2 that all information on the 
polynomial except the order is wiped out. 


The following result allows us to study more general examples. 
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Proposition 16.3.17. Let u,,...,u,¢é' have disjoint singular supports and 
set u=)u;. Then 
(hh,,..., AJEeW# (u, uy, ..., %) 


implies that h=sup h,. We have 
J 
(16.3.20) H (u)= {sup hy; (hy, ..., AEH (uy, -.., uy)}. 
j 
Proof. Choose a sequence €,-00 such that L,,(.,¢,) and LC, &,) 
converge to plurisubharmonic functions with supporting functions 
h, and h respectively. By Lemmas 16.3.7 and 16.3.8 we can then 
find weé’ with singsuppw={0} so that chsingsuppu,;*w and 
chsing supp u*w have the supporting functions h, and h. (See the first 
part of the proof of Theorem 16.3.13.) Since usw=) u,*w and the 
sets singsuppu;*wCsingsuppu, are disjoint, it follows that 
chsingsupp(u*w) is the convex hull of the sets chsingsuppu,*w. 
Hence h=suph,. This proves the first part of the statement, and 
J 


(16.3.20) follows in view of Lemma 16.3.3. 


Corollary 16.3.18. If H is the supporting function of the closed convex 
hull of all isolated points in suppu, then Hh for every he#(u). 


Proof. If x is an isolated point in suppu, we can write u=u,-+u, where 
u,,u,€6 and suppu,={x} while singsuppu, does not contain the 
point x. By Proposition 16.3.17 and Example 16.3.16 it follows that 
€x, €> Sh(E), hence H SA. 


In particular Corollary 16.3.18 shows that #(u) contains only the 
supporting function of ch supp if u has finite support. 


Example 16.3.19. For every convex compact set K one can find a 
measure u with suppu<K such that the supporting function of K is 
the only element in #(u). In fact, let x be the smallest affine hyper- 
plane containing K and choose a sequence x, in the interior of K 
relative to z such that the limit points of the sequence are precisely all 
points in the boundary of K relative to x. Then u=))27/6,, has the 
required property by Corollary 16.3.18. 


On the other hand, the following theorem shows that (16.3.18) is 
not valid for some distributions with very simple singularities. 


Theorem 16.3.20. Let X be a bounded open convex set with C© bound- 
ary GX of strictly positive curvature. When EeS"~+ we denote by D, the 
line segment between the two points on GX where & is a normal of GX. 
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If u=adS where a is a positive C~ function and dS the area element 
on CX, then #(u) consists of the supporting functions of the intervals 
D.. 


$ 


Proof. Let us first consider a part of the surface which can be repre- 
sented in the form 


and assume that v is a Cf density a(x’)dx’ on this surface. Thus 
o(H=] en eS SOWIE a(x dx’, 
b(E+2 log |El)=f en SO + WED En) El ERED + UR IEN) Q(x’) dx’. 
When z has a fixed bound then 
[Dz ax’) E| M22 HOH SC, |E[ Hime + HOMER (Jog [EIA 
Hence it follows from Theorem 7.7.1 that 6(é+zlog|é!) can be esti- 


mated by any power of 1/|¢| if |é,|sup|w’|<|¢'|/2. Let us therefore 
assume that 


ig} <2sup |W {é,]. 
Since y is strictly convex the equation for the critical point 
O46, 6U(x')/ex' =0 


has at most one solution x’esuppa, and it must be a homogeneous 
function of & of degree 0. Let I be an open cone such that there is a 
solution with |a(x’)|>c>0 when ée€l. Then Theorem 7.7.6 gives 


(E+ 210g |E))=|det (2,W/(x)/2a)|-Fe= 04 
2 ETEK SD TYR) En) |é|~ 1(Kx7 2D + (Xen) 


-a(x'\(L+O((loglé)7/1é)), EEL, 
where x’=x'(é). If €->0 in I and €//¢| > €, then 
log |6(E + 2 log |€|)|log || + (2 — 1)/2-><x'(o), Im 2 + W(x’) Im z, = h(Im z) 


where h is the supporting function of the point where ¢, is normal to 
the surface. 

To prove the theorem we must compute the limit of L,(z, €) as 
€— oo and €/|€| — €,. In doing so we can split u into a sum u=u, +u, 
+u, where u, and u, have disjoint supports and can be represented 
just as v above and é, is never normal to @X in suppu3. Then 
ti,(€+z log |é|) is rapidly decreasing when €-— 00 in a conic neighborhood 
of €5, so L,(z,¢) and L,,,,,(2,€) have the same limits then. By 
Proposition 16.3.17 every supporting function of a limit of L, when 
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€— co in the direction €, is therefore of the form max (h,,h,) where h, 
corresponds to a limit of L, (z,¢). Thus 4; is the supporting function 
of a point where ¢, is normal to ¢X, which proves the theorem. 


Remark. Using a similar splitting of an arbitrary ueé” it is easy to see 
that for every he #(u) there is some €eIR*~ {0} such that hSH, if H, 
is the supporting function of the convex hull of 


(x5 (x, C)EWF (w)}. 


This would also have been quite obvious if we had introduced the 
microlocal form of the sets #(u). 


16.4. The Approximation Theorem 

Let 0+ ned" (IR”) and let X be an open convex set in IR”. If ueC*(X) 
the convolution w*u is defined in the open set 

(16.4.1) Xp ={x;x—yeX when yesupp yu}. 


We shall study the set N,(X)={ueC*(X); uxu=0 in X,}. This is a 
closed linear subspace of C*~(X) which is equal to C~(X) when X, is 
empty. 

By E, we denote the set of all linear combinations of exponential 
solutions of the equation w*u=0 in R’, that is, solutions of the form 


u(x)= fxr? 

where eC" and f is a polynomial. Since 

pre D = A(Qel-& 
the equation px(fe'<-%)=0 is equivalent to 

f(D Me A) =0 
or by Leibniz’ rule, if f= af 

f(D) GOH=0 — for all a. 

In particular, ¢ must be a zero of fi. 


The main theorem of this section is the following 


Theorem 16.4.1. The restrictions to X of elements in E, are dense in 
N,(X) with the topology induced by C™(X), if X is an open convex set. 
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Theorem 7.3.6 is of course a special case of this theorem, and the 
method of proof is basically the same. By the Hahn-Banach theorem 
the statement means that every veé’(X) which is orthogonal to E, is 
also orthogonal to N,(X). The first step in the proof is 


Lemma 16.4.2. A distribution veé' is orthogonal to E, if and only if 
0(Q) =F (0)i(—) where F is an entire analytic function. 


Proof. No change is required in the proof of Lemma 7.3.7 except that 
the vector 6 may have to be varied; 9 is chosen so that the proof 
works as before in the neighborhood of a given point. We leave for 
the reader to reconsider the proof. 


Proof of Theorem 16.4.1 when yp is invertible. In this case the proof of 
Theorem 7.3.6 is still valid with minor modifications. In fact, it follows 
from condition (v) in Theorem 16.3.10 that F=é where ceé’. By the 
theorem of supports 


chsupp v=chsupp o —chsupp u. 
Hence chsuppoc X,. Since }=dG*y we have 
v(u) = V*u(0) =o pxu(0)=o(u*u) 


if ueC™(IR”), hence also when weC™(X), for only the restriction of u 
to a compact subset of X is relevant. If yxu=0 in X, it follows that 
v(u)=0 and the theorem is proved. 


To prove the theorem in general we must first examine the esti- 
mates for F which follow from the results of Section 16.2 although F 
grows too fast in IR” to be a Fourier transform of a distribution. 


Lemma 16.4.3. Let v;, j=1,2,3, be plurisubharmonic functions in €" 
which are not identically —0o, and let v,=v,+0v,. Assume that v, and 
v, Satisfy (16.2.1) and denote their supporting functions by H, and Hg. 
Then it follows that H,=H,—H, is a supporting function and that for 
every €>Q there is a constant C, such that 


(16.4.2) v,(z)<H,(Imz)+e|z/+C,. 


Proof. If yeIR” we obtain from (16.2.8) applied to v, and v; 
Tim m(B)-* [J |vp(¢-+2wy)/t—H, (lm wy)| dd(w)di(0) 


K x Bt 


Slim 2m(B)~* ff (H, 0m Di +|H3(im Hen daw) di(. 
t+ 00 Kx Bt 
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Here K can be taken as any compact set in € and we choose for B’ 
the ball [f|<2é6t where 6>0. In the right-hand side the mean value 
is then independent of t. For any given wy with |w,|=1 we can choose 
K as the disc with center w, and small positive radius ¢. By the mean 
value property 


va(€+woty)/t—-H,(Im wy y) 
SJ f(v.(C+wry)/t—H,(Im wey) d(f)di(w)/M 


where the integral is taken over the set where |(’—¢|<6t, weK, and 
M is the measure of this set. If 4 is the Lipschitz constant of H, we 
have 

H,(Imwoy)2H,(imwy)—Aelyl, 


and we can estimate |H, (Im 9|+|H,(Im Q)| by BI¢|. This gives 
(16.4.3) lim sup v,(€+w,ty)/t-H,(imwyy)SAely| +27"? Bo. 


toc [fj < dr 
We can let ¢~ 0 in the right-hand side since ¢ does not occur on the 
left. If we take €= tz in (16.4.3) it follows that 
v,(z)SC,jzi+C, 


for some constants C, and C,. This follows also more easily from the 
proof of (16.3.13). Thus v,(tz)/t<C,|zi+ C, when t>1. 
Let t; be any sequence — + 0 such that the sequence 


v2(t;2)/t; 
has a plurisubharmonic limit V. Then it follows from (16.4.3) that 
(16.4.4) sup V(z+wy)SH,(Imwy)+Cod,  |wl=1. 
{z|<6 


Hence 
V(i2aSC, {zl zeC"; Viwy)SH,Imwy), yelR’, we. 


In particular V<0 in R", and (16.4.4) gives V(x+ity)SH,(ty)+ C|x| 
for real x, y, t. If we now apply Lemma 16.3.11 to the subharmonic 
function 

Caw > Vix+wy)—Imwd,(y) 


it follows that V(x+wy)—ImwH,(y) <0. Hence 
(16.4.5) V(iz)SH,(Imz), zec”. 


It follows from (16.4.5) that the supporting function h of V is defined 
and SH,. Let He# be the supremum of the supporting functions of 
all the limits so obtained. Then we have HSH, and 


(16.4.5) V(z)SH (Im 2). 


338 XVI. Convolution Equations 


If e>0 it follows that for sufficiently large ¢ 
(16.4.6) v,(tz)/t<H(Imz)+e, |z/<1, 


for otherwise (16.4.6) would be false for a sequence t, > 00. Passing to 
a subsequence we may assume that v,(t;2)/t; has a plurisubharmonic 
limit V. Since V satisfies (16.4.5) this is a contradiction in view of 
Theorem 4.1.9. 

We can write (16.4.6) in the equivalent form 


(16.4.6 v,(z)<A{Imz)+sjzl,  |z|>C,. 
Hence v,(z)<H,(Imz)+C,+H(Umz)+e|z|, |2}>C,. Since v3(x)SCsz, 
xelR", an application of Lemma 16.3.11 to the subharmonic function 


Caw > c,(x+wy)—Imw(A, (vy) +a (y+ ely) 
gives that ; 
v3(x+iy)SH,Q)+H(y)+ Csr elyl 
for every e>0. Thus H,<5H,+H, that is) HZH,, so H,=H isa 
supporting function. This completes the proof. 


General Proof of Theorem 16.4.1. Again we assume that veé’(X) is 
orthogonal to E, and have by Lemma 16.4.2 
(= FO) A(— 4). 
Choose @ECH and multiply both sides by @(Q). We can then apply 
Lemma 16.4.3 with 
0, (Y=log d(HA(-Ol, — v2(t)=log |F OI, 

v3(C)=log |O(¢) 9(¢)|. 
If H,, H, and H are the supporting functions of chsupp fi, chsuppv 
and chsupp@, it follows from the theorem of supports and Lemma 


16.3.1 that H+H, and H+H, are the supporting functions of v,; 


and v,. Hence 
H,=H,+H-~(H,+H)=H,-H, 


is a supporting function, and for every <>O there is a constant C, 
such that 

(16.4.7) IF(O|S C, exp(H,(Im C)+ ¢|¢)). 

As in the proof of Theorem 16.4.1 in the invertible case we see that 
H, is the supporting function of a compact set K,cX,, 


(16.4.8) K,+chsupp t=chsuppvc xX, 


It follows from Theorem 15.1.5 that F is the Fourier-Laplace 
transform of an analytic functional ¢ with support in K,. When wu is 
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entire analytic we have 
(16.4.9) v(u)=o(u*uU). 


It suffices to verify this equality of analytic functionals when u=e7'*%, 
Then the left-hand side is (f), we have uwxu=fi(—C)u, so the right- 
hand side is equal to #(—{¢)F(f) which proves (16.4.9). We claim that 
(16.4.9) remains valid if weC and wu is analytic in a neighborhood 
of K,. For the proof we set u;=u*E, where 


E,(x)=(/n)"”” exp (—j<x, x). 
Then u; > u in C® as j 00, u; is entire analytic, and 
peuj;=E «(yx u) 


converges uniformly to u*u in a complex neighborhood of K, by the 
proof of Proposition 9.1.2. Since (16.4.9) is valid for u, it follows when 
jo that it is valid for u. 

Now assume that ueC*(X) and that uxu=0 in X,. Choose 
7€CF(X) equal to 1 in a neighborhood of K,—supp yu, and set v=yu. 
Then veC? and p*xv=0 in a neighborhood of K,. We can therefore 
apply (16.4.9) to c which gives 


y(u)=v(v) =0. 
This completes the proof of the theorem. 


Corollary 16.4.4. If X is an open convex set in IR" and yu a distribution 
with compact support such that {x}~—suppy is not contained in X for 
any x, then the exponential solutions of nxu=0 are dense in C™(X). 


The methods developed in this section also allow us to prove an 
existence theorem for an arbitrary peé". 


Theorem 16.4.5. If X is convex and 0+peé’, then the equation pxu=f 
has a solution ueC™(X) for every f which is real analytic in X,,. 


Proof. Choose a sequence of open convex sets X'GX*E... with 

union equal to X, and set X}={x; {x} —supp uc X/}. Then we have 
XjEXze..., UXi=x,. 

Theorem 16.4.5 will follow if for every j we can find u,eC™(R”) so 

that uxu;=f in X/. In fact, since p*(u;—u;_,)=0 in X/~?, we can by 


Theorem 16.4.1 subtract from u, an element in E, to make u,—u,_, 
small in X/~?, say 


|[D*(u;—uj;_)<2-/ in X?-* if Jal Sj. 
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This guarantees the existence of limu,=ueC™(X). It is clear that 
p*u= f in X,. (Compare with the proof of Theorem 10.6.7.) 
The equation uxu=f in Xj means that 


F(d)=(uxul(g)=u(iixd) for be CP(X}), 


so to construct u by the Hahn-Banach theorem means to prove the 
continuity of the map 


lixd > f() 


in the &’ topology. Choose weC? not identically 0. We shall prove 
that 


(16.4.10) F(PSClie babs, GECH(X). 


Admitting this estimate for a moment we conclude by the Hahn- 
Banach theorem that there is a function vé¢L™(IR") such that 


F(g)=Jo(iedeb)dx, beCH (Xp). 


If u=vx we conclude that f=y*u in X/, and since ueC™ this 
proves the existence of u,. (Note that 


[D*u(x)| Sle ll p< [D°Wllp:, 


so it would also be easy to find a solution u in any non-quasianalytic 
class of C® functions.) . 
To prove (16.4.10) we set M=||i*@xw|,, and have with 6=@ 


(16.4.11) — [A(—9O(QY OSM exp (HA (Im ¢) + A,(Im 4) 


where H and H, are the supporting functions of chsuppfxw and of 
X} respectively. By Lemma 16.4.3 we have for every entire function @ 
satisfying (16.4.11) and every ¢>0 


(16.4.12) [P(E Co, exp(H,(Im £)+ ef). 


Let K be a convex compact neighborhood of xi in €” contained in 
the set where f is analytic; by Proposition 9.1.2 we can choose it so 
that f is the uniform limit of entire functions on K. Now it follows 
from (16.4.12) and Theorem 15.1.5 that @ is the Fourier-Laplace 
transform of an analytic functional v with support in Xj. Thus we 
have for some C depending on © 


(16.4.13) lo(F)S C sup |F(2)|, 
K 


for every entire analytic F. 

Let B be the Banach space of entire functions © satisfying 
(16.4.11}, with the norm of ® defined as the smallest M which can be 
used in (16.4.11). The set B, of all SEB such that 6(0)=0(2) for some 
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analytic functional satisfying (16.4.13) is for every C a closed, convex 
and symmetric subset. Since the union of the sets B, is equal to B it 
follows that 0 is an interior point of B, for some C. Hence (16.4.11) 
implies if F is an entire function 


(16.4.13)' |o(FYSC’'M sup |F (z)I, 
K 


where 6=@ and C’ is independent of ®. In particular 
iO(F SCM sup \F 


when F is entire, hence also when F=f since f can be approximated 
uniformly on K by entire functions. This completes the proof of 
(16.4.10) and of the theorem. 


If we choose y in a non-quasianalytic class of C® functions which 
is invariant under differentiation we find that the equation pxu=f 
cannot have a solution unless f is also in this class. The intersection 
of all such classes is the analytic class (Bang [1]; see also Boman [1]) 
so the hypothesis in Theorem 16.4.5 that f is analytic cannot be 
dropped when no condition is placed on uw. As pointed out in the 
course of the proof, it would have been possible to obtain a solution 
in a non-quasianalytic class of functions but even for differential 
operators it is not always possible to find an analytic solution. (See 
the references.) 
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Let weé'(R") and ‘let X,, X, be two non-empty open subsets of R” 
such that 


(16.5.1) X,—suppyucX,. 


Then the convolution u*u is a well defined distribution in Z’(X,) if 
ueQ'(X,). We shall study the existence of solutions of the inhomo- 
geneous convolution equation 


(16.5.2) peu=f 


when fe@'(X,) is given. The results extend those of Sections 10.6 and 
10.7 concerning differential equations. When the proofs are essentially 
identical we shall leave them for the reader. However, the first neces- 
sary condition did not arise for differential operators: 
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Theorem 16.5.1. If (16.5.2) has a solution ueQ'(X,) for every 
fECH(X,) it follows that p is invertible (Definition 16.3.12). 


Proof. If ve CO (X,) it follows from (16.5.2) that 
(16.5.3) { fodx=u(jixv). 


We claim that for every compact subset K, of X, there are constants 
C and N such that 


(16.5.4) |[fodx}SC ¥ sup|D*f| Yo sup|D*fxvl; ff veC#(K;). 
Jal SN IBISN 

To prove (16.5.4) we denote by F the set C3(K.) with the topology 
defined by the semi-norms f-sup{D*f| and by V the set CP{K,) 
with the topology defined by the semi-norms v— sup|D’ji«v!. Both 
are metrizable spaces and F is complete. Furthermore, the bilinear 
form { fvdx on F x V is trivially continuous with respect to f when v 
is fixed. Since (16.5.2) has a solution by hypothesis for every f it 
follows from (16.5.3) that it is also continuous with respect to v when 
f is fixed. Hence the bilinear form is continuous, which means pre- 
cisely that (16.5.4) is valid. 

Let x) be an interior point of K,. By Theorem 16.3.9 it is 
sufficient to prove that if weé’(R"), singsuppw={x,} and fxweC® 
then weC®. In doing so we may assume that supp w is in the interior 
of K,. Choose yeC#(IR") non-negative with | ydx=1 and set ;(x) 
=67"y(x/0). For small 6 we have v;=w*y;,EC3(K,) and 


sup |D? i*vs| Ssup|D*(fi* Ww) <0. 
If y is any multi-index, application of (16.5.4) to D’v,; gives for small 6 


| f(D’ w y5)dx|S oy oe sup|D°f|SCIfllwen, LECG(K2), 


where the last estimate follows from Lemma 7.6.3 (cf. Definition 7.9.1). 
Hence 
KE DwWISC Mf lwem LEC3 (Kz). 


Replacing f by wf where weC?(K.) is 1 in a neighborhood of 
supp w we conclude that this is true for all fe, so D)weH,_y_,y for 
every y, hence weC™ by Lemma 10.7.7. This completes the proof. 


Additional conditions are required if the right-hand side f of the 
convolution equation does not have compact support but is allowed 
to grow fast at the boundary. 
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Theorem 16.5.2. Assume that (16.5.2) has a solution ueQ'(X,) for every 
feC*(X,). For every compact set K,<X, one can then find a compact 
set K,cX, such that suppucK, if veC$(X,) and supp ixucK,. 


Proof. We can essentially use the same arguments as in the beginning 
of the proof of Theorem 16.5.1. However, we now choose for F the 
Fréchet space C*(X,) with the topology defined by the semi-norms 
f—sup|D*f|, where K, is a compact subset of X,, and for V the set 


of veCe (X.,) with suppf#ixucK, and the same semi-norms as before. 
Since the argument is also quite parallel to the proof of Theorem 
10.6.6 we leave the details for the reader. 


Proposition 16.5.3. The necessary condition in Theorem 16.5.2 is equiva- 
lent to 


(16.5.5) d(supp v, [ X,)=d(supp fixv,§ X,), ve (X,). 
Here d(A, B)=inf {|x—y|; xeA, yeB}. 


Proof. This is just a repetition of the proof of Theorem 10.6.3 with the 
reference to Theorem 7.3.2 replaced by a reference to the theorem of 
supports. 


Definition 16.5.4. The pair (X,,X.) of open sets satisfying (16.5.1) is 
called u-convex for supports if (16.5.5) is fulfilled or equivalently the 
necessary condition in Theorem 16.5.2 is valid. 


By a regularization it follows of course that there is no difference 
between having (16.5.5) for all ve&’(X,) or for all ve CP (X,). 


Example 16.5.5. If X, is convex and X,={x; {x}—suppucX,} then 
XX, is convex and.it follows from the theorem of supports that 
(X,, X) 1s w-convex for supports. No other X, would do: 


Proposition 16.5.6. If (X,,X. ) is u-convex for supports then X, is a 
union of components of Y={x; {x}—suppucX;,}. 


Proof. X, is closed in Y for if X,5x,—xeY then supp fi«6,, is for all 
k contained in a compact subset of X,, hence x,=supp6,, belongs to 
a compact subset of X, for all k. It must also contain the limit x. 


Theorem 10.6.4 and Corollary 10.6.5 have obvious analogues for 
convolution equations which we leave for the reader to state and 
prove. The following is a strong converse of Theorems 16.5.1 and 
16.5.2. . 
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Theorem 16.5.7. The following conditions on peé&’ (IR”) and the open sets 
X,, X» Satisfying (16.5.1) are equivalent: 
@) (16.5.2) has a solution ueC™(X,) for every feC™(X,), 
(ii) (16.5.2) has a solution ueQ'(X,) for every feC™(X,). 
(ili) ws is invertible and (X,, X,) is u-convex for supports. 


Proof. (i) = (ii) is trivial and (ii) = (iii) by Theorems 16.5.1 and 16.5.2. 
The proof that (iii) = (i) will not be based on the same method as the 
proof of Corollary 10.6.8. Instead we shall use the following basic facts 
on duality in Fréchet spaces. 


Lemma 16.5.8. Let E and F be Fréchet spaces, T a continuous linear 
map of E into F. Then T is surjective if and only if the adjoint T* from 
F’ to E’ is injective and has a weak* closed range in E’. 


Lemma 16.5.9. If E is a Fréchet space with dual E’, a linear subset M 
of E' is weak* closed if and only if MAU° is weak* closed for every 
neighborhood U of 0 in E. Here U® is the polar set 
US =ty; ye’ |<x, y>| S11 for every xeV}, 
where < , > is the canonical bilinear form in E x E’. 
For a proof see e.g. Schaefer [1, Chap. IV, 6.4 and 7.7]. 


End of Proof of Theorem 16.5.7. We apply Lemma 16.5.8 with E 
=C™(X,), F=C*(X,) and T=ys. Then T*: €(X,)—-&(X,) is 
convolution with ji so it is injective. Let U be a neighborhood of 0 in 
C*(X,). We may assume that it is defined as 
{yeC(X1);C Y sup |D*x|S1} 
lalSN By 

where C and N are constants and K, is a compact subset of X,. Then 
U® is the set of all eé'(X,) with 
(16.5.6) w@lsc » sup|D*zl, xeC™(X)). 

la]JSN Ba 
Thus suppwcK, if weU®. If weU°n(sxE'(X,)) then wy=fix@ for 
some @¢€6'(X,) and it follows from the y-convexity for supports that 


suppdcK, for a fixed compact set K,<X,. Moreover, it follows 
from (16.5.6) that 


(16.5.7)  W(HSC A+) expHy, (Img; yeur ceC”. 


Now the proof of (tv) = (v) in Theorem 16.3.10 (or the beginning 
of the proof that (v)=(i)) shows that there is a constant M such that 
for entire analytic F 


sup |F(Z)i(1+16)) "SM sup |i(—C)F(O)|(1 +12) ~* exp (— Hy, (Im Q)). 
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It follows that 
b={he (X,); bx dbeU*} 


is bounded in 9™*"*!, and since supp@?<K, when ¢ge@ it follows 
that @ is relatively weak* compact in &(X,). 
Now the map 
&'(X,)3¢ > fix be6(X,) 


is weak* continuous, and U° is weak* closed, so it follows that @ is 
weak* closed, hence weak* compact. This implies that p*® 
= U° (fix &'(X,)) is weak* compact. The proof is now completed by 
Lemma 16.5.9. 


We shall next study (16.5.2) when f is a distribution. Since exis- 
tence theorems have already been given in the C™ case we shall gain 
in generality and clarity by working mod C@ as in Section 10.7. First 
note that if weé’(IR") and X,, X, are open sets in R” with 


(16.5.1Y X,—singsuppucx, 


then a linear map 9'(X,)//C’(X,) ~ B(X,)/C*(X,) is induced by 
convolution with yp. In fact, for any compact neighborhood K of 
sing supp we can choose veé’(K) with w—veC™. If ueW'(X,) the 
convolution v*u is defined in {x;{x}—KcX,} which contains any 
compact subset of X, when K is close to singsupp uw. If weH’(X,) the 
convolution v«u can therefore be defined on any relatively compact 
open set in X,, and modulo C™ it does not depend on the choice of 
v. If weC® the convolution is in C™ so it only depends on umod C®. 
We shall denote it by ux. If weY'(X,) we write s,u for the residue class 
of uin B(X,)/C*(X)). 


Theorem 16.5.10. If the equation 
(16.5.2y "pes, u=s,f 


has a solution ue@’(X,) for every feQ(X,), it follows that pu is 
invertible. 


Proof. If u is not invertible one can find veé’ with singsupp v= {0} 
and uxveC®. From the associativity of the usual convolution and 
(16.5.2Y it follows that 


vxs, f =(v¥py)*s,u=0. 


Hence (16.5.2)' cannot be solved unless v*s, f=0 which is not true if 
f is the Dirac measure at a point in X, for example. 
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Theorem 16.5.11. Assume that 
Bx(D(X,)/C°(X ,)) = BX 2)/C*(X g). 


For every compact set K,<X, one can then find a compact set 
K,¢X, such that singsuppvcK, if veé’(X,) and sing supp f*v cK. 


The proof is so close to that of Theorem 10.7.6 that we leave it for 
the reader. 


Proposition 16.5.12. The necessary condition in Theorem 16.5.1] implies 
that yp is invertible. It is equivalent to 


(16.5.5) d(sing supp v, [ X,)=d(sing supp jixv,[.X,), veé'(X,), 


when p is invertible. 


Proof. The first statement follows from Theorem 16.3.9. On the other 
hand, if uw is invertible it follows from Corollary 16.3.15 that 
singsuppv is in a fixed compact set in R” if singsupp*v is. The 
proof of Theorem 10.7.3 is therefore applicable with no further 
change. 


Definition 16.5.13. The pair (X,, X,) of open sets satisfying (16.5.1) is 
called y-convex for singular supports if (16.5.5) is fulfilled or, equiva- 
lently, the necessary condition in Theorem 16.5.11 is satisfied. 


Theorem 10.7.4 and Corollary 10.7.5 have obvious analogues for 
convolution equations which we leave for the reader to state and 
prove. However, the analogue of Example 16.5.5 is somewhat more 
complicated: 


Proposition 16.5.14. If X, and X, are convex sets satisfying (16.5.1) 
and wu is invertible, then (X,, X.) is u-convex for singular supports if and 
only if X, contains every xeIR" such that {x}-KcX, for some com- 
pact convex set K with Hye XH (py). 


Proof. a) Necessity. Let K, be a convex compact subset of X, so large 
that {x}—singsuppucK, for some xeX,. By the p-convexity for 
singular supports there is a compact set K,< X,, such that 


singsuppucK, if ve@(X,) and singsuppa*vucK,. 


Then it follows from the first part of Theorem 16.3.13 that K, must 
contain every xeX., such that {x}-KcK,, for one can then find v 
with singsuppv={x} and singsupp #*vc{x}—K. Hence the convex 
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compact set 
{xeRR®; {x} -KcK,} 


is contained in K,, for it contains some points in X,. When K, 
increases to X, it follows that {x}-—K <X, implies that xeX,. 
b) Sufficiency. If K, is a convex compact subset of X,, then 


K,=ch{x:{x}-KcK, for some convex compact K with H,eX(u)} 


is a bounded convex set with d(K,,[X,)2d(K,,[X,). Theorem 
16.3.13 gives 


veé (X5), singsuppfxvecK, = singsuppyckK,. 


This completes the proof. 


Corollary 16.5.15. If X, and X, are open convex sets satisfying (16.5.1) 
and #(u) consists of the supporting function of chsingsupp yu alone 
then (X,,X.) is p-convex for singular supports if and only if X, 
={x; {x}—singsuppucX,}. 


Here and below we assume tacitly that uwéC~. In particular one 
can take X,=X.,—chsingsupp yu for any open convex set X,. This is 
not possible if #(y) contains several elements: 


Proposition 16.5.16. If X, and X, are open convex sets satisfying 
(16.5.1) such that (X,,X,) is u-convex for singular supports, and if € is 
the outer normal of X, at a differentiable point, then h(—€) is inde- 
pendent of he#(p). 


Proof. Let H be the supporting function of K=chsingsuppy. The 
assertion is that h(—¢)=H(—¢) for every he# (uy). Let xecX, be a 
differentiable point with outer normal ¢, thus 


«x’—x,€>S0 for every x’EX,. 


Then {x}~KaX, but {x}—K is not contained in X,. Let y be a 
point in K such that x—yecX,. If 4 is the outer normal of a 
supporting plane of 6X, at x—y we have 


<x'—y,n>Sdx—y,n) if x’eX, and y'eK. 
Taking y’=y we conclude that <x’,7> S<x, n> if x'eX,, and since 6X, 
is differentiable at x it follows that 7 is a positive multiple of €. We 
may therefore assume that 7=é. With x’=x instead we now obtain 
<y, —$> Sy, — o> if eK, that is, H(—2)=<y, —}. 
Let k be any convex compact set with H,=he#(y). Then it 
follows from Proposition 16.5.14 that {x}—k is not contained in X, 
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for x would not be a boundary point of X, then. But kcK so this 
means by what we have just proved that k must contain a point y 
with <y, —¢>=H(—é). Hence h(—&)=H(—€) which proves the asser- 
tion. 


Proposition 16.5.17. Let X, be an open convex set +R" and pweEé’; assume 
that h(—€) is independent of he 3() if € is the outer normal of X, at 
a differentiable point. Set X,=X.—chsingsupp yu. Then it follows that 
(X,,X.) is p-convex for singular supports. 


Proof. Since differentiable points are dense in GX, the hypothesis 
implies that X, is the interior of the intersection of half spaces 
X& ={x; (x,&><c} such that h(—€) is independent of he H# (yu). By the 
analogue of Theorem 10.7.4 it is therefore sufficient to prove the 
proposition when X,=X. But then it is an immediate consequence of 
Proposition 16.5.14. 


The following is a converse of Theorems 16.5.10 and 16.5.11. 


Theorem 16.5.18. Assume that peé'(R") (is invertible) and that X,, X, 
are open sets in IR” satisfying (16.5.1) such that (X,,X,) is u-convex 
for singular supports. Then it follows that 


Ba(D{X V/C°(X = BX a)/C*(X 9). 


Proof. The proof of Theorem 10.7.8 is applicable with minor changes. 
First let K, be an increasing sequence of compact sets in X, with 
union X, and K,=@. Next determine for every j a compact set 
KjicX, such that 


ve€(X,), singsupp i+vcK,=>singsuppvc Kj, 

and Kj is in the interior of K5,,. If X,—suppuwcX, one can then 
repeat the proof of Theorem 10.7.8 with P(—D) replaced by 
fixthroughout. Otherwise let 1=)y; be a partition of unity in X,. 
For every j we can choose y; with n;—weC> and supp y; so close to 
sing supp pz that supp z; supp u4,;< X,. Then the map 

T: C$(X2)30 > YH (4 v)ECH(X,) 
is well defined, and the adjoint 

Q(X ,)au> >» Xj(ujpeuleD (X 2) 


induces the map G’(X,)/C™(X,) ~ B(X,)/C*(X.,) which we have de- 
noted by ux. Now the proof of Theorem 10.7.8 can be repeated with 
P(—D) replaced by T. We leave for the reader to examine the details 
of the proof. 
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Corollary 16.5.19. Let X, and X., be open sets in IR" such that (16.5.1) 
is valid. Then p* Z(X,)=G(X,) if and only if (u is invertible and) the 
pair (X,,X,) is u-convex for supports and singular supports. 


We shall finally discuss the equation {16.5.2) when f is of finite 
order. As usual we write 9,=|) 2”. 


Lemma 16.5.20. If feQ’"(X ,) one can find a distribution geG’"*}(R") 
such that f—geC™(X,). 


Proof. By means of a partition of unity we can write f=} f, where 
fje€'"(X,) and the supports of f, are locally finite in X,. Choose 
~eCP(IR") with fydx=1 and set x,(x)=d~"y(x/d). Then F*X5 
eC (X,) for small 6, and if PeCPUR”) we have 


(—-f* 1b) = f(b —Z5* >), 
¥. sup |D*(o~%,*¢1SC5 YY sup|D*d). 


nei 
|afSm41 


& 
HA 
3 


In fact, it suffices to verify this when «=0 and then it is an immediate 
consequence of the mean value theorem (see the proof of Theorem 
1.3.2). It follows that 


(F-f*rOSCS Y  sup|D*4, 
lel] Sm41 
Choose a sequence 6; + 0 such that }’ C,5,< oc and the supports of the 
convolutions f;*x;, are locally finite in X,. Then the sums » f* Xs, 
and LGA x2) converge respectively in C°(X,) and in 9’™*?(IR") 
which proves the lemma. 


Theorem 16.5.21. If j is invertible and (X,,X.) is p-convex for sup- 
ports then the equation uxu=f has a solution ueQ'(X,) for every 
feD;(X,). 


Proof. This is an immediate consequence of Lemma 16.5.20, Theorem 
16.5.7 and Theorem 16.5.18 which is applicable in IR” by Proposition 
16.5.14. 


The solution obtained in Theorem 16.5.21 is of finite order on any 
bounded subset of X,. Hence it is in G,(X,) if X, is bounded. 
However, in general the question whether u can be chosen of finite 
order requires further study. We shall now discuss it when X,=X, 
=", which is the most restrictive case. 
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Theorem 16.5.22. Assume that the equation wxu=d has a solution 
ueQ™ (R’). If A>m and e>0 it follows then that 
(16.5.8) lim |é|4 sup {{A(E + n)|; In| <elog|é|} >0 
E— 00 


where € and y are in R". 


Proof. Since u(fixd)=(0), GEC, the hypothesis implies that for 
every compact set K 


(16.5.9) |¢(O)SCx } sup|D*ix¢| 


la| Sm 


ECKIA+ln"lA(—n) O(idn, pe CH(K). 


We shall now use the construction in the proof of Lemma 16.3.8. 
Thus we choose an even non-negative function weC? with w(0)=1 
and set 


b(n) =H(n—- 9/2)". 


The support of @ lies in a fixed compact set when N/t is bounded, 


and 
(2x) b(0)=| Uin/t)’dn =e" ( (ny dn= cltf/NY 


if N is large, for & is real and U(n)Zexp(—c, \y|7) for sufficiently small 
y. To estimate the right-hand side of (16.5.9) we use that 


\A(—n)|S CO + In)” 
where M is the order of yw, and that (1+|€—y])S(1+|é) (1 + In). Since 
fd tia)"oE—nidn=e fl +ien)"W@Nans crt”, 
! +b MISE —Mldn=e J (1+ lenly"*™ 1h (n)l* dy 


< CritmtM eon 


where 0<y= inf —log|f(n)|, we obtain 
In|>1 


(16.5.10) (Ny <Cren{(L +]El)” sup |A(n—5) 
eM (d+ [EM em e— 74. 


We choose t=elog|é| and N=[y~1(M+m-+1)log|é{]. Then the quo- 
tient N/t is bounded as € co and the left-hand side of (16.5.10) tends 
to infinity whereas the last term tends to 0. Hence we obtain for large 


é 
1S/é|* sup {14(7—)|, In| <elog {él}. 


The proof is complete. 
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Before proving the converse we shall give (16.5.8) another form 
which is similar to condition (iv) in Theorem 16.3.10. 


Lemma 16.5.23. If (16.5.8) is fulfilled for every e>0 and M is the order 
of p, then 
(16.5.11) lim m(B,)~* [ log |A(E+ Clog |é)||dA(Qlog |g 


tadve) Bs 
S2M+A+2C6 
if B,={CeC"; |C|<d} and |x| SC when xesupp p. 
Proof. For large |¢| we have log/f]SC,y+(M+ C6) log|é| in the ball 
{€} +(log|é|)B;. Hence 
log || + log |#|| S2(C, +(M + C6) log|¢}) 


there. Since 


log |A(2)| Sm(B,)~? ! log |(E + Clog |eda(l) 
it follows that : 
m(B,)~* log |A(¢+ Clog |c)ilda(d) 
<2(Co-+(M +Cé) log él) —log |A(2). 
For every large € we can find &’ with 
|€—f'|<elog|é| and [a(S >cle|-*. 


If we take ¢<6 and apply the preceding result with 6 replaced by ¢+6 
and € replaced by é’ it follows that the left-hand side of (16.5.11) is 
bounded by 

((e-+ 6)/5)?"(2M +2C5+A). 


Letting e — 0 we obtain (16.5.11). 


Lemma 16.5.24. If (16.5.8) is valid for every e>0 and K is a compact 
set, k an integer 20, then 


(16.5.12) IPS CiA*Oh mm PECH(K), 
if m>n+2M+A where M is the order of u. Here 
idl,= > sup|D*¢). 
lal Sk 


Proof. If |fi*o|,,,,=1 we have for some constants Cy, C, depending 
on K, if y=p« 9, 


WS Colt +16) *-™ exp C, |Im f). 
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With the notation in Lemma 16.5.23 it follows that 
m(Bs)—* J log h(E + log (E] +2) dA) 
Bs 
S(C,5—k—m) log (\|+2)+C,, 
Using (16.5.11) we conclude that 
log |6(€)| Sm(B,)~* flog |S(E + log (Z| + Baa 
S(C,6-k—m+2M+A+2C6)log(\Ej/+2)+C,. 
Since —k—m+2M+4A<-—k-—n we obtain for some B<—k—n by 
taking 6 small 
P< CA+l|E)% EER” 


Hence |¢/,< C’ which proves the lemma. 


Definition 16.5.25. 4: is said to be very slowly decreasing if (16.5.8) is 
valid for some A and all ¢>0, or equivalently if (16.5.11) is valid for all 
d>0. 


Remark. It is easy to see that the definition means that all the 
plurisubharmonic limits of L,(z,¢) when €--00 have the same lower 
bound in R”. 

Theorem 16.5.26. If weé’, fi is very slowly decreasing and (X,,X,.) is p- 
convex for supports, then the equation uxu=f has a solution ueD,(X,) 
for every feG,(X 4). 


Proof. In view of Lemma 16.5.20 and Theorem 16.5.7 it is sufficient to 
prove the theorem when X,=X.,=R” Let K, be an increasing se- 
quence of compact sets with union R” and choose K; so that 


veé’, suppfixvucK,=>suppvc Ki. 


We may assume that each Kj is in the interior of Kj, ,. If m is chosen 


as in Lemma 16.5.24 and fe@"* we shall prove that 
(16.5.13) If(PSq(4*G), peCH(R’), 


for a suitable choice of positive Lipschitz continuous functions a, in 


(16.5.14) q(gy= > supa,(x)|D*o(x)|. 

jalSm+k+1 
An application of the Hahn-Banach theorem to the map. fixd > f(@) 
will then show that there is a linear form u on C7(R’) with 


lumlsav), wecg(R”), 
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such that 
F(p@)=u(lixg), GeCe(R”). 
This means that uve9’"***+ and that wxu=/f. 

To prove (16.5.13) it suffices to show that if (16.5.13) is valid for all 
peCo(K') and if e>0, then (16.5.13) remains vahd for ¢€C?(Kj,.1) if 
a, are just multiplied by (1+) and increased enough outside K,_,. 
Now if this were not true we could find a sequence $,¢Co (Kj,;) 
such that 


(16.5.15) [f(d)l=1+e, g(a*d,)S1, f*b, 70 in C™***1EK,_,). 


It follows from Lemma 16.5.24 that $, is bounded in C§**(K%,.,): 
hence the sequence is relatively compact in Cé(K; +3) by Ascoli’s 
theorem. If ¢, is a limit there we have fxd,=0 in [K,_, so 
supp @)—Kj_,. Since fe" we have | f(¢,)|=lim | f(¢,)| =i +e. 

Take yeC?(IR") with support in the unit ball, 720 and | ydx=1. 
With 75(x)=07"y(x/d) we have $)*7;€ Cg (K;) for small 6, and 


F(Go*%5) ~f (bo) as 670 


since ,€C6 and feY™. If x is in a compact set then a,(x+y)/a,(x) 
$14+C6, |y|<06. Hence g(i*o,*7,)S1+C6, and 


(fix bo*Xs) Slim q(fixb,*75)S 1+C6 


since ixgo*y7; is a limit of f*o,*y, in CP. For sufficiently small 6 it 
follows that (16.5.13) is not valid for 6=)*7;€C (Kj). This con- 
tradicts the inductive hypothesis and completes the proof of the theo- 
rem. 


16.6. Hypoelliptic Convolution Equations 


In this section we shall prove results on the smoothness of solutions 
of convolution equations which are similar to those proved for differ- 
ential equations in Chapter XI. 


Theorem 16.6.1. If every ueQ'(R") satisfying the convolution equation 
peu=0 is in C*(IR") then 


(16.6.1) Im{|flog|{] 70 if fa 


on the surface i(f)=0. 
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Proof. Assume that there is a sequence (;->0c such that A(¢,)=0 and 
\Im ¢|SM log{¢,|. Then 
u(x)=> ae’ od? 

converges in Z'(R") and pxu=0 if > |a,|<oc. The convergence in 
follows since ¢(— (,) is bounded if de Ce. (See Theorem 7.3.1 and also 
the discussion of (73 3.14).) The map a — u is continuous from /' to 9’ 
with the weak topology. If all such solutions are in C™ it follows that 
we have a closed and therefore continuous map |! > C®. Hence 

[Deu SCY Ia, 

fale 1 
which means that |{,| is a bounded sequence contrary to the hy- 
pothesis. The contradiction proves the theorem. 


Corollary 16.6.2. Let X,, X,, X be non-empty open sets in IR” with 
X,—singsuppucx,, XcxX,, 

and assume that ue@Y'(X,) and pxs,u=0 in Y(X,)/C*(X,) implies 

ueC(X). Then it follows that yu is invertible and that (16.6.1) holds. 

Proof. This follows from Theorems 16.3.9 and 16.6.1. 


When (16.6.1) is fulfilled the plurisubharmonic function L,(z,¢) 
defined by (16.3.4) is pluriharmonic on any compact subset of €” 
when ¢ is large enough. Since L,(., €) is bounded in L),,(€”) when yp is 
invertible, we then obtain a uniform bound for iL,,(0, ¢)|. If H is the 
supporting function of chsingsupp yw and N is the order of y, then the 
limits of L,(.,¢) are pluriharmonic functions V with 


V(z)SH(Imz)+N, V(0)Z—A, 


for some constant A. If we apply Liouville’s theorem to the harmonic 
function w > V(é+wy) it follows that V is linear, that is, 


V(z)=Im <a, z> +5. 


Here aésing supp uw by Theorem 16.3.13, and singsupp y is the closure 
of the set of points a which occur for some limit V (Theorem 16.3.5). 
Since —ASDSN we have 


—V(z)=Im (a, —z) -bS H(—Im2)+A, 


and since —L,(.,¢) is (sub)harmonic it follows from Theorem 4.1.9 
that on any compact set in €” the estimate 


—L,(z, )SH(—-Im2)+441 


is valid if |€} is large enough. We have therefore proved the following 
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Lemma 16.6.3. Suppose that p is invertible and satisfies (16.6.1). Let H 
be the supporting function of chsingsupp yu. Then there is a constant B 
and a sequence of constants C,,, m=1, 2, ... such that for every m 


(16.6.2) [I/AOIS1C\Pe@ 9 — if \ImC|<mlogi¢l, \f|>C,,. 


Conversely, it is obvious that (16.6.2) implies that yw is invertible 
and satisfies (16.6.1). 


Definition 16.6.4. We shall say that » is hypoelliptic if u is invertible 
and satisfies (16.6.1), or equivalently if (16.6.2) is valid. 


Theorem 16.6.5. The following conditions on ne€'(IR") are equivalent: 
(i) ue@'(IR”), pxueC”(IR") implies ueC™(R"). 
(ii) pw is hypoelliptic. 
(iii) there exists a distribution F (parametrix) with uxF —dEC™ and 


chsing supp F c —chsing supp yp. 


(iv) there exists a parametrix Feé’. 

(v) there exists a parametrix Fe€’ with sing supp F = —sing supp 

(vi) there exists a fundamental solution E, that is, Ee@’(IR") and 
pH*E=6, such that sing supp E= —sing supp yp. 

(vit) if X is an open set in R", X+singsuppycxX, and X, 
~sing supp uc X,, where X,, X, are also open sets in IR", and if 
ueZ'(X,) has image s,u in B(X,)/C™(X,), then ueC™(X) if p*s,u=0 
in G(X )/C™(X)). 


Proof. (i) = (ii) by Corollary 16.6.2. To prove that (ii) = (iii) we apply 
Lemma 16.6.3 and set 
ae { b(-D/aOdée, be CF. 
g[>Cy 

Then Fe’ and the Fourier transform is 1/f when |€|>C, and 0 
elsewhere. Hence 

uxF -~d=—(22)7" f el 9 dEEC®, 

lgl< Ci 

If geC? we have 

Fe@(x)=Q2n)" f bale? dé. 

léf>Ci 

As in the proof of Theorem 7.3.8 (with (7.3.9) replaced by (16.6.2)) the 
integration can be shifted to the cycle 


2 


Ty § > C(e)=¢ tin log (1 +161") 
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outside a compact set. Since an integral over a compact set only 
contributes a C® term we conclude as 1n the proof Theorem 7.3.8 that 
sing supp F is contained in the set with supporting function H, that is, 
—chsingsupp pw. That (iii) = (iv) follows if we just replace the para- 
metrix F in (iii) by 7F where yEC? 1s equal to 1 in a neighborhood of 
sing supp F. It is obvious that (iv) = (i) for we have u=Fapxut 
(6—F«p)*ueC®. Thus the conditions (i)-(v) are equivalent. 

(iv) = (v). Since Feu=d+y, weC, it follows from Theorem 
16.3.6 and Lemma 16.3.3 that for every he #’(F) one can find h’e# (uy) 
so that h+h’'=0. As seen above we have h’(y)=<a,y> for some 
aesing supp uw. Hence h(y}=<—a,y>, and it follows from Theorem 
16.3.5 that singsuppF< —singsuppy. The opposite inclusion 1s 
proved in the same way. Alternatively we may observe that yw can be 
regarded as a parametrix of F so F is also hypoelliptic. 

(v) = (vi). With the notation just used it follows from Theorem 
16.5.7 that uxd=w for some GEC~(R"). Thus E=F-—@ is a funda- 
mental solution with the required property. 

(vi} => Gil) is obvious and so is (vii) = (i). To prove that (v) = (vii) 
we just have to observe that if s,u is the image of u in Y'(X)/C*(X) 
and F is the parametrix in (v), then 


Syu=F x(uxs,u)=0. 


The proof is complete. 


Remarks. 1) Parametrices differ only by C™ functions. 2) It follows 
from (iv) that » remains hypoelliptic if a C¥ function is added to uw. If 
ueG’ it follows that either all or no pwoeé’ with u—pyeEC™ is hy- 
poelliptic; in the first case we say that yw is hypoelliptic. 3) An example 
of a hypoelliptic distribution is z=(1—|x/*—i0)—?. In the one dimen- 
sional case this follows at once from the fact that the Fourier trans- 
form is nie~'|. For any n a similar result can be obtained from 
Theorem 7.7.14. 


16.7. Hyperbolic Convolution Equations 


In this’ section we shall extend to convolution operators the discussion 
of hyperbolic differential operators given in Chapter XII. Thus assume 
that weé’, Ee@’ and that 


(16.7.1) LxE=6, suppEcK, 
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where K is a closed convex set. K cannot be compact unless p is a 6- 
function, for since @E=1 it follows then that @ has no zeros, hence 
that log i is a linear function. 

The supporting function H, of K, 


Hx(¢)=sup <x, €> 
xeK 


is a convex, positively homogeneous and lower semi-continuous func- 
tion with values in (— 00, + ©] (see Section 7.4). As in Section 12.5 we 
want K to be contained in a proper convex cone, and this condition 
can be expressed in terms of the supporting function: 


Lemma 16.7.1. The following conditions on the closed convex set K and 
the vector OeIR™~ {0} are equivalent: 
(i) H,(€)< oo for all € in a neighborhood of 8. 
(ii) The set K.={xeK; (x, @> 2c} is compact for every c. 
(ili) For some xyeIR" and C>0 we have 


|x=—X | SC{xyp-x, 0, xeEK. 


Proof. (i) => (i) If xeK, we have <x,6>SH,(é)<0o0 for all ¢ in a 
neighborhood of @ and also <x, -@>)S —c. Since the convex hull of 
—6@ and a neighborhood of @ is a neighborhood of 0, this proves that 
K, is bounded, hence compact. (ii) = (i1) To simplify notation we 
may assume that 0eK. If xeK~K_, we can find re(0, 1) so that rxek 
={yeK; <y,@=—1}. If C= sup |x! it follows that |x!<—-C<x, ®, 


xe€K.K_,. Since K_, is compact we obtain (iil) for suitable x9. 
(iii) = (i) is obvious. 


Definition 16.7.2. y is called hyperbolic with respect to GeIR’™ {0} if 
there is a convex set K with H,(é)<oo for all € in a neighborhood of 
~@ and a fundamental solution E of p* with support in K, that is, E 
is a distribution satisfying (16.7.1). 


Theorem 16.7.3. Let weé'(IR"), EeG'(IR") and assume that pxE=6. 
Denote by H, and by Hy the supporting functions of chsuppu and of 
the closure K of chsuppE respectively. Assume that the interior I of 
the set where H,< 0 is not empty. Then I is an open convex cone and 
there is a vector a€lR” such that 

H,Q=-HO=(@O, Eel. 
If P° is the negative dual cone defined by 


[°° ={xelR*; <x, €) <0 when éeP} 
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then K=I°°—{a} and suppucl°+{a}. For every closed cone I, con- 
tained in T'U{0} we have for some constants C and M 

(16.7.2) 1/MOS CCL + [spon 

if Im fel, {Im {}> C log (|C|+2). 


Proof. It is obvious that I is a convex cone. If gel then 
{xeK; <x, €>2 ~H,(¢)—1} 
is compact by Lemma 16.7.1 with @ replaced by &€ Hence we can 
choose yeCf equal to | in this set. With E=E,+E,, E,=y7E, we 
obtain 
(x, SH,(Q-H,()—-1S—-1 if xesupp y*Ey. 
Since u*E, =d~pu*E, it follows that 
sup {<x,€>;xesuppy*E,}=0, fel. 

By the theorem of supports this means that 

sup {<x, é); xesuppE,}+H,(@)=0, er. 


Hence H,(¢)+H,(¢)=0, that is, H,(€)=—H,(¢), Cel. Since a func- 
tion which is both convex and concave must be linear, this proves 
that 
H,()= —H,(Q)=<a, &>> cel. 
We have xeéK if and only if 
«x, €> SHA,(6), fe". 


This is trivially satisfied if &¢f since H £(¢)= +00 then. If the in- 
equality is valid when €ef it follows for €eI since H, is convex. Thus 
xeK if and only if <x+a,é)<0,€eF, which means that x+aeIr°. 
That supp wcI° + {a} is obvious. 
Choose WeCZ(R") equal to 1 in a neighborhood of —a and set F 
=wEeé’. Then 
uxF=6+R 


where R=p*((y—1)E) has support in F°, O¢suppR. Hence <x,7>S 
—c\n| for some c>0 if nel, and xesuppR. By Theorem 7.3.1 it 
follows that 
IRQS Ca+|cpMe""! if ImfeN, 
FINNS C+ |[CMMew Sem’ if Imfel,. 


But 1+ R(Q=A(QF(D so |1/A(DIS21F(O! if [R(Q|<1/2. This proves 
the statement. 
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Theorem 16.7.4. Assume that peé’ and that I is an open convex cone 
such that for every closed cone I, <I U {0} there are constants C, M, A 
such that 


(16.7.3) W/A(O1< CU +c) els! 


if Imfer,, [Im{]> C log({£|+2). Then there is a fundamental solution 
Ee’, thus uxE=6, such that the supporting function of the closed 
convex hull of supp E is finite in Tr. 


Proof. Define y, as the cycle 
R"3é > E+ in log (2+|é|*). 


When vel, and |y| is sufficiently large it is clear that y, lies in the set 
where (16.7.3) is applicable. In view of the discussion of (7.3.14) in 
Section 7.3 we can therefore define a distribution E, by 


(16.7.4) E,(¢)=(22)7 ee Vado, a...adé,, eeCF dR”). 


Since the integrand is very small at infinity we see by an application 
of Stokes’ formula that E,=E,,, t>1, and that E, is independent of 
7eI, when |y| is sufficiently large. But E,,(¢) ~ 0 as t+ +00 if 


A(—n)+Aln| <0 


where H is the supporting function of chsupp ¢. Thus E vanishes in a 
neighborhood of x if <x,~-)>+Aly|/<0, that is, <x,4)SAln| if 
xesupp E and nel,. This proves the theorem. 


Remark. It is clear that (16.7.3) implies that w is invertible and that 
A()+0 when Imfelr, and |Im{|>C log(|f/+2). Conversely, if this 
condition is fulfilled for every closed cone I, cI'U {0} it is easily 
proved by means of Theorem 4.1.9 that (16.7.3) is valid. 


The only important feature of yw is the behavior at the point a in 
Theorem 16.7.3. Even the hypothesis that the support is compact Is 
superfluous. (Note that the convolution of two distributions with 
support in a proper convex cone is defined.) In fact, we have 


Theorem 16.7.5. Let we&' have support in {a}+I° where F°° is a proper 
convex cone, and assume that uxE=6 for some E with support in T° 
— {a}. If veY’ has support in {a}+F° and a¢supp(v—), then one can 
find F with support in °° — {a} so that v* F =6. 


Proof. We have 
veE=pxE+(v—-p)*E=d—R 
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where suppRcI® and O¢suppR. It follows that the supports of the 
iterated convolutions R, R*R, R*R*R,... are locally finite, so the 
sum 

S=6+R+R*R+R«eReR4+... 


exists and (6—R)#S=6. Hence v*ExS=6 so F=ExS has the required 
property. 


It is easy to show that the conclusion remains valid if we just 
assume that v—y is sufficiently smooth near a and not necessarily 
zero. This provides an abundance of examples of hyperbolic con- 
volution operators which are not differential operators. The case 
where u=6 and yw—v is a continuous function with support on R, is 
classical, a simple kind of Volterra integral equation. In connection 
with the mixed problem we have also encountered a less obvious 
convolution operator in Section 12.9. 


Notes 


Section 16.1 contains only classical results on subharmonic functions, 
apart from the asymptotics given in Theorem 16.1.8. This we owe to 
an oral communication from Arne Beurling who also pointed out that 
this is a convenient way to Theorem 16.1.9 (due to Titchmarsh [1]). 
More precise results have been proved by Ahlfors and Heins [1] but 
we have avoided them by working in the spirit of distribution theory. 
(Further references to the literature can be found in Hayman and 
Kennedy [1].) For the class of plurisubharmonic functions studied in 
Section 16.2 there is a simple asymptotic behavior only at CR” (see 
Vauthier [1]) but this is enough for our purposes. 

Malgrange [1] initiated a study of convolution equations in R”. 
He proved the approximation theorem of Section 16.4 in R’” and also 
showed how fundamental solutions can be used to study the in- 
homogeneous equation. However, it was Ehrenpreis [3] who intro- 
duced the notion of invertible distribution weé’ (and slow decrease of 
f&); he showed that it is equivalent to w*Y'(IR")=Z'(IR"). His con- 
dition for Y, was slightly incorrect and was rectified in Hormander 
[14] where the convolution equation was also studied in open subsets 
of IR”. All this was simplified by the introduction of localizations at 
infinity in Hérmander [15]. This is reproduced in Section 16.3 with 
some later improvements. The example given in Theorem 16.3.20 is 
essentially due to Berenstein and Dostal [1]. A complete proof of the 
approximation theorem in Section 16.4 was first given in Hormander 
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[23]. The proof here is simplified by the use of analytic functionals. 
Hypoelliptic and hyperbolic convolution equations were first character- 
ized by Ehrenpreis [3, 8]. The hypoelliptic case is illuminated here by 
the general discussion of singularities in Section 16.3, which also leads 
to optimal estimates for the singularities. 

In the one dimensional case the theory of mean periodic functions 
of Schwartz [6] is a study of overdetermined systems of homogeneous 
convolution equations. However, for overdetermined systems with sever- 
al variables the analogue of Theorem 16.4.1 is not always true: Gurevié 
[1] has given a system of convolution equations y;+u=0, j=1,...,6, in 
JR", n> 1, which has non-trivial solutions but no exponential solution. 

As mentioned at the end of Section 16.4 it is usually impossible to 
find a real analytic solution in IR” even of a differential equation 
P(Dju=f where f is real analytic. This was first proved by De Giorgi 
{2] and Piccinini [1] when P(D) is the heat equation or an elliptic 
equation in fewer variables. The class of operators P(D) for which this 
can happen was determined by Hérmander [31]. 


Appendix A. Some Algebraic Lemmas 


The purpose of this appendix is to state with references or proofs the 
facts concerning polynomials which are needed in the text. 


A.1. The Zeros of Analytic Functions 


The first lemma is just the implicit function theorem for analytic 
functions. 


Lemma A.1.1. Let P(t,z) be a polynomial in the n+1 variables t and z 
=(z,,...,2,). If P(t, z)=0 but CP{t,2)/6t+0 when z=Z9, [=to, It fol- 
lows that there is one and only one function t(z) which is analytic in a 
neighborhood of Zo, equal to t) at Z,, and satisfies the equation 
P(t(z), z}=0. 


Proof. Choose «>0 so that P(t,z,)+0 when 0<|t—1,|/Se. Then 
P(t, z)+0 when |t-t)|=<e if |z7—z)|<4, so 


t(z)=(2ni)-? [tO P(t, 2)/6t/P(c, z)dt 


|tr—tof=e 


is the only zero with |r—t)|<e if |z—z,|<6. It 1s obviously an 
analytic function of z. (See also Section 7.5.) 


To examine when the hypotheses of the lemma are fulfilled we 
introduce the discriminant defined by 


(ALD A=az"-? T] (t;—1,)7 


i<k 
where t,,...,¢,, are the zeros of 
(A.1.2) P(t, z)=a,,(z)t™ +a,,_,(z)t™-* +... +ao(z) 


and we assume a,,+0. The discriminant is a polynomial in z. If it is 
identically 0 then the Euclidean algorithm and Gauss’ lemma show 
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that P and GP(t,z)/ét have a common factor which is a multiple 
factor of P. (See e.g. van der Waerden [2, § 26, 31].) Hence we have 


Lemma A.1.2. If P(t,z) has no multiple polynomial factors, then the 
discriminant A defined by (A.1.1) is a polynomial in z which does not vanish 
identically. Every point where a, A+0 has a neighborhood V where there 
are m analytic functions t,(z),...,t,,(Z) such that 


(A.1.3) (2) [] (t-1,( zeV. 
1. 


We now assume that n=1 and study the zeros near 0 when a, 4 
=0 at 0. Note that there is no zero nearby. Writing ta,(z)=w we 
obtain the equation 


(A14) Way 1 (ZW E+ aq 3(Z)dq(Z)W"? +... + ao(2)a,(2)"" 1 =0 


which is more convenient to study since the leading coefficient is 1. 
When z=0 we have roots w,,...,w, with multiplicities m,,...,m, 
adding up to m. To shorten notation we assume that w=0 is a root 
with multiplicity u. Then (A.1.4) has u roots close to 0 for small z, and 
they are locally analytic functions of z when z+0. If we start with one 
determination of a root w(z) for 0<z<2e we can continue it analytically 
along the circle jz|=e once around the origin. We must return with a 
root. If it is the original one, then w(z) is bounded and analytic when 
0 <|z|<2e, so the singularity at 0 is removable. Otherwise we continue 
going around the origin until after pu turns we return to the 
original value. Then w(z?) is analytic and bounded when 0<([z?|<2e, 
hence 


In general we would obtain a constant term also, and returning to the 
variable t may introduce a finite number of negative powers of z 
Thus we have proved: 


Lemma A.1.3. Let P(t,z) be a polynomial in two variables t and z of 
the form (A.1.2) with m21 and a,#0. Then we have (A.1.3) when 
O<\|z|<6, where each t, for some positive integer p is an analytic 
function of z*!? when 0<|z1/?|<6+/?, with at most a pole at 0, that is, 


(A.1.5) Ley eerey, 
5 


Here N may be a positive or negatite integer or 0. 
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The notation in (A.1.5) is usually simplified to 
t,(z)=> c,z*/? 
N 


but the correct interpretation of this series is given by (A.1.5). The 
expansion (A.1.5) is called a Puiseux series. Similar expansions involv- 
ing negative fractional powers of z can of course be given in a 
neighborhood of infinity. This follows simply by introducing 1/z as a 
new variable instead of z. 

An important consequence of the expansion (A.1.5) is that if we 
choose N so that cy +0, which is possible unless t,(z)=0, then 


(A.1.6) tj(z)=cyz™?(1+0(1)), 20, 


and similarly when zoo. We shall return to this point in Section 
A.2. 


A.2. Asymptotic Properties 
of Algebraic Functions of Several Variables 


Lemma A.1.3 has no analogue for several variables, but it is often 
possible to obtain a satisfactory substitute by means of the Tarski- 
Seidenberg theorem. To state this result we need a definition. 


Definition A.2.1. A subset of IR" is called semi-algebraic if it is a finite 
union of finite intersections of sets defined by a polynomial equation or 
inequality. 


Thus one starts with sets of the form 
(A.2.1) {x; P(x)=0},  {x; P(x)>0} or {x; P(x)20} 


where P is a polynomial, and forms first finite intersections and then 
finite unions. By definition the union of two semi-algebraic sets is 
therefore semi-algebraic. The intersection is also semi-algebraic, for if 
A=\|) A; and B=\|) B,, then ANB=\) (A,0B,). Hence the comple- 
ment of a semi-algebraic set is also semi-algebraic. 


Theorem A.2.2 (Tarski-Seidenberg). If A is a semi-algebraic subset of 
R'**=R"@R™, then the projection A’ of A in R™ is also semi- 
algebraic. 
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In most applications we choose m=2 so that A’ can be studied by 
means of the Puiseux series expansions of Section A.1. In the proof of 
the theorem we may assume that n=1 for the general statement 
follows by iteration of this special case. We denote the variable in R 
by x and the variable in R”™ by y. Without restriction we may always 
assume that A js just an intersection of sets of the form (A.2.1), thus 
defined by 

P(x, )>0, ..., BX 20, ..., x =O 
say. We want to prove Theorem A.2.2 by induction with respect to 
the maximum degree of the polynomials occurring here. However, it 
turns out that this requires that one generalizes the problem by 
considering ali combinations of signs which may occur. We define 
sgny=Oif y=Oand sgny= +1 when y20. 

Let p,,...,p, be polynomials in one variable x of degree at most 
m, Let x,<x,<...<xy be the points on IR where at least one of them 
vanishes without vanishing identically. Set x» =— 0, Xy,,= +00 and 
T= (Xy, X41), K=0,...,N. Then sgnp,{x) is independent of x when 
xe], and we denote it by sgn p,(I,). Now we sum up all information 
about zeros and sign changes in 


SGN(P,, --+> Ps) = {Sgn Pix), sgn p,(I,)}, 
i=1,...,8, j=l,...,N, k=0,...,N. 


This is an element in the disjoint union 
ms 
W= (J {-1,0, 18O"7. 
N=0 


Not all weW can occur of course. For example, if sgn p,(x;)-0 then 
sgn p,(x;)=sgn p;Z;_ ,)=sgn p,(I,). 


It is clear that kndwing SGN(p,,...,p,) we can decide if a system of 
inequalities p,(x)>0,..., p.(x)20,...,p,(x)=0 is satisfied for some x. 
Indeed, this 1s equivalent to 


sen p,(t)=1,...,sgnp, (t)= —1,...,senp,(gj=0 
for t=x,, some j=1,...,N, or t=I,, some k=0,...,N. Theorem A.2.2 
is therefore a consequence of 
Theorem A.2.2’. If P,(x,y),...,P.(x,y) are polynomials of degree at 
most m with respect to x, then 
E={yeR"; SGN(P,(., y),--.. B(.. = wh 


is semi-algebraic for every weW. 
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The following elementary lemma allows us to prove Theorem 
A.2.2' by induction. 


Lemma A.2.3. Let p,,...,p, be polynomials of degree at most m in one 
variable. Assume that p, is exactly of degree m>Q and that none is 
identically 0. If g,,-..,g, are the remainders obtained when p, is divided 


by Dy, +--+ Dg-1s De then SGN (p,,---5 Peas Dos S1> ++ S.) = W determines 
SGN (p,, ---, P,)- 


Proof. Let x,<...<x y be the points on IR where some py, ...,P,_15 Ps 
£1;---, 8, i8 Zero without vanishing identically. Knowing w allows us to 
select the zeros x,,<...<x,, Of py, ..-,P,_1, pj. Since p,(x) is equal to 
2,(s),.-., or g(x) when p,(x)=0,... or pi(x)=0, we can determine 
sgn-p,(x;,). The sign of the leading coefficient of p, is sgn p((Iy). In the 
open intervals bounded by — ©, x;,,...,x;,, +00 the polynomial p, is 
monotonic so it has a zero there if and only if p, has opposite signs at 
the end points. (The sign at an infinite end point is given by the sign 
of the highest coefficient.) Thus we can check which intervals contain 
a zero of p,. These zeros together with the zeros x,,,...,x,, which are 
not just zeros of p, give all the relevant zeros of p,,...,p, and we 
can read off all the information on signs required to know 
SGN (p,,.--,p,). The proof is complete. 


Note that we never used the values of x,,...,Xy, which we do not 
know, but only the order relations between them. Replacing p,,..., p, 
bY Dy, ---sPs_1> Poo 81>---> 8, WE decrease the number of polynomials of 
maximal degree m. 


Proof of Theorem A.2.2'. By induction we may assume the theorem 
proved for smaller values of m and also for the same value of m when 
the number of polynomials of degree m is diminished. For fixed 
m,,...,m, the set of all y such that P,(x, y),...,P,(x, y) are exactly of 
degree m,,...,m, with respect to x is obviously semi-algebraic. It 
suffices to prove that the intersection with E is always semi-algebraic. 
In doing so we may assume that m,,...,m, are the orders of R,..., P, 
with respect to x for general y, for higher order terms can otherwise 
be discarded. Thus 


P(x, yy=;(y)x™ + terms of lower order in x 


and we only consider values of y with q,(y)+0 for every j. (Identically 
vanishing polynomials are omitted after checking that in w their signs 
are always listed as 0.) Let m,=m=max m,, and denote by g,,...,g, the 
remainders obtained when P is divided by B,...,R_,, BR and de- 


tro “s—12%s 


A.2. Asymptotic Properties of Algebraic Functions of Several Variables 367 


nominators are removed by multiplication with an even power of 
G1,---9,- Then 


{yeE; q,(y)...q,(y) #0} 
is a finite union of sets of the form 
{y; q,{y) ta q,(¥) +0, SGN(P,, Hay Pigs P, 81> wey BW. 
This follows from Lemma A.2.3. By the inductive hypothesis this is a 
semialgebraic set. The proof is complete. 


Remark. Theorem A.2.2 can also be stated as follows: If EcIR"*” is 
semi-algebraic, then 


{yeR”™; 3xER”, (x, y)eE} 


is semi-algebraic. Since the complement of a semi-algebraic set is 
semi-algebraic we can here replace 4 by V. If x=(x,,x,) we may also 
conclude for example that 


{yeR”™; Vx,EeR™ 4x,ER”™, (x,,x2, YEE} 
1 2 1 2 


is semi-algebraic. We shall make free use of general expressions of this 
kind below. 


Now assume that E is a semi-algebraic set in R?*" where the 
coordinates are denoted by (x, y, 2); x, yelR. Define 


(A.2.2) f(x)=sup { y; Jz, (x, y,z)eE} 

with the convention f(x)= —0o if no such (y, z) exists. 

Corollary A.2.4. If E is a semi-algebraic set in R?*", then the function f 
defined by (A.2.2) is semi-algebraic, that is, the subgraph 


ee F={(x, y); ySf(%)} 
is semi-algebraic. 


Proof. This foliows from Theorem A.2.2 since 
F=({(x, vy), Ve>03y>y—edz, (x, y, z)EE}. 
A semi-algebraic function has a very simple structure: 


Theorem A.2.5. If f is a semi-algebraic function on IR, then R can be 
decomposed into a finite number of intervals (which may be reduced to 
points) where f is either +00, —co or equal to a continuous algebraic 
function. If f is finite for large positive x and not identically 0, then 


(A.2.3) f()=Ax*(1+o0(L), x7+0, 


where A+0 and a is a rational number. 
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Proof. The projection of the subgraph F of f on R is semi-algebraic, 
that is, a finite union of intervals. The complement of the projection is 
the set where f=— oo, so it is of the same kind. Similarly the 
complement of the projection of the complement of F on R is the set 
where f = +c. Now consider an open interval I where f is finite. We 
know that F is defined by say 


(A.2.4) P, (x, y)20, ..., P(x, yy =O. 


We can remove from I the finitely many zeros x of the leading 
coefficient of a P,(x, y), the discriminant of an irreducible factor or the 
resultant of two such factors which are not proportional. Let I’ be one 
of the remaining intervals. In J’ the equations P(x, y)=0 with y real 
define a finite number of functions y=/,(x), fp) <f,(x)<.... The 
conditions (A.2.4) are either fulfilled in 


(A.2.5) {0 y); xel’, fi) <y< fiz 109} 


or else they are not valid for any such (x,y), for (A.2.5) defines a 
connected set where no P; has a zero. Similarly 


{(x, 5); xel} and {(x, y); xe, y< fy (x)} 


is either contained in F or disjoint with F. It follows that f(x)=f,(x) 
for a fixed i when xel’. In particular, this is true in a right semi- 
infinite interval if f(x) is finite for large positive x, so (A.2.3) follows 
from (A.1.6). 


Corollary A.2.6. If E is a semi-algebraic set in IR**" and (A.2.2) is 
defined and finite for large positive x, then f is identically 0 for large x 
or else (A.2.3) is valid with A+0 and a rational. 


Of course we can replace sup by inf in (A.2.2) and make the same 
conclusion. 
Example A.2.7. If P is a polynomial with P(é)>0, €e]R’, then 
(A.2.6) P(é)>c(1+|é|?)-* 
for some c>0O and N. In fact, 
E=((x, y, 8); x=1416/7, PQ)=y} 
is semi-algebraic in IR?*", and 


I(x)= im P(¢)=inf {y; (x, y, EE}. 
1+ ]gtax 

f is a positive continuous function since P>0. Hence Corollary A.2.6 

gives (A.2.3) when x -00, which proves (A.2.6). Note that the example 
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&? shows that (A.2.6) may not be valid for any 


P(Q)=(6,62- ? 
= €7=1/E5 on the hyperbola ¢,&,=1. 


+ 

2 

NSO, for P(Q)=¢4 

It is sometimes important to know not only that the supremum 

(A.2.2) is semi-algebraic but also that it is attained on a semi-algebraic 
curve. 


Theorem A.2.8. Let E be a semi-algebraic set in IR?*" such that the 
range of the projection E3(x,y,z)—xéIR contains all large positive x. 
Then one can find Puiseux series y(x), z(x), converging for large 
positive x, such that (x, y(x), z(x))eE. If f(x)=sup { y; 3z,(x, y, ze E} is 
finite and the supremum is attained for large positive x, one can take 


y(x)=f (>). 


Proof. The projection F of E in R?, 
F={(x, y)eR’; (x, y, z)eE for some z} 


is semi-algebraic by Theorem A.2.2. The proof of Theorem A.2.5 
shows that we can find a finite number of algebraic functions 
Si (*) < fo(x)<... defined for x 2x, such that F for x2xQ is the union 
of a finite number of the curves {(x, f,(x))} and of the strips bounded 
by them. Hence we can choose an algebraic function y(x) which is 
either arbitrary or f,(x)+cx~™ for some small c and large N, so that 
(x, y(x))EF for x2xX,. If the supremum f(x) is finite and attained we 
can take y(x)= f(x). Now 


E, = {(x, ys 2)eE, XZXo, y=y(x)} 


is semi-algebraic. The projection on the x axis contains [x9, 00). The 
same argument can therefore be applied to E, with z, playing the role 
of y above. In this way we choose 2;,...,2, successively until z{x) is 
defined so that (x, y(x), z(x))eEE. This completes the proof 


Finally we need to know in Section 12.8 that the graph of an 
analytic continuation of an algebraic function is semi-algebraic: 


Theorem A.2.9. Let P(t,z) be of the form (A.1.2) with A(z)a,,(z) not 
identically 0. Let E<€**"x €'*" be the set of all (to, Z9, ty, Z,) Such 
that 

a) P(ty,Z))=P(t,, 2,)=0. 

b) A(z)a,(z)+0 if z=z(s)=sz,+(1—s)zy, OSsS1. 

c) one can find t{s) analytic when OSs1 so that t(0)=t, t(1I)=t, 
and P(t(s), z(s))=0. 
Then E is semi-algebraic. 
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Proof. The conditions a) and b) have already an algebraic form. (Note 
that if weC then w+0 is equivalent to the real inequality {w|? +0.) 
The only problem is to examine c). First we consider the set E, 
defined by means of a), b) and a more restrictive condition than c), 
Cy) one can find weC such that 
i) Im(t— T)w+0 if p(t, z(s))= p(T, z(s))=0, OSsS1 and t=T. 

ii) Jt}, ..., 77, j=0, 1, such that P(t}, z,)=0, j=0, 1, k=1,...,m, and 
Im (+! —t)w>0, j=0, 1, k=1,...,.m—1. 

iii) Jv, t}=t,, j=0, 1. 

That c,) implies c) when a) and b) are fulfilled is easy to see. In 
fact, by b) we have well defined analytic zeros t*(s) of P(t, z(s)) with 
t*(0)=r%. From i) it follows that Im(t***(s)—1*(s))w>0 for OSsS1 
since this is true when s=Q and no zeros occur. But this determines 
the order of the zeros so t*(1)=r4 by ii), hence c) is valid by iii). Now 
E, is semi-algebraic by Theorem A.2.2. It is clear that if (to, Zo, t,, 2,) 
€E and 2, is sufficiently close to zp, then (to, Zo, t;, 2;)€E). What 
remains is to show that we can always choose a bounded number of 
steps where E and E, agree. 

Let 


q(t, s)=a,,(z(s))" "| P(t +t/(s), 2(s)) 


be the polynomial with zeros t*(s)— #(s), j+k. If N is large enough the 
coefficients are polynomials in those of P by the main theorem on 
symmetric functions. (N=m(m—1) is sufficient.) Thus q is a poly- 
nomial in s and we have a bound for the degree. Now b) guarantees 
that we can choose w so that 


(A.2.7) (ti-tw(ti —t)w if jek, fk’, i=0,1. 


In fact, this excludes just a finite number of directions for w. The 
condition means that q(t/w,i) and q(t/w, i) have no common zeros, i 
=0,1. Thus the resultant R of g(t/w,s) and q(t/w,s) is not identically 0. 
It is a polynomial of degree <k in s so it has at most k zeros in (0, 1). 
Assuming that a) and b) are valid we can therefore find 2k points 
O<s,<s,<...<S3,_,<S2,<1 such that R+0 outside the intervals 
(Sz;_ 1, 52;) Dut these are so small that 


(t(S2;_1)s 2(S3;_ )s t(s> 5), 2(S2))€E 


anyway. For the other intervals we have condition c,) fulfilled with the 
chosen value for w. Hence E is the set of all (to, Z9,t,,2,) satisfying a) 
and b) such that one can find So, ..., 53,415 To. ---> Toy41 With 
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O= Sy <5, <...<59,<Say4,= 1, To= lq, Toe Hh, 
(7, 2(s)), Tie 1? 2(Sj4 EE, j=0, angie Me 


By Theorem A.2.2 this proves that E is semi-algebraic. 


Notes 


The Tarski-Seidenberg theorem was first proved by Tarski [1], but he 
did not publish it in the mathematical journals. Shortly afterwards 
Seidenberg [1] gave another proof in a more algebraic spirit. Here we 
have mainly followed a short manuscript by Cohen [3]. He never 
published it since it turned out to be close to the original proof by 
Tarski! In the theory of partial differential equations the Tarski- 
Seidenberg theorem seems to have been used first in Hormander [1] 
in connection with the characterization of hypoelliptic operators. In a 
completely analogous question concerning hyperbolic operators Gard- 
ing [1] had earlier had to use a direct and more complicated alge- 
braic technique. (See the notes for Chapter XII.) A discussion of the 
Tarski-Seidenberg theorem and its applications can also be found in 
Gorin [1]. Theorem A.2.9 here is due to Paul Cohen. It was includ- 
ed in Hérmander [21]. 
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